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Preface 


about this 
edition 


philosophy 


This textbook is designed for prospective mathematics majors and students interested in engineering, 
computer science, physics, business, or the life sciences. It is divided into 148 lessons designed to be 
taught sequentially and without omission over three semesters. Following a condensed, intensive 
review of the algebra, trigonometry, and analytic geometry topics necessary for success in calculus, the 
lessons cover topics in the syllabus for the College Board’s Advanced Placement (AP) program for 
calculus. The topics in the AP Calculus AB syllabus are generally found in the first two thirds of the 
textbook, while the Calculus BC syllabus topics are generally found in the final third of the textbook. 
Other important topics not found in the AP calculus course descriptions are interspersed throughout. 

Several features distinguish this textbook from the preceding edition. Most significantly, its 
content is greatly expanded. Much of the Calculus BC course material is new. A new strand of 
lessons covers many aspects of sequences and series. In particular, lessons on the following topics 
have been added: types of series, tests for convergence, approximating functions with series, and 
term-by-term differentiation and integration of power series. The approximation strand has been 
improved by the addition of lessons on Newton’s method, Euler’s method, and the trapezoidal rule. 
Other new topics include slope fields, parametric equations, polar functions, vector functions, 
logistic growth, arc length, piecewise integration, projectile motion, and volumes of solids defined 
by cross sections. 

Use of graphing calculators also enhances the instruction in this /lew edition. Students are 
introduced to several features of the TI-83 and are shown how to confirm answers by graphical and 
numerical means. While the graphing calculator is a powerful instructional tool, most of the 
problems and exercises in the book can be solved without one. When problems require a calculator, 
we usually indicate so with the word approximate (or one of its variations). However, before taking 
advantage of technology, students must understand how to solve the problem without it. In no case 
should use of a computing device replace learning proper techniques or showing one’s work. 

This textbook also includes an innovation that we call lesson reference numbers (LRNs). 
Appearing in parentheses below each problem, LRNs direct students to lessons they should review 
when they experience difficulty solving a problem. 

The abstractions of calculus arc not usually understood with limited exposure. To ensure long-term 
retention and solid skills development, our textbook uses two methods we call incremental 
development and continual practice and review. Incremental development is the process of 
building knowledge in pieces over time. In calculus, as with all mathematics, the ability to 
comprehend a new topic depends on retention of previous material. Therefore, when we present an 
increment of a topic, we practice it for several days before expanding on it. Continual practice and 
review is the process of exercising learned skills again and again throughout the year. This 
procedure reinforces students’ foundational knowledge and prepares them to learn subsequent, more 
complex elements. 

The benefits of our methodology arc best illustrated by example. Beginning with Problem 
Set 11. several carefully designed problems on limits appear in most of the next 105 problem sets. 
This ensures that students practice limits regularly for twenty-five weeks or more. Students, 
therefore, have a unique advantage when they reach Lessons 105 and 1 16. which introduce 
sequences and senes respectively. Traditional textbooks separate limits from sequences and series by 


xi 
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Calculus Lesson i 


example 1.3 Simplify: - 4 ± 


solution 


3 - 2V2 

Wc multiply above and below by 3 + 
simplify. 

4 + -42 


2 V2 , which is the conjugate of the denominator, and then 


3 - 2V2 


3 + 2V2 16 4- 1 lV2 

“ 9-8 



= 16 + 11V2 


example 1.4 Simplify: 3^| - 4 - V 24 


solution 


First we rationalize the denominators, I BneoAfc- Sgo. roo+ uvto .) 



Two VV* 




V3 V2 


- 4 


V2 V3 



3V6 4^6 


V2 V2 ’ V3 V3 ’ 2 3 

We finish by adding these three terms, using 6 as a common denominator. 

8V6 I2V6 11V6 




example 1.5 Simplify: (a) —— 


+ 3 x/2-l^a 

■> _ <• 

*-o)/3 


Cb) x 3M -Jxy x l/2 ^fx* 


solution 



two VV. Oi/V 


(a) First we collect powers of like bases. Then we add the exponents. 

euer^vvoj. yt + 3+^2- t -JtC + flC _o-j/ 3 + «/3 _ jr + 2-*-<*/2„4<i/3-j:/3 

„ . e7V ^ A ^ > *-!***' -V° -top c«r ^ ^ 

(dj We replace the radicals with fractional exponents. Then we add the exponents of like 

GHvO^L. VboTvct r 3/4^I 




r I/2,,l/2 r 1/2^.473 _ 

1 


example 1.6 Factor: 4a 3m + 2 — 16a 3m 


37/12 1/2 


solution If each term is written in factored form, the common factor 4a 3 " 1 

extract the common factor and finish by factoring a 2 — 4. 

F'VwA iS>c4r (4a 3m )a 2 — (4)(4a 3m ) = 4cr 3 ' 7I (a 2 - 4) 

H Vuxoe. Vv% Cc»wwo A -F U-»V «-eJtT 4fl3m (« + 2)(a - 2) 


can be determined by inspection. We 


common factor 
factored a 2 — 4 


example 1.7 Factor: (a) 8c/ 3 — b^c 6 


(b) /7i 3 x 3 v 6 


solution (a) 






l£d- 

Cb) 


The difference of two cubes 

^ -Vo , _ ga 3 _ 


The sum of two cubes F 3 


F 3 — S’ 3 can be factored as Vf — 4 - FIS ’ 

6 3 c 6 = (2c/) 3 - (6c 2 ) 3 

— (2a — be 2 )(4a 2 + 2abc 2 + 6 2 c 4 ) 

«S 3 has similar factorization: 


^ 2 )i 



m 


3 y 6 


(m) 3 - 4 - (r>- 2 ) 3 

(m + jcy 2 )(m 2 — ntxy 2 


V) 


example 1.8 Simplify: (a) 


14! 


6! I 1! 


(b) 


;V! 


(AT - 2) 


(o x 




fzi J + 1 


«») X 3 


I - 1 


Solution Recall that bfl. read 


‘W factorial,” is defined to be the product of the integers from I to N. 
JVl = N - {IV - 1) - {N — 2).3 2 - I 






























problem set 1 


5 


(a) 


(b) 


14! 


6! I 1! 


N\ 


13 - 

6 - S • AT • 3 • Z • I - -W? 

N * (/V - I) • (N - 2)! _ 


13 


30 


91 

30 


{N - 2)» 


(N - 2)! 


= N ■ (/V - I) = yv — AT 







The symbol X indicates summation. 

3 9 y o <0) ' J<,) ' yi2) 

H---f- 





+ 1 <°> + 1 


2 (3) 


( 1 ) 


1 


( 2 ) 


1 


(3) + 1 


= 1 


1 + 1 
3 


O — 


16 

3 


>4 . 


(d) ^ 3 = 3 + B + 3 + 3 = 12 

TV V|CO(UtW£. ( 


^i^vvpUtu *4. -f-Leo/f- 



I -1 

VvcuoC- VNO 


c*s\ 


example 1.9 Compare (assume a 


0): A. — B. a 
a 


-l 


( 


In comparison problems throughout this text, the answer is A if quantity A is greater. B if quantity B 
is greater. C if quantities A and B are equal, and D if insufficient information is provided to determine 
which quantity is greater. 


solution Quantities A and B are equal since a~ x is another way of writing --- Therefore, the answer is C. 


1 


problem set 


In Saxon textbooks it is customary to give problems that cover only those concepts discussed in the 
text itself However, in the early problem sets we will not follow this custom. For example, in Problem 
Set I, problems 1—4, 13, 24, and 25 are not discussed in the lesson. Students who have difficulty with 
any of the review problems in these early lessons should refer to earlier texts in the Saxon series. 

For problems 1—4. the answer is A if quantity A is greater. B if quantity B is greater, C if 
quantities A and B are equal, and D if insufficient information is provided to determine which quantity 
is greater. 


1 

1. Compare: A. 7— ft - 


B. 0.S yd 2 


2. Given that x — /, compare: A. 7(2r — 2.r) B. —6(3f — 3.v) 


3. Given that 4 


9 and 2 < y < 14, compare: A. jc 


4. Given that a is the average of 3 and 6. compare: A. 3 a 


B. y 


B. a + 6 


S. Solve for R x : 


m 


.r 


= v 


1 




+ 


a 




i j 


Simplify the expressions in problems 6—13 


a + 


1 


1 

a -+- — 
a 


7. 


1 


a ■+• 


x 


m 


8. 


X~ V 


1 4- rn~ 


x 

v 


9. 


4 - 3V2 


8 


v2 


12. V -ry.v 


2.1 -V2 

• ’-V ■ ~ 


10 . 


_ ^ 

x ~rt'2 y b-\ 


11 


ftl 


x +- 2 — 2 


m 


24T/3i % -3.t/2 


13. Solv 


'e: 



—4 

>3 

6 
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Calculus Lesson 2 


Factor the expressions in problems 14 — 19. 

14. a~x - a 2 - 4 b 2 v + 4 b 2 15. 16a 4m>3 - 8a 2/,, + 3 


18. a 6 - 27Z>V 


17. 9x 2 - y 4 

Simplify the expressions in problems 20—23. 
12! /i(/i!) 


8! 4! 


21 . 


(m + 1)! 




/ = l 


16. a 


*b 2x + - - ob 


2x+ 1 


19. x 3 y 6 + 8m 


12 


X 

m = Q 


m 


m + 1 


24. Find the surface area of a sphere whose volume is cubic meters. 


Find the volume of a right circular cone whose base has an 
whose height is 4 centimeters. 


of 4n square centimeters and 



LESSON 2 More Concept Review • The Graphing Calculator 


2.A 


more concept We continue reviewing fundamental concepts. 


review 


example 2.1 Find the coordinates of the point halfway between (—4, 7) and (13, 5) 


solution 


The xr-coordinate of the midpoint is the average of the ar-coordinates, and the y- 
midpoint is the average of the y-coordinates 


of the 


-4 + 13 


x = 


£ 

2 


>’m = 


1 + 5 


= 6 


example 2.2 Find the distance between (4. 3) and (—2, — 1), 


First we graph the points. The distance between the points is found by using the distance formula, 
which is an extension of the Pythagorean theorem. We arbitrarily choose point (—2. —1) to be P and 
(4. 3) to be /%. 





p, = (*v y,) = (-2.— 

The distance between P. and P n is 



(4, 3) = (x,, y 2 ) = R, 


V — «* 2 ) 2 -+- ( y , - v 2 ) 2 = V (- 2 - 4 > 


(—I - 3) 


^ = %/(-6> 2 + (-4) 2 


= V 52 = 2 v 13 


example 2.3 Use the point-slope form of the equation of a line to write the slope-intercept form of the equation of 

the line that passes through (—2, 4) and has a slope of — §. 

















2.A more concept review 
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solution Wc begin with the point-slope form and substitute 




-\o 





(>» - >’,) = '«(* - A:,) 


point-slope form of a line where m is the slope and 
the line passes through point (jc,, yj) 


y - (4) = 


lx - (-2)] 


substituted values form, x., and y 


fo-L>V 


3v - 12 = — 2r - 4 


simplified 




2 _u 8 
v = — —x + — 

* 3 3 


rearranged to obtain the form y — mx 


- 5>/op<2. 

i rv 



example 2.4 


Write the slope-intercept form of the equation of the line through (—4, 2) that is perpendicular to 
—2x + 3y +1=0. 


solution 


First we find the slope of the given line. The slope of a line in general form, or ax + by + c = 
given by —f. Another way to find the slope is to rewrite the equation in slope-intercept form 
the coefficient of x is the slope. 


0, is 
that 


1 


y = — X — — 

3 3 


The line perpendicular to this line has a slope of — 4 (the negative reciprocal of §). If we use — § as 
the slope and use—4 and 2 for x and. 3 '. we can solve for b. 


2 — 


(-4) + b 


b = —4 


Thus, the line that satisfies the conditions of the problem has the equation 


3 

2 


_y = ——x — 4 


example 2.5 Solve x~ — 3.r +1=0 by completing the square. 


solution 


We use six steps. 

(1) A ' 2 — 3.x 

• r ' - 3r - (-f) 


= -1 


( 2 ) 


= -1 


nr 


subtracted 




squared j of the coefficient of the.x-term and 
added that to both sides 


(3) -x 2 — 3.x + 


(-!)’ ■ f 


(4) 


- 1 )' = 


5 

4 

5 
4 


simplified right-hand side 


(5) 


3 

.x — — 


V5 


(6) 




3 ± 
2 


Vs 


recognized left-hand side as the square of 

a binomial ( \dWa tvw V-k. CxA , £- 

vaXJt.- -Va-We. (<- lor + 

difference of two squares theorem . r t 



solved for.x 


ii 


example 2.6 Solve A 2 — 3.x + 1 = 0 by using the quadratic formula. 


solution 


The quadratic formula determines the values of x such that 

2 + bx + c = 0 


The solutions of the quadratic equation shown above in terms of a, b, and c 

—b ± V b~ — 4ac 


2 a 


x 
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Calculus Lesion 2 


problem set 

2 


* r*I the distance from the midpoint of the segment joining (4, 2) and (10, —2) to the point (6, 8) 

3. Write the linear equation whose general 
^ form is 2x — 3y + 2 — 0 in the slope- 

5 intercept form y = tnx + b. 


y 

4* Pind the equation of the line that is perpendicular to the line 4 y + 3x — 2 = 0 and that passes 
through the point (1, — 1). 



Solve the equations in problems 5 and 6 by completing the square. 

5. -r 2 - 3x - 4 = 0 6. 2x 2 = x + 3 

7. Solve 3x*~ — x — 7 = 0 by using the quadratic formula. 

8. Divide 2x 3 — 3x + 5 by x — 3. 

<21 J 


9. 

(2) 


Solve; 



10 . 

<21 


Use a graphing calculator to approximate the value(s) of x where the graph of the parabola 
3 ' = -X 2 + 3x — I crosses the x-axis. 


11* Use a graphing calculator to approximate the value(s) of x where the graph of the cubic 
function y = x 3 + 3x 2 — 3 crosses the x-axis. 



Use a graphing calculator to approximate the coordinates of the intersection point(s) of the 
graphs of y = x 2 — 3x -I- 1 and )' = x 3 + 3x 2 — 3. 


13. Solve forx.* Jt 2 

r/t 


6^3 d ) 


Simplify the expressions in problems 14—17. 


14. 

tn 


d 


m 


r/j 


Vf 



3V40 


16. 


— 2 _ 4ti 

y z 




18. Solve: 

<ft) 


- y + z 

— y — z 

x — y + z ■ 


= 4 
= -1 
: 0 


Factor the expressions in problems 19 and 20. 


19. 14x Ab ~- - lx 2 * 20. 

tn tti 

Simplify the expressions in problems 21—23. 

-—- 22. S' (n 2 - 2) 

in - 1)! *» 


2b 


17. 

(n 


sjx 3 y 3 y 1 /3 jc 2/3 


. 3 *. 6 


6 ^ ,12 


y° - 8x y 


i/> 


n — l 


U) 


Y 

j = -i 


2 j - 3 


Find the volume of a trough 5 meters long whose ends are equilateral triangles, each of whose 
,K> sides has a length of 2 meters. 

25. Given that x 2 = _y 2 . compare: A. x B. y 
tn 


f The italicized numbers within parentheses below each problem number refer to the lesson in which the concepts 
for that problem are discussed. Review problems are indicated with an R. 














3.A the contrapositive 


13 



LESSON 3 The Contrapositive • The Converse and Inverse • 

Iff Statements 


_3.A 

the 

contra positive 


Often in mathematics we make If-then statements, which are called conditionals. The following are 
examples: 

• If quadrilateral ABCD is a square, then quadrilateral ABCD is a rectangle. 

• If / is a polynomial function, then / is a continuous function. 


The same exact statements can be made another way by turning the statements around and using 
negatives. The alternative statement is called a contrapositive. Two steps are necessary to form the 
contrapositive The first step is to negate both the if statement and the then statement. The second step 
is to reverse the order of the resulting statements so that the if portion becomes the then portion and 
the then portion becomes the if portion. 

If a conditional statement is true, then its contrapositive is also true. If a conditional is false, its 
contrapositive is also false. A conditional statement and its contrapositive are said to be equivalent 
statements. In other words, a conditional statement and its contrapositive are different ways of 
saying the same thing. 


example 3.1 Write the contrapositive of each of the two previous examples. 


solution 


example 3.2 


To write the contrapositive of an if-then statement, we must first negate each part of the statement. 

“If quadrilateral ABCD is not a square** 

“then quadrilateral ABCD is not a rectangle.” 


We now reverse the order of the if and then statements, changing the if statement to a then statement 
and the then statement to an if statement: 


If quadrilateral ABCD is not a rectangle, 
then quadrilateral ABCD is not a square. 

We do the same thing for the second statement. 


Iff is not a continuous function, 
then fis not a polynomial function. 





OAA 



The following conditional statement is true: 

If function / is differentiable at point P, qj/v V 

then function f is continuous at point P . 

Make an equivalent statement that is true. \jjri. 



solution The contrapositive of a conditional statement is equivalent to the conditional statement. Without 

worrying about what the conditional statement means, we simply form its contrapositive. 

If function f is not continuous at point P, 
then function .fis not differentiable at point P. 

example 3.3 State the contrapositive of the following conditional: 

If x is a rational number, 
then .r is an irrational number. 


solution From Lesson 1, we know this conditional is false, but that is not important here. We only worry about 

writing its contrapositive. 

If x is not an irrational number, 
then x is not a rational number. 

This statement is equivalent to the previous conditional, and, like the first, it is also false. 
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3-B 

the converse 
and 



In the previous section we learned how to write the contrapositive of a conditional statement. We also 
learned that a conditional statement and its contrapositive arc equivalent. Therefore* if a conditional 
statement is true, it^ contmpositive is also true, also, iT the contrapositive ol a conditional statement is 
true, the conditional statement itscit is true. 

In tins section we learn how to write the converse and inverse of a conditional statement The 
converse of a conditional statement can simply be obtained by reversing the order ol the if and then 
statements of a conditional statement In other words, the converse can be obtained by making the if 
statement a then statement and the then statement an //statement To get the inver.se of a conditional 
statement requires negating both the //and the then statements. 

When we try to lind the contrapositive of the converse of a statement, we get the inverse ol the 
?**** e ^ enl Since a conditional statement and its contrapositive are equivalent, the converse and 
inverse of a conditional statement are equivalent. Therefore, if the converse of a conditional 
statement is true fftilse), then the inverse of the conditional statement is also true (false). 


example 3.4 Wriie the converse of the statement 


“If quadrilateral ABCD is a square, 
then quadrilateral ABCD is a rectangle. 




solution 


We write the converse of the statement by reversing the if and then statements. 

If quadrilateral ABCD is a rectangle* 
then quadrilateral ABCD is a square* 

see from this example that the converse of a true conditional 


statement is not 


example 3*5 
solution 


Write the inverse of the original conditional statement in example 3.4. 


3.0 



We write the inverse of a conditional statement by negating the //“and then portions of the statement. 

If quadrilateral ABCD is not a square* 
then quadrilateral ABCD is not a rectangle* 

Another way to obtain the Inverse of the original conditional statement is to find the contraposiLive of 
its con verse Taking the answer from example 3.4 we see that the first step in finding the contrapositive 
negates the components of the original statement. The second step undoes finding the converse. Since 
the converse of the conditional statement is false, the inverse of the conditional statement is also false. 

In section we learned that the converse of a true conditional statement is not necessarily 

true There are instances, however, when both a statement and its converse are true. In such instances 

e shorthand word iff. read “if and only if,*’ can be used to write a single statement expressing both 

the smremeni and its converse together. For example, the following conditional statement about 
wiaCand its converse are true. 


C 



Statement: If mzlA = m^B. then BC = AC. 
Converse: If BC = AC. then m^A = m^B. 

We can reduce these two statements to one statement by using ijf: 

m^A = mZ5 iff BC = AC 





problem set 3 


example 3.6 


solution 


problem set 

3 


The statement above can be written in words as: 

Two angles of a triangle are equal in measure if and only if the sides opposite these 
two angles are equal in length. 

-r£ vjDOJiV* 

Use iff to express both conditional statements in one sentence. 4 \ • <y^ 



If a triangle is equilateral, then it is equiangular. 





W 


If a triangle is equiangular, then it is equilateral. ^ ^ 




We combine both these statements using “iff.” ^ 

A triangle is equilateral iff the triangle is equiangular. 1 ' 

We could have also written: 

A triangle is equiangular iff the triangle is equilateral. 


1. State the converse of the following conditional statement: 

ai 

If the light is on, then the switch is on. 

2. State the inverse of the following conditional statement: 

If the light is on, then the switch is on. 

3. State the contrapositive of the following conditional statement: 
oi 

If the light is on, then the switch is on. 

4. The following conditional statement is true: 

<Jt 

If -r is a real number, then .t is a complex number. 

Make an equivalent statement that is true. 

5. Write the slope-intercept form of the equation of the line that passes through the point (2, 2) and 
f2> is perpendicular to the line 2y — x — l =0. 


6. Complete the square to rewrite x 2 = 
a> b are constants. 


—— 13 in the form (or + a) 2 + b — 0, where a and 


7. 
< 2 > 

8. 

(2t 

9. 

(21 

10 . 

t2> 


Use the quadratic formula to find all the values of .r that make x 2 — 3x - 7 equal zero. 


Solve 


. f2y 2 - x 2 

' \y + i = 


2 2 t 

— JC = 1 

X 


9. Divide r 3 — 13.tr 2 
r*> 


+ lQr - 8 by .r - 1 


Divide x 3 — 13x 2 -t- lQx — 8 by x — 1. 


Use a graphing calculator to approximate the zero(s) 
/(x) = x 3 — 3x 2 — 3x + 1. 


of the function 


Use a graphing calculator to approximate the coordinates of the intersection point(s) of the 
graphs of the functions /(x) = x 3 - 3x 2 - 3x + 1 and g(x) = x — l. 


12. Solve for R.z 

tit 1 


m 


k 


a b ^ 

H- 


v*i 


2 J 


Simplify the expressions in problems 13—17 


13. 

4 - 2^3 

2 - a/3 

14. 

,JI- 2 /I 

tn 

<i> 

V 7 \ 3 

16. 

tit 

1 

17. 

tit 

m 

■ + 

r- -U P 


15. J. r 35 l/4 t M 

tit v 


1 + 


1 


! + I 

o 


1 - ^ 
m 
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Factor the expressions in problems 18 and 19. 
18. a 3 b 3 — 8x 6 v 9 

#ii - 


Simplify the expressions in problems 20—23. 



ttt 


X O' 2 - 2 j) 


19. 2a* 1 + 3.r 2 - 2.x* 

tut 



41? 
38! 3! 



<*> a + b 



»! (« + 1)1 
(n + 2)1 


2 *; An inverted right circular cone is partially 
filled with liquid as shown. What is the 
volume of the liquid if the diameter of the 
base of the cone is 4 cm, the height of the 

cone is 6 cm, and the depth of the liquid 
is 2 cm? 




tit 


Assuming jc 


y and neither .r nor y equals 0, compare the following: A. 


I 


.r 




'ESS ON 4 Radian Measure of Angles 


Trigonometric Ratios • 


Four Quadrant Signs • Simplifying Trigonometric 



4.A 


radian 
leasure of 



If an arc of a 
1 radian. 


has the same length as a radius of the circle, the central angle is said to 



Arc length = 1 radius 

The relationship between arc length and central angle is given by fT^OR | where s is .he ere 
e is the measure or the central angle in radians, and R is the radius of thTcircle. The nrr Z-t. .t r 
full circle equals the circumference, so s — 2jrR = OR Thus Q = 2tr which m . ° ^ a 

angle measures 2rr radians. Since we already know that the central angle' of a circle mcMuref Tkw 
conversion?^ foUowin S “"it multipliers for degree-to-radian conversion and radian-, ^de|ree 


/r radians 
180 degrees 


and 


180 degrees 

-T radians 
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example 4.1 


Convert 40° to radian measure. Express the answer to four decimal places. . 

yjp CU0 fo-evo*'* 


solution We use the unit multiplier 


k radians 



180 degrees 



\zstv\ v ww l4- 

Since tt radians equals 180 degrees, the value of this fraction is 1. Any number multiplied by it equals 
itself. Unit multipliers are useful because they allow one quantity expressed in terms of a certain unit 
to be converted to another unit of measure. 


40° = 40 degrees 


7t radians 


(40 degrees)(^ radians) 


180 degrees 180 degrees 

Cancelling the degrees from both numerator and denominator, we get 

40sr radians 


40° = 


180 


= 0.6981 radians 


Note that we did not use the approximation 3.14 for 7i. Instead we used the value stored in the 
calculator. If we had used 3.14, our final answer would not be accurate to four decimal places. 

Radians are the preferred unit of measure in calculus because radians are considered “unitless.” 
When we say “sin 3.2” we mean the value of the sine function at 3.2 radians, not at 3.2 degrees. If no 
unit is specified, the unit of measure is assumed to be radians. 


4.B 


trigonometric 

ratios 

IV\ 

X | rAA^WNCY^O - 

Q^KjcvT \qcvcV. cx VypVtX 
ov\ A^-AWj-r. 


Most people find a mnemonic helpful in remembering the definitions of the trigonometric ratios that 
we call the sine, cosine, and tangent. The letters that make up the mnemonic Soh Cah Toa can be 
used to help remember the definitions shown here. 

_ Opposite Cosine — Adjacent 

Hypotenuse 


Hypotenuse 


Tangem = ° pposi,c 


Adjacent 


f-o*" OccVar * tnv\e , C£>t?p rye^, 



- O u 

sin Q = — 

c 


cos O =- — 

c 


tan 0 = — 


The tangent of an angle can also be expressed in terms of the sine of the angle and the cosine of the angle. 

sin 0 


tan 6 = 


cos 0 


The reciprocal functions of the sine, cosine, and tangem are the cosecant, secant, and cotangent 
respectively, as shown here: 


esc 0 = 


1 


sec 0 = 


1 


cot 6 = 


1 


sin & cos 0 tan 0 

Mathematics books often evaluate the trigonometric functions at f, f. and £ (60°, 45°. and 30° 

respectively), because the exact values of the functions at these angles can be determined quicklv bv 
using the two right triangles shown here: 4 y ° y 
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_4.D 

simplifying 

trigonometric 

expressions 


Many trigonometric expressions can be simplified if \vc remember that tan 0 is the ratio of sin 0 to 
cos 0 and that col 0. see 0, and esc 0 arc the reciprocals of tan 0, cos 0, and sin 0 respectively. 


example 4.6 
solution 




5 s > jl?*v 



\ 


Simplify: (cos 2 0)(sec 0)(tan 0) 

We remember that cos* 0 means (cos 0)*, not cos ( 0 2 ). The function sec 0 is the reciprocal of cos 0 , 
and tan 0 equals sin 0 divided by cos 0. Thus, we substitute and get 

Y-5^1') = 

V G&T0 A-GOS-# J 


c cu/\ 


sin 0 


example 4.7 


solution 


Simplify: co1 e cos e 

CSC 0 

We substitute equivalent expressions for cot 0 and esc 0 and get cos 2 0 as our answer. 

( cos g V cos 0 ^ 

l sin 0 A i J 


1 


= cos 2 0 


sin 0 


problem set 

4 


*7 V Se a graph,ng calculator to approximate the .v-intercept(s) of the graph of the function 
/Or) = a- 4 + 2jc 3 - 3a- 2 - 4.r - 1. 

3 7 Use , a graphing calculator to approximate the coordinates of the intersection point(s) of the 
graphs of >> = x - I and y = x 4 + Zr 3 - 3 a 2 - 4x - I. 


Evaluate the expressions in problems 3—6. 

TV jt 

cos ~ — cot — sin — 

3 4 6 

- 17/r „ 5 tj- 

3 cos - ■+■ 2 cos —— 

6 3 

Simplify the expressions in problems 7 and 8 
7. (sin 2 0)(csc 0)(cot 0 > 


4. 

sec 60° + 

(4) 


6. 

. 3 7V 

4 tan- 

141 

4 

8. 

(■ft 

tan 0 sin 0 

sec 0 


71 

T 


-J- sin 


JT 


9. Write the contrapositive of the following conditional statement; 

A function is not one-to-one if it is both increasing and decreasing. 

iO. State the contrapositive, converse, and inverse of the following conditional: 

If you hit your thumb with a hammer, then your thumb hurts. 

P° m ‘- S '° pe ro , ml and lhe general form or the equation of the line that is parallel to the 
line y -b 2 = —3y and passes through the point (—9, -3) P ‘ ,,e| lo lhe 

Factor to find the values of at that satisfy the equation -2.r 2 = J x J5 

*- x = I by using the quadratic formula. 


t2) 

13. Solve „c 2 

tJt 


14. Multiply 3.r 2 — 4.r 

(ft} 


5 by 2.x: — I. 


15. Using algebra, find the ordered pairs of a and y that satisfy both the equation v 2 
the equation x + y = 0. M * A 


— 8 and 
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16. Solve for r: — = 
at r 

Simplify the expressions 


1 


v r i 



in problems 17—21 


17. 

{ n - 1)! n\ 

18. 

(D 

(n - 2)! 

U) 

20. 

at 

X (2‘ + 0 
/ = —1 

21. 

(ty 


sjj - 3V5 -4- V50 
1 

3 


19. 

to 




22. Find the surface area of a rectangular solid whose height is h, whose width is w. and whose 
w length is L. 

23. An isosceles triangle is situated in the xy-plane so that the vertices of its base are the origin and 
w the point (10, 0). If the height of the triangle is half the length of the base of the triangle, what are 

the coordinates of its third vertex? You may assume the missing vertex is in the first quadrant. 

24. Let x be a positive real number. Compare: A. x B. x 10 
tn 



LESSON 5 Word Problem Review 


In this lesson we present a variety of word problems similar to those that arise later. We have found 
that many students have difficulty solving word problems that require calculus. Their struggles are 
often not with the calculus required to solve the problems, but with the mechanics and algebra of 
setting up the problems. Therefore, we practice this skill in a variety of problems whose solutions are 
not dependent on calculus in preparation for solving similar problems that do require calculus. 

example 5.1 Boyle s Law says that if the temperature of a quantity of ideal gas is unchanged, the product of the 

pressure and die volume equals a constant k. When there are 1000 m 3 of a particular ideal gas, the 

pressure is 5 ^r. What would the pressure be if the volume were 200 m\ assuming the temperature is 
the same? 

solution We begin by designating variables P and V for pressure and volume. Boyle’s Law says that if 

temperature is constant, then J 


PV = k 

The problem tells us that for a given temperature, 1000 m 3 of the gas has a pressure of 5 We can 
solve for k: m 

^ m 2 rn 3 ) = k substitution 

5000 N m = k simplification 
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Using this value of k, we can find the pressure when the volume is 200 m 


So,-Vo do cb vd, 

-ScA o-v\ 

^ ^ v 1 -XWx 

-\Wl cowt^ovVe. ^ 0 7 

-^ML C*9vv^AcvtV" W?CXC'^vJttXO^ 


PI' = 5000 Nm 
P(200 m 3 ) = 5000 N m 

5000 N•m 


P = 


P = 


200 m 3 

N 


m 


substitution 


solved for P 


simplified 




\A 


Thus, when the volume is 200 m 3 , the 


example 5.2 


pressure is 2 


N 


m 


the^niv»n' £ ! ^ fo un d that the cost varied directly with the number who worked and inversely with 

when 1 -* al ,r ^ ex - Th fi cost was $400 when 5 people worked and the index was 8. What was the cost 
wnen 13 people worked and the index was 2? 

constant nfnm'° W,S u s practice with variation relationships whose equations contain variables and a 

and k be the cnn« rt, ° ni f U ^‘ *"' el represent the number of workers, S represent the Sabercat index, 
K De Uie constant of proportionality. Then _ 

-LUv/^^e^ o cevf * 

- T- . , 3 , ~ CoSt = ~S~ A- 

\0 W** T*" 5 is a lhree -step problem. The first step is to find k. 

" ‘V. - * *5 

olAg^ ^ 8 

k = 640 solved for k 

^. The second step is to substitute for k in the equation. 


:5o» vm\V 'oe. -\<xY^ 

{ov+A" CrV 

4 to -A-V^ 


Cc\y\ 



1 


substituted 


Cost = 


6401V 


substituted 


The last step is to substitute for IV and S. 


co St = <$mm = 

^e^e^^riaS worked. Thl co«wL°S IM^Wh' ^ Vhcn ^ ere WEre < 0 workers, the cost was 370. 

rs. the cost was SI20. What was the cost when there were only 2 worker*? 

Tfl#i _f _ _I f • • _ 


V“S^W “ S ‘ hat ^ CqUaU ° n “ “ equation. 

u 30 <c\. Cost = mtv -h b 


As: rv\g>-f- 


// 


e '^ J 


10 for tv and ge^H^er eq^m^n by^sin^no for^^dioT 1 " w°^ by USi " S 7 ° f ° r C ° Sl and 
Sjqswir of <=quauons. * s tor cost “" d 20 for tv. Then we solve this system 



L- W 


,Vo 


70 = 10) -h b 

120 = m(20) -h b 


ouV ^ ^ ‘’^r. ->a‘ ' 

^ e n0 Wc leI * = 20 in the first equation io solve form. 

< . . -- 

70 — /7i( 10) ~h 20 


140 = 20m + 2b 

-120 = -20m - h 

20 = b 


solved for b 




N*1 




substituted 

m = 5 solved 

Finally we have the linear equation. 

Cost = 51V + 20 

By substituting, we find that when there were 2 workers, the cost was S30 

Cost = 5(2) + 20 = $30 

















problem set 



example 5.4 Farmer Jill wants to use 100 meters of fence to enclose a rectangular region that borders a river. If L 

is the length of the side of fence parallel to the river, what is the area of the fenced region in terms of 
L? (Assume the river's border is straight and no fence is needed along the river.) 

solution We begin by drawing a picture of the problem and show all the information in the problem. We choose 

the letter W to denote the width of the region. 




^ The total amount of fencing used is 

< 2 *\° 




fenced 

region 




river 


100 meters. Therefore. 

L + 2\V = 100 (I) 


The area of the fenced region is simply L\V: 


A = L\V 


Since we want A in terms of L only, we solve equation (1) for W. 



By substitution we get 



< 50 - \ L ) 

SOL — —l? 

2 


solved for W 


problem set 1. The time necessary to complete a project varies inversely with the number of engineers who 

5 ' 1 work on the project and directly with the amount of money invested. When 2 engineers work and 

SI000 is invested, the project takes 5 days. How many days will it take to complete the project 
if 3 engineers work and S3000 is invested? 


2. The cost of a Timmy Built building varies linearly with the number of floors the building has. If 
a 10-story Jimmy Built building costs S12 million and a 4-story Jimmy Built building costs 
$6 million, how much does a 7-story Jimmy Built building cost? 

3. Michelle wants to enclose a rectangular region that borders a river. The region to be enclosed 

must have an area of 100 m~. If L is the length of the side of the rectangular region that is parallel 

to the river, how much fence must be used in terms of L? (Assume the riverbank is straight and 
no fence is needed along the river.) 


4. Use a graphing calculator to approximate the root(s) of the function /(x) = x 3 - 2x 2 + 1 

5. Use a graphing calculator to approximate the coordinates of the intersection point(s) of the 
graphs of the functions /(x) = x 3 - 2x 2 + .r + 1 and g(x) = x 2 - 2. 

6 . Express 50° in radian measure to four decimal places. 
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Evaluate the expressions in problems 7 — 9 . 


7. 2 cos 


— sec 


JT 


JT i TC 

8 . tan”-cot" ~— 

3 3 


9 i 2/r jr 

. sm- — -esc —— 

(■*/ -x -> 


Simplify the expressions in problems 10 and 11 . 
10 - (sin 2 .v)(csc .v)(cos .v) 


11 . 


cos ex sec cc 
. esc cc 


^ laIC con trapositive of the following conditional statement: 

If the polygon is a triangle, then the polygon has four sides. 

13. Use the quadratic formula to find the values of ,t for which the value of the polynomial 
« — J t + I is zero. 

Write the general form of the equation of the line that is parallel to they-axis and passes through 
the point ( 2 . 3 ). 

15. Solve algebraically: l ^ ~ * r + ^ 

< 2i J \y - 2x = 0 

16. Given that x - = *Jy~+ T, solve for y in terms of x. 


Simplify the expressions in problems 17—21. 

V3 -h 42 

V3 - V2 


17. 

it/ 


x 3 - „ 3 


— a 


18. 

it/ 


19. 

in 


m 


— I 


20 . 

m 


18! 


16! 2’ 


2 h 

n — 1 


n 


0 


22. Find the total surface 

i/o _ _ i 

an area of 9 /r cm*. 


area of a right circular cone whose volume is 1271 cm 3 and whose base has 


23. Find the distance between the point (3,-4) and the line y = 
following steps: 


4 

3* 


3 - using the 


24. 

12 / 


(a) Find the slope of the line perpendicular to y — — jx + — 

<b) Find the equation of the line through the point (3,-4) that is perpendicular to the line 
y 3 x + - 3 -- 

(c) Find the intersection point of the line found in (b) and the line y = — + 2* 

(d) Find the distance between the point found in (c) and the point ( 3 . - 4 ). 

An isosceles triangle is situated in the xy-plane so that the vertices of its base are the origin 

the point ( 8 , 6 ). If the height of the tnangle is half the length of the base of the triangle what 'ir*. 

the coordinates of the third vertex of the isosceles triangle? You may assume the mfssing ven Jx 
is in the first quadrant. mining x ertex 


25* Assuming x and >’ are both less than zero and x 


in 


y. compare: A. —_c 


B. - 











6.A functions: their equations and graphs 



lesson 6 Functions: Their Equations and Graphs • 

Functional Notation • Domain and Range 


_6^A 

functions: Modem mathematicians have found that a process that produces exactly one answer for each 

their 6C|U3tionS value chosen for the input is extremely useful, and they use the word function to describe any 
and graphs process that does this. Thus, an equation is not necessary. All that is needed is a rule that 

tells: (1) what numbers can be used and (2) how to find the answer for each number. The rule 
allows us to match each member of a specified set, called the domain (the input values), with 
exactly one member of a second set, called the range (the output values). The individual members 
of the range are called the images. A function maps each member of the domain to exactly one 
member of the range. 


x 

4 ~ • 

7 • 
3 • 


Domain 


f{x) 


9 

5 

9 


The diagram shows that if x is 4, the image (answer) is 9. If x is 7, the image is 5, and if j 
is 3, the image is 9. Since we have exactly one image for each value of .r, we have a function. The 
image for both 4 and 3 is 9, but since 4 has only one image and 3 has only one image, the 
requirement that each member of the domain have exactly one image is satisfied. In this example 
we used a diagram rather than an equation to specify the images. The only values of x that can be 
used are 4, 7, and 3, because in this example it was arbitrarily decided that the domain would 
contain only these three numbers. 

The rule for a function may also be stated by a list of ordered pairs such that every first 
member is paired with exactly one second member. The following set of ordered pairs defines a 
relation but does not define a function: 


(4,3), (5,7). (9,3). (4.-5), 

This is not a function because the first and the fourth 
following set of ordered pairs does define a function: 


(8, 14), (6, -3) 


a 


\ 

o 


pairs have different images fory^- The 


vvw^V, 


(4,3). (5,7), (9,3). (4,3), (8, 14), (6,-3) 


CO-*' 





Even though there are two 4’s, they both map to 3. which means this can still be a function. 

In this book we concentrate almost exclusively on functions whose rules can be written as 
equations. Note, however, that a function is defined by an equation, but a function is not the 

equation itself. As an alternative to the standard function notation, a colon and an arrow can 
indicate the pairing or mapping. 






/(.r) = x 2 + 4 f : x - x 2 + 4 

g(x) = -v 3 - lx + 1 g: x - x 3 - 2x + 1 


The / function rule is that x maps to x~ + 4, and the g function rule is that x maps 
t° -v - 2x + 1. The notations on the left are read “/ of x equals x 2 + 4" and “g of x 

equals x 3 - 2x + 1The notations on the right are read "/maps x to x 2 + 4” and “g maps x 

to x* — 2x + 1.” * 
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example 6.8 
solution 


o 


c Ioa/vx 


IV\, 


le-Vv 


i" 

\WLfUo\M 

Trf 



. ,l„ of all real numbers 

numbers. They-values begin at +2 and increase without bound, so the range is Q j- v include 

greater than or equal to 2. In figure (c) the values of a* include all real numbers, an t tc va 
all real numbers. Thus, for litis function, the set of real numbers is both the domain an ra 

Strictly speaking, when determining the range of a function, we are required to show 
is a value (or values) of the domain that maps to each and every value of the range, ^or our 
we do not require such rigor. Determining the range simply by reading off the set of y-va ues 
graph of a function suffices. 

Find the domain and range of the function /(.v) = V a + 5 . 

The values of x in the domain of this function are real numbers that produce images that are also 
numbers. These must be values of a- that make .r + 5 > 0. (If -v + 5 <0, then the square root i 
an imaginary number.) Thus, the domain consists of the real numbers a that satisfy x ^ 5- 

To designate domains, we use set notation: ( } indicates a set, the symbol e means is an element 

of, the symbol 1R represents the real numbers, and a vertical line means such that. Thus, we write 

Domain of / = {x e 1R | x S —5} 

This is read as follows: “The domain of / is the set of all real numbers a such that a is greater than or 
equal to —5.” 



On the graph we see that there are no negative values of y. so the range consists of all real n 
equal to or greater than zero. 

of / = b e ERjyStO} 


example 6.9 
solution 


Use the feature of the TI-83 to verify the domain of / found in example 6.8. 

We define V1 as 

Vi=T<X+5> 

and select 6i ZSL .an elated under the menu, which means the window shows the 

y-axes from —10 to 10. The following graph appears: 


- and 



We use the feature to trace out points on the curve. Shown below are points on the graph and 

their respective coordinates: 




l 


to 

X= “ 2.555151 

• 

P 

■ 

i 

» 

P 

to 

V= 1 . 5 fiH 22 ?H 


vi=/«:x+ 5 ) 

» 

m 

to 

» 


to 

to 

to 

to 

to 

X=l.? 0212 ?y 

to 

V= 2 . 5 BBHMfin 






















problem set 6 


V1=-T CX+5U 


K=g.g?igmg 



33- cxvi cz\oc cBoe-e^Mr 

— ~fUq. tzaAccA. clSw 

W- Note that if we press the 0 key until we get a value of x less than -5, then we get no value of y. This 


Y=3-2H52g±2 


Y 1 =-TCK+ 5 ) 



» 

K=- 4 .Hg 3 fil 7 

P 

w 

p 

p 

p 

to 

m f 

V=. 32 eifiH 0 H 


^ <=$ 


confirms that y simply does not exist for values of x less than —5, as stated in example 6.8 





Y1=-TCX+5> 




K= “fi.±70213 

Y= 


example 6.10 Find the domain and range of /(x) = 



x - 2 


solution 


From the numerator of the function we see that .r cannot be a negative number because the 
of a negative number is an imaginary number. From the denominator of the function we 
cannot equal 2. because this would make the denominator zero. Thus. 

Domain = {x e [R | x ^ 0, x 2} 

Finding the range of some functions is easier if we graph the functions. 


root 
that .v 


\j 



vv^VV 


SI m p p 


L 
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The graph of this function shows that the values of y include all positive and negative real numbers. 
Zero also appears to be ay-value, but this must be verified “by hand" in case it is an asymptotic value. 
In this case it is easy to check, since /(0) = 0. Therefore Cclw -yi** -» ^ 

Range = IR — l*. cVo P-X\ 

The pressure of an ideal gas varies directly with the temperature and inversely with the volume. The 
initial pressure, volume, and temperature were 5 newtons per square meter. 5 liters, and 100 Kelvin. 
What would the pressure be if the volume were 4 liters and the temperature were 1000 Kelvin? 


1. 

(St 


2. A rectangular box with a square base has a total surface area of 100 cm 2 . If x is the length of a 
1 * side of the base, what is the volume of the box in terms of x? 

Use a graphing calculator to approximate the value(s) of .r for which .r 3 + 3 .x : 2 — 1 equals 0. 

Approximate the coordinates of the intersection point(s) of the graphs of the functions 

/(x) = e* and g(x) = x 3 + 3x 2 - 1 in the interval [-4. 2]. (The value of e. an irrational 
number, is approximately 2.7182818284.) 

5. Convert 1.570796327 radians to degrees. Round your answer to the nearest degree. 


3. 

(2l 

4. 

( 2t 
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6 . 

t*) 


Which of the following sets of points could lie on the graph of a function? 


7. 

(01 


11 . 

(6i 


A. { (2, -2), (-3. 2), (2. —3), (3. 3) } 

C. {(1,2), (1.3), (6. 7), (-1.13)} 

Shown is the graph of a function yr. 
Estimate the value of each of the 
following: 

(a) V'O) (b) y/(-l) (c) V'O-2) 


B. {(1,2), (2. 2), (3, 2), (4. 2) } 

D. {(-I, 2). (2,-I). (-1.4). (5, 8)} 


8. Shown is a function machine f where only 
a few input and output values are given. 
Which of the following could be the 
equation for f? 

A- /(at) = 2jc •+• 1 

C. /(x) = x 2 + 1 

9. If f(x) = 2x 2 — 1, what is f{x + Ax)? 



B. fix) = 
D. fix) = 


- 2 


10- Express the domain and range of the function fix) = Vx — 1 using set notation 


Express the domain and range of the function y — - using set notation. 


12. Use a graphing calculator to approximate the values of y when x = tz and when x = V2 

t2t -_.. ... v* ♦ I 


given the equation y — 

Evaluate the expressions in problems 13—15. 


13. 2 cos 2 


(■*> 


2 7t_ 
4 


14. 

(4t 


cot 


71 


sin 


K 


7t 


71 

sin — 

(4) 6 


Simplify the expressions in problems 16 and 17. 

2 


16. (cot 2 x) (sec ~ x) (sin x) 


17. 

( 4 ) 


(cot 9)(sec 0) 
(esc 0) 


18. State the 


and inverse of the following statement: 

If I live in Norman, then I live in Oklahoma. 


19- Suppose y = mx -+- b and y = rtx 
the numerical value of mn? 


c are the equations of two perpendicular lines. What 


20 . 

r/j 


21 . 

<n 


Solve algebraically for s: 

t 

Compute: 



- -Js - 8 = 2 


t = -l 


22. Simplify: 
in 


- v 2 


3 + 


v 2 


23. Find the total surface area of a right circular cylinder whose volume is 9/r cubic 


whose height is 1 centimeter. 


centimeters and 























7.A the unit circle 


24. Assuming x, y, and z arc lengths as shown, 
f,# compare the following: 

A. x + y B. z 

25. Use the fact that the measure of an 
tR> inscribed angle equals one half the 

measure of the subtended arc to find x 

given 

m A ABC - 5x - 10 and 

mADC = x " — 20 




LESSON 7 The Unit Circle • Centerline, Amplitude, and Phase 

Angle of Sinusoids • Period of a Function • 
Important Numbers • Exponential Functions 


_ 7.A 

the unit circle 



In a right triangle the sine of an acute angle 0 is the ratio of the length of the side opposite angle 0 to 
the length of the hypotenuse. Thus, if we draw a triangle whose hypotenuse is 1 unit long, the sine of 
angle & will be the length of the side opposite this angle divided by 1. A circle whose radius is 1 is 
called a unit circle. If we center a unit circle at the origin as shown below and measure the central 
angles counterclockwise from the positive x-axis. the y-coordinate of any point on the unit circle 
equals the sine of the central angle because y is the length of the side opposite angle 0 in the triangle. 
On the right-hand side we graph y = sin 6 and note that the horizontal axis is the 0-axis. 

y y 



The sines of 9 X and 0 2 equal the directed lengths of the vertical sides of the triangles since the 
length of every hypotenuse equals 1. Tins agrees with the graph of y = sin 9 on the right, where the 
vertical distance from the 0-axis to the graph also equals sin 0. When the graph is above the 0-axis. 
the sine is positive, and when the graph is below the 0-axis, the sine is negative. Note that when 
0 equals zero, the sine is zero, and as 0 increases from 0° to 360°, or 2jt radians, the value of the sine 
goes from 0 to 1 to 0 to —1 and back to 0. In this discussion we use 0 to represent the independent 
variable to emphasize that the input represents an angle. In mathematics the variable a* is most often 
used as the independent variable and is also used to represent angles. In this graph of the sine curve, 
the horizontal axis was chosen to be the 0-axis. Sometimes we use 0 and sometimes we use .v. 

We see that the y-coordinate of any point on a unit circle equals the sine of the central angle 0 
measured counterclockwise from the positive x-axis. 


\ 


y = sin 0 
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~03P z 

h 1reteLw* 


0*^+ = \co* e 


The same unit circle can be used to 
discuss the values of the cosine, because the 
value of cos 0 equals the length of the adjacent 
side over the length of the hypotenuse. When 
the length of the hypotenuse equals 1, the 
directed length of a horizontal side of a 
triangle in the unit circle equals the cosine of 
the angle. Thus, the .v-coordinate of any point 
on the unit circle equals the cosine of the 
central angle measured counterclockwise from 
the positive .v-axis. To show the projection of 
the cosine function from the unit circle, we 
graph the function using a vertical orientation. 

On the graph of y =■ cos 6 at right, the 
values of cos & correlate with the directed 
lengths of the horizontal sides of the tria-ngle 
in the circle on lop. From this we see that the 
-'"-coordinate of any point on a unit circle equals 
the cosine of the central angle 0 measured 
counterclockwise from the positive .r-axis. 

x = -cos 0\ 

Note that the value of cos 0° is 1, and as 0 goes 
from 0° to 360°, the value of the cosine goes 
from 1 to 0 to —1 to 0 and back to I. 

Below, we simply rotate the graph of 
the cosine function so that the 0-axis is 
horizontal. 


y 





example 7.1 Shown is a unit circle centered at the origin. Find 

the coordinates of points P x and P 



y 



x 
























7.B centerline, amplitude, and phase angle of sinusoids 


solution The central angle for P { is 0 



so 


"To cXo " to 

Ccvs^WL^oeA-i. J cWA l 4' ' 

w e - 

Ltu.'AY 

U ForP,. 6 = -135”, so 



V^V 


IB 

0‘s 


Df ' • - ^ 
& 




x 

y 


and P 2 = 



= cos —135° 
= sin -135° 


V2 

2 





_ 7.B 

centerline, 
amplitude, and 
phase angle of 
sinusoids 


Below we show more complete graphs of the sine and cosine functions. 


y 



y 



Because the graph of the cosine function looks much like the graph of the sine function, we call both 
of these functions sinusoids. (The Greek suffix -oid means “having the shape of.” For example, 
something that has the shape of a crystal is crystalloid.) The equations of the sine function and the 
cosine function whose period is 2 jt t have the following forms. 

y — A + B sin (0 - by \ y = A + B cos (0 - £>) V 

The constant t is the v-value of the horizontal cen/eWihe or the gragh, and the constant fit, 
denotes the amplitude, which is the value of the maximum deviation of the graph from the 
centerline. i ** ’ " ^ 

In the left-hand figure below, the centerline is the 0-axis, and the graph goes 4 units above and 
4 units below the centerline. In the equation below the figure, we note that A = 0 and B — 4. In the 


* More on this in the next section. 















44 


Calculus Lessor* 7 


(b) For the second function we use the key sequence 



followed by 




to obtain 



The minus sign in e~ x changes the sign of each .v and causes the graph of y — c x to be re ecte 
about the y-axis (flipped about the y-axis). Since y = c~ x is the same as y — ( 7 ) » the minus 
sign has the effect of changing the base from e to j. (It can be shown that the graphs of all pairs 
of exponential functions whose bases are reciprocals are reflections of each other about the 
y-axis.) 


example 7.10 Sketch the graph of y — — e~ r . 


solution 


This equation has two minus signs, so the graph is reflected in both axes, one first then the other. This 
can be a little confusing, but we can always fall back on the expedient of finding three quick points. 


y = -e 


-T 


X 

0 

1 

-1 

y 

-1 

1 

e 

—e 


We show the graph of y = e x on the left and y = 


—e 




on the right. 







2, -Hr'vV* 



- X 
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1. 


2. 

t5> 


y = 

The accomplishment number varies directly with the effort index and inversely with the time 

squandered. If the accomplishment number is 5 when the effort index is 20 and the time 

squandered is 8 hours, what is the accomplishment number when Lhe effort index is 1 -> rH*- 

time squandered is 6 hours? N 1 ~~ ana tne 

The number of wombats varies linearly with die number of fancies. If rh.'r.- .r 1 

when there are 10 fangles, and 95 wombats when there are 5 fancies then how m-*T> r " ombats 
there when there are 50 wombats? ’ 0 many fangles are 
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3. Squares are cut out of each comer of a 
,s> 6-inch by 8-inch rectangular piece of sheet 
metal. The resulting flaps are folded up to 
form an open-topped rectangular box. If 
the length of the sides of the cut-out square 
is .r, what is the volume V of the box in 

terms of x? 



4. Find the coordinates of the Intersection point(s) of the graphs of y = 0 

i2i y = A 4 - 2X 3 + X 2 — X — 1. 


5. Shown is a unit circle centered at the 
m origin of the coordinate plane. Without 
using a calculator, find the coordinates of 
P x and P 7 . 


y 

A 







^ 2jz J 

3 y 




6 . 

(7t 


7, 

8 . 

( 7 ) 

9. 

(7) 


Sketch the graphs of y = 2 X and y — 2~ x 

Sketch the graphs of y = e x and y = — e x 

Graph: y = — 3 + 5 sin [3(.r — 45°)] 

Write the equation of the sinusoid shown 
in terms of the cosine function. 


on the same set of axes, 
on the same set of axes. 


y 



10. Determine whether the following statement is true or false and explain why: 

The equation y = : t 2 + I cannot be the equation of a function of.r, 
because x ~ —8 and x = 8 both map to the same value of y. 

11. Let /(.r) = x 2 — x. Find f(x + /»). 

i6) 

12. State the domain and the range of the function y = sin x. 

(At 


Evaluate the expressions in problems 13 and 14. 


13. 

w 


. -» it -.3 n 

sin*-cos*- 

4 4 



2 sin 


7T 



Simplify the expressions in problems 15 and 16. 

_ cos 0 sin 0 

15. --- 

<•*» tan 6 


16. (cot 0)(sin 0 ) — cos & 


For problems 17 and 18, suppose 9 is an angle such that tan 9 = —- 

3* 

17. In which quadrants could 9 lie? 18. Compute: cot 9 


and 
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19. Slate the contrapositive, converse, and inverse of the following conditional statement. 

If n is an odd number, then n + 2 is an even number. 

20 . Find the values of y that satisfy the equation -v 2 + y 2 — 9 when x — 1 * 



1 1 
Simplify: — — — -^ 


22 . Which of the following assertions is true regarding the numbers e and 7t: 

A. Both numbers are rational numbers. 

B. Neither number can be expressed as the ratio of two whole numbers. 

C. Both numbers can be expressed as the ratio of two whole numbers. 

D. Both numbers are greater than 3. 

23. Could this machine be a function machine? -j 

Justify your answer. 3 

1 



24. 

( 2 ) 



Find the length of the diagonals of a rectangle whose length is 12 


and whose width is 



Given the figure shown, compare: 
A. .r + y B. z 



LESSON 8 Pythagorean Identities • Functions of —0 

Trigonometric Identities • Cofunctions • 
Similar Triangles 


8.A 


Pythagorean 

Identities 


We can use the triangle on the left below to prove the basic trigonometric identity shown on the right 



sin 2 # + cos'# — i 


First we substitute for sin # and cos #. \Noie: sin 2 9 means (sin #) 2 , not sin (#-).} 


sin 2 # + cos 2 # = J + 


Next we add the fractions and get 


b 2 


a 


By the Pythagorean theorem, the sum of the squares of the legs, b 2 + a 2 , equals the 
hypotenuse, which is c 2 . Thus we can substitute c 2 for b 2 + a 2 . Therefore, 


square of th< 


sin 2 # 4 - cos 2 # 


-e 


6 ) 
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example 8.1 
solution 

_8.B 

functions of — 0 


We could use the same triangle to prove the two other trigonometric identities, which arc 

l -t- cot 2 # = esc 2 # and tan 2 # + I = sec 2 # 


Instead, we develop these identities from sin 2 # + cos 2 # = 1. To get the first one, we divide every 
term by sin 2 #. To gel the second, we divide by cos 0. 


sin 2 # + cos 2 0 = I 

sin 2 0 cos 2 0 1 

sin 2 # sin‘0 sin 2 # 

1 -+■ cot 2 # = esc 2 # 


sin 2 # + cos 2 # = I 

sin 2 # cos 2 # I 

cos 2 # cos 2 # cos 2 # 

tan 2 # + I = sec 2 # 


These three identities are called Pythagorean identities. They are frequently used in calculus 
problems involving trigonometry. 


Pythagorean Identities 

sin - # + 

cos 2 # = 1 

tan 2 # •+■ 

1 = sec 2 # 

cot 2 # 

1 = esc 2 # 


In each of the three Pythagorean identities, # must be a real number for which each of the terms is 
defined. In the identitv sin 2 # 4 - cos 2 # = 1, each function and term is defined for any real #. 
However, in the identities tan 2 # + 1 = sec - # and cot - # + 1 = esc - #, there are values of # lor 
which the terms tan 2 #. sec 2 #, cot 2 #, and esc 2 # are not defined. For these as well as other identities, 
# cannot be a value that results in an undefined term. 


Evaluate: sin 2 17° + cos 2 17° 
The Pythagorean identity 


tZ>0,ujVuLV\ \w S»vw\‘ t \c\X~ 

~^ CK " VVN ‘ \ Ccur\ \ t-i Q-o*- © 

"TU?_ 1 


sin 2 # + cos 2 # = 1 

is true for any value of #. Thus it is true when # = 17°. 


sin 2 17° + cos 2 17° = 1 


It is often necessary to use one of the following identities: 


sin— # = ^-sin;# 
cos — # =_cos # 
tan — # =? —tan # 


esc —# = 

sec — # = 
cot —# = 


—esc # 
sec # 
—cot# 


These relationships hold true for all values of 0. We need a way to recall them quickly and accurately. 
We can do this if we visualize the following unit circle with angles # and —#. 


y 



y 



x 


X 





















example 8.9 


solution 


example 8.10 


solution 


problem set 
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Calculus Lesson & 


Solve for v in terms of a, b, and a*. A 





The big triangle and the little triangle are similar because both contain angle A and becaa; 
corresponding angles are equal when parallel lines are cut by a transversal. We write the proportion 
and cross multiply. 


3 ’ _ a 

y + x b 

yb = ay + ax 

Now we solve for y. 

yb — ay — ax 
y(b — a) = ax 


ax 



There are three triangles in the figure. They are similar triangles because all of them contain a rigl ’ 1 
angle and all of them contain an angle that has the same measure as angle A . We can write the 
proportions easily if we can remember which sides to use. A sure way is to redraw the figure as three 
separate triangles, one big, one small, and one medium. 



Now, taking two triangles at a time, we can write the ratios of corresponding sides. Below on the 
left, we use the outer triangles. In the center, we compare the first two triangles. On the right, we use 
the last two triangles. 






x 


Now we try to find a way to use these proportions to get the answers we need. We can use two 
from each group and write: 


z 

9 

V 

3 

-r 

9 

12 

z 

12 “ 

y 


.r 

m 2, 

Z. ~ — 

108 

V * 

36 

.r 

= 27 

z = 

6V3 

y = 

6 

X 

II 

In 

*1 


*; 7110 density of a horizontally oriented 10 -foot-long rod varies linearlv with the distance r from 
the left end of the rod. If the density is 5 at the left end of the rod and 17 at the ncht end what 


is the density of the rod 4 feet from the rod’s left end? 
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2. A rectangular box hns a total surface area of500 cm 2 . The edges of its square base measure x cm. 
<S> Express the volume V of the box in terms of x. 

3. The equation of a certain parabola is y = x + 2_r — 3. 

(a) Complete the square to rewrite the equation of the parabola in the form v = (x — a)~ + b. 

(b) Graph the parabola. 

(c) Does the parabola open upward or downward? 

(d) Write the equation of die line that divides the parabola into two symmetric halves. 

(e) What are the coordinates of the vertex of the parabola? 

4 . Use a graphing calculator to graph the function y — x 2 ■+■ 2 x — 3. Use the trace feature of the 
<2> calculator to find approximate coordinates of various points on the graph. In particular, find the 

approximate coordinates of the lowest point on the graph. 

5. The basic Pythagorean identity is sin - Q + cos - 0 = I. 

(a) Divide the basic identity by sin 2 0 to develop another Pythagorean identity. 

(b) Divide the basic identity by cos 2 0 to develop another Pythagorean identity. 


Evaluate the expressions in problems 6 and 7. 

. . -> n -» 7t 

6 . sin - — + cos — 
tat 7 7 


7. 

(■*> 




• + 2 tan 


JZ 

~4 


For problems 8—10, assume that 0 is an angle such that 
compute each of the following: 


8 . sin —0 



sin 0 


—j. Without using a calculator. 



For problems 11 — 13. show that the trigonometric identity holds for all real numbers x where the 
functions are defined. 


11 . 

(3) 


sin - x 


3 csc~ —-T 


cos - x . -> 
- = sin - x 


12 

<ai 


• ^ sec (y “ -v)]<sin -.r) = 


-1 


r. 


13. (sin .r) cos 

IB) [ 


(f -')] 


(cos —-r)(cos .v) = 1 


14. 

12 ) 


15. 

fit) 


Find the zeros of the quadratic polynomial x 2 — 3.r + 2. 

Solve for.r in terms of JL 16. Solve for ft in terms of x and a . 

(3) 



17. The unit circle shown is centered at the 
' '* origin. Find the coordinates of the point P. 


y 


t 



X 

















Calculus Lesson 9 


18. Graph- y — —3 + 2 cos |^2^.v — ‘~jl 

19. Write the equation of the sinusoid shown 
in terms of the sine function. 


y 



16 ) 


12 ) 


Which of the following sets of points could lie on the graph of a function? 

A. {(1,5), (6. 2). (4. 3). (6.-3)} B. {(2, 4). (1,5). (3. 1). (6. 3)} 

C- {(1,-1), (-1. 1), (1, 3), (4, tt)} D. {(14, 12). (-1,-7), (8, 12). (lO, 


-3)} 


21. Simplify: 


(at + IQ 2 - x 2 
h 


32. Graph y — cos (a -3 ) and v = x~ on a graphing calculator using the radian mode 
Approximate the coordinates of the intersection point(s) of the two functions. 


23. Use .t as the independent vanahle to write the equation of the quadratic function / whose zeros 

are 3 and —2 and whose leading coefficient is 2. {Hint? If k is a zero of a function, then -r — k 
is a factor of the function.) 


24. Given that .v. y, and z are real numbers and xy > zy, compare: A. x B. z 

2a. Given that a -+- b = 10 and ab — 5, compute the value of a~ + b~. {Hint: Begin fc»y 
* squaring both sides of the first equation.) 


LESSON 9 Absolute Value as a Distance • Graphing “Special 9 * 

Functions • Logarithms • Base 10 and Base e • 
Simple Logarithm Problems 


_9.A 

absolute value A real number has two qualities. One is the quality of being positive or negative. The number zero 
as a distance does not possess this quality, as it is neither positive nor negative Every other real number is either a 

positive number or a negative number. The second quality of a real number is called the absolute 
value of the number. Some people think ol tire absolute value of a number as describing the "bigness’* 
of the number. We can think of +3 and —3 as both having the same degree of bigness, which is 3. 

I+31 = 3 |-31 = 3 

Using the word bigness to describe the absolute value of a real number is not a good idea, 
because a number does not have a physical size. But numbers can be arranged in order, and we can 
use the position of the graph of a number on the number line to describe the absolute value of the 
number. Thus we think of absolute value as the distance between the graph of a number and the origin 
on the number line. Looking at this number line. 





4 

I 




A 



1 





3 


4 













9.A absolute value as a distance 


wc see that +3 and —3 ore both the same distance from the origin. Thus they have the same 
absolute value. 

If we write that the absolute value of x is less than 4, wc indicate that x is a number whose graph 
is less than 4 units from the origin. If we write that the absolute value of x is greater than 4, we indicate 
that x is a number whose graph is more than 4 units from the origin. So the graphs of the solution sets 
to |.rj < 4 and |.r| > 4 are as shown. {Note: The circles in the graphs are empty because 4 and—4 
are not in the solution set.) * 

——i— o ; : r* ; : —■—e— i - ; o i —■—1—i— i —!—(— o : 

—4 0 4 -4 0 4 

\x\ <4 \x\ > A 

Inequalities such as those shown here 

\x - 7| > 3 \x + 4j < 3 |jr - 51 < 3 

are satisfied by numbers whose graphs lie in certain regions on the number line. It is helpful to have 
a way to describe the solution sets of these inequalities. The numbers that satisfy the inequality on the 
left-hand side below are the numbers whose graphs are within 5 units of the graph of a on the 
number line. 

,|j: - ii| <5 a \x — a\ > \5 

The numbers that satisfy the inequality on the right-hand side above are the numbers whose graphs 
are more than 5 units away from the graph of a on the number line. 


I O - -- i - i - ! - i - i -■-;-■-9- 1— ■— — --9- ! -!- 5 -1-i-1- ( - i -!- © -■ 

a — 5 a a + 5 a — 5 a a + 5 


\x - b\ <5 \x — a| >5 

example 9.1 Graph the following set on a number line: {x e IR j |.x — 5| <2}. 

solution We must indicate all real numbers that satisfy the inequality. The solution set consists of the numbers 

less than 2 units from +5 on the number line. 



example 9.2 
solution 


Graph the following set on a number line: {.re Z | j3.r — 11 > 2 } . 

We must indicate all integers that satisfy the inequality. We begin by factoring the inequality so that 
the x has a coefficient of 1. 


\0 ChA 





cAxJmawv , 





l Y,-a\ 

r*-a l 


The graph of every integer except 0 and + 1 
integers except 0 and +1. 


x-a ^ — ftr 

or 

^ ~ — ck ^ ^ 



factored inside absolute value 
property of absolute value 
simplified 
multiplied by 

is more than § from j. Thus, our graph indicates all 
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Calculus Lesson 9 


example 9.11 
solution 

example 9.12 
solution 

problem set 

9 


Solve log^ 9 



for b. 


We rewrite the equation in exponential form and solve by raising both sides to the appropriate power 



exponential form 

raised both sides to —2 power 



simplified 


Solve 




for m. 


We rewrite the equation in exponential 


q 2 /ti + 1 _ 

l 

■J - 

27 

+ l _ 

3 " 3 

2/71 + 1 =t 

-3 

m = 

-2 


form and then solve. 

exponential form 
changed form 

equal bases implies equal exponents 
solved 


1 . 

(St 



3. 

(St 


4. 

(21 

5. 

(2> 

6 . 

7. 

(91 


8 . 

t it 

9. 

(Vt 

10 . 

(9t 


In an oil field, as more wells are drilled each oil well pumps less oil; however, the total amount 
of oil pumped may increase. Suppose an oil field with 20 wells produces 10,000 barrels of oil 
daily. For each additional well, the production capacity of every well decreases by IO barrels per 
day. Express the total volume V of oil pumped per day in terms of x, where x is the number oi 
wells added. 

(*0 Graph the function from problem 1 on a graphing calculator in a window that clearly shows 
the peak in the graph. 

(b) Use the trace feature of the calculator to find the coordinates of the high point on the graph 

( c ) How many additional wells should be drilled to produce the maximum amount of oil? 

(d) How many barrels of oil would be produced? 

A rectangular box has a volume of 125 cubic centimeters. Its square base has edges that measure 
.r cenumeters. The material for the base costs $5 per square centimeter and the material for the 
top and the four sides costs $2 per square centimeter. Express the total cost of material required 
to make the box in terms of x, 

Fmd the coordinates of the vertex and the axis of symmetry of the parabola >• = _r 2 — 3 „v -+- 4 
by completing the square and rewriting the equation in the form y = O — a) 2 b 

Find the coordinates of the point halfway between (—5, — 8 ) and (0. 4). 

Write 7.3 as a power of the base (a) 10 Cb) e 

If 3 V = 4, then y equals 

4 _ 

A. — B. Iog 3 4 C. log 4 3 D. % 4 

y 3yV*~2 z 2 

Simplify: (3 _ 21/3 _ (3 - 2 >/6 

> -c 

Find both a symbolic representation and a numerical approximation for.r when 
(a) 10* = 3 (b) e 1 - 5 

Solve log 3 27 — lb -h 1 for b. II. Solve log ( 3 .v - 2) = 2 for r 
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12. Let /(.v) = [.v]. 

IW 

(a) Graph /. 

(b) Calculate/(1.2) and/(—l .2). 


13. Graph: y = |cos jc| 

f9} 


14. Graph g where g(x) 
i»i 


{ x 2 when x < 1 
2 ,v when -r ^ 1. 


15. 

I VI 


16. 

f 9) 


17. 

( 7 , 


Describe the set of all real values of .r such that |jc — 3 J < 0.001 - 


Write the piecewise definition of the 
function / whose graph is shown. 


Write the equation of the sinusoid shown 
in terms of the sine function. 


y 



18. Sketch the craphs of v = 2 x and y 

t7f - 



on the same coordinate plane. 


19. Simplify: (tan —.r)^sec 2 — .vjj(sin — -jc) 

20. Solve for L in terms of jc. 





21 . The unit circle shown is centered at the 
origin. Find the y- coordinates of P , 
P,. and Py. 


■)-» 

l6t 

23. 


24. 

m 


Determine whether or not the mapping f: x 
Given /(.r) = x 2 , find /(x ■+- /i) — /(jc). 


10 



Evaluate: 




x 



is a function and explain your answer. 


10 





















Calculus Lesson 10 


LESSON 10 
_10. A 

quadratic 

polynomials 


example 10.1 
solution 


25. Given the figure shown, compare: 

A. The sum of the areas of squares A 
and B 

B. The area of square C 



Quadratic Polynomials • Remainder Theorem • 
Synthetic Division • Rational Roots Theorem 


Below we show examples of a quadratic polynomial, a quadratic polynomial equation, and a quadrati>- 
polynomial function. 


Quadratic 

Polynomial 

x~ - 3x + 2 

U - 1)U - 2) 

zeros are 1,2 


Quadratic 

Polynomial. Equation 
x~ - 3x + 2 = 0 
U - 1)U - 2) = 0 


Quadratic 

Polynomial Function 
y = x 2 — 3x + 2 

y — U — DU - 2) 

x-intercepts of graph are .v = 1,2 


roots are 1,2 

The zeros of a polynomial are the values of the variable, in this case x. that make the value of the 
polynomial 0. The roots of a polynomial equation are the values of the variable that make the equation 
true. The x-intercepts of the graph of a polynomial function are thex-values where the graph crosses 

the x-axis. 

The graph of a quadratic function is a parabola. If a quadratic function is rewritten in the form 

y = a(x — h)~ + k 

its graph can easily be sketched. For a quadratic function written in this form, 

\h, k) are the coordinates of the vertex. 

.r = /i is the axis of symmetry.' 

If a > o. then the graph of the parabola opeffsup Ward. 

If a < 0. then the graph of the parabola-opehs'dbwnwarar''"— — a 
If x is set to 0. the resulting value of; is the*y-interceprof‘the graph 

If a quadratic function is written in the form 

y = a(x — r)U — D 

then the graph of the function has x-intercepts x = r and x = 5 . 

Graph the parabola /(x) = —2x 2 — 8 x — 5. 

The negative coefficient of x 2 tells us that the graph opens down, and the constant -5 gives us the 
value of the y-intercepL However, we need more information, so we change the form of the equation 
by completing the square. We begin by placing parentheses around the nonconstant terms. 

j-( x y = (_2x 2 - Sx ) - 5 used parentheses _ 

/(x) = -2(x 2 + 4 x ) - 5 factored & 

_ _ 2 (x 2 + 4 .r + 4 ) - 5 + 8 completed the square 


ffx) = —2(x 


2) 2 


simplified 













10. A 


quadratic polynomials 


example 10.2 
solution 


The (x + 2) tells us that the axis of symmetry is x = -2, and the +3 gives us the y-value of the 
vertex. Knowing this and knowing that the y-intercept is —5 permits us to sketch the parabola. 

y 



Find the quadratic function whose x-intercepts are —3 and +2 and whose 3 f -intercept is +3. Then graph 
the function. 


Since the x-intercepts are —3 and -t-2, we know that two of the factors of the polynomial are (.v •+■ 3) 
and (x — 2 ). but we do not know the value of the constant factor a. 

y = a(x *+• 3)(.v — 2) 

3 * = ax“ + ax — 6 a 

We can substitute the coordinates of an>* point on the curve to solve for a. The point (0. 3) is on the 
curve because the 3 <-intercept is +3. When we use these coordinates for x and y, we find that 
+3 = — 6 a because the x-terms have a value of zero after we substitute. 

3 = a( 0 )~ + a(0) — 6 a substituted 

a = simplified 

Now we have 



Since a is a negative number, we know that the parabola opens down. The graph of this function is 
shown on the left-hand side below. 



As we see in the figure on the right-hand side, there are an infinite number of parabolas whose 
graphs cross the x-axis at —3 and + 2 . (Notice that their 3 ’-intercepts differ.) All of them can be written 
with factors of (x + 3) and (x — 2 ). The shape of the graphs can be changed by using different 
numbers for the constant factor a. 
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Calculus Lesson 1 o 


problem set 

10 


i. 

(St 


Two vehicles leave an intersection at the same time. One vehicle travels due north at 30 mph and 
the other travels due east at 40 mph. Find the straight-line distance between the vehicles two 
hours after they leave the intersection. 


2. (a) A rectangular box has a volume of 100 cubic units. Let x be the length of the sides of its 
square bases. Express the surface area A of the box In terms of a*. 

(b) What is the domain of the function A ? 


3. Develop the three Pythagorean identities. 


4. 

(St 


One hundred feet of fence is used to enclose a large rectangular corral and to divide the corral 
into two smaller rectangular areas with a piece of fence parallel to the shorter sides of the 
rectangle. Express the total area enclosed in terms of x. where x is the length of the short sides 


5. Determine the remainder when x 5 — 2x 4 ^c 3 — _v 2 + 3x + 1 is divided by x — 1 

((Of J 


6. Let /(x) = x 4 - 
f tot 

(a) /(-l) 


2x 


1. Use synthetic division to determine the following: 
(b) /(l) (c) /(3) 


7. Use the rational roots theorem to list the possible rational roots of the function 
tm /(-v) = -v 3 - x 2 - 4x + 4. 


8. Determine all the rational zeros of f(x) r where f(x) — x 3 — x 2 — 4.x- + 4. 

(tot 


9. Use a graphing calculator to evaluate the polynomial x 


dot 


4 _ 99r 3 


X + 7TX~ — A* + 


V2 at the 


following: 


(a) 


3 


(b) 


= V3 


(c) x = 


TC 


JO. How many radians are there in 47°? 

t-*t 


11 . 

191 


Graph each of the following functions 
(a) y ~ [x] 


(b) y = |x 2 + x - 21 


12. Solve Iog._9 = 


19 ) 


( 9 ) 

14. 


1/3 


1 for 


13. Solve In (£ 3 ) = 2 for b. 


Find x.- (a) 10 r = 4 


(b) e* = 4 


15. Sketch the graph of y = x 


2/3 


(91 

16. 

( 7 ) 


Write the equation of the sinusoid shown 
in terms of the sine function. 



17. Sketch the graphs of y = and y = -e~ x on the same coordinate plane 

(7} 

18. On a number line, graph the set of all integers x such that |2x - 3| <4 

(9) 










11. A 


continuity 


LESSON 11 
_ 11. A 

continuity 


19. Given the figure shown, express sec ex in 
terms of a and b. 



a 


20. Show that — = —cot 0 for all values of 6 where the functions are defined. 

21. Show that sin x — sin x cos 2 .c = sin 3 x for all values ofx. 
tat 

22. Let f be a quadratic function such that /(2) = /(—3) = 0 and /(3) = 6. Find the 
tm equation for /. 

23. Let /(x) = x 2 . Write an expression for —-——-— and simplify it. 

(ot Ax 

24. The base angles of an isosceles triangle have twice the measure of the vertex angle of the 

M JtP M 

triangle. Find the measure of the vertex angle. 

25. Recalling that the measure of an exterior angle of a triangle equals the sum of the measures of 
tKt the remote interior angles, solve forx given the figure and information shown below. 


mZOVB = 5.r - 40 
mZ/tfiC = 3x 
mZACD = 4.r 4- 60 



Continuity • Left-hand and Right-hand Limits 


We begin discussing continuity with an intuitive definition that can be interpreted graphically. A 
function is continuous on an interval between the x-values a and b if the function is defined for all 
values of r between a and b and if a small change in .t does not produce a sudden jump in the value of 
y. If a function is not continuous at a value of .r, we say that the function has a discontinuity at that 
value of x. The graphs of the continuous functions considered in this book can be drawn on an interval 
on which the function is defined without lifting the pencil from the paper. Continuous functions, such 
as polynomial functions and exponential functions, are highly useful in calculus, but these functions 
do not exhibit the aberrant behavior necessary for a discussion of some of the fundamental concepts 
of calculus. Thus, we consider more complicated functions. Usually we just draw the graph of the 
function we need without bothering to find an equation for the function. The following graphs exhibit 
typical discontinuities. 





















Calculus Lesson 11 


example 11.3 


solution 


problem set 

11 


Given that 



sketch the graph of f and find: 

(a) lim /(x) 

Jr—>0 + 

(a) On the graph we see that as x approaches 
zero from the right the value of fix) is 1 and 
continues to be 1. Thus the right-hand limit 
of /(x) as x approaches zero is 1. 

lim /(x) = 1 

(b) The left-hand limit of /(x) as .r approaches 
zero is —1 because /(x) is —1 and continues 
to be -1 asx approaches zero from the left. 


when x ^ 0 
when x < 0 

(b) lim f(x) 


y 



lim fix) = —1 

jc —+ O - 


3. 

Hit 


1. The number of sophists varied inversely as the square of the number of xenophobes present. 
(5> there were 8 sophists when there were 5 xenophobes present, how many sophists would there 

if there were 2 xenophobes present? 

2. Find the length in inches of the shadow cast by an L-foot-tall building when a nearby V?-inch 
<8t casts a 1-foot shadow. 


If 
be 


Given this graph of a function /, evaluate 
the following limits: 


(a) 

lim 

fix) 

Cb) 


jr— >0+ 



(c) 

lim 

fix) 

Cd) 


lim fix) 

—»o~ 

lim fix) 



5. 

(iO) 


1. Then evaluate the following limits: 


4 Graph the function g where gix) = M + 

(a) lim g(x) <*»> J™- gM 

JT—»l + 


Let fix) = 2x 5 - 
synthetic division: 

(a) /<-1) 


Cb) /(2) 


_ Determine the following values by using 


(c) /(—2) 


6 (a) Use the rational roots theorem to list the possible rational roots of the function 

< /0 ‘> / t ( x ) = 6lx 3 — 19x 2 + 2r + 3. 


7. 
r to) 

8 . 

19 } 

9. 

(9} 


(b) Determine all the actual zeros of the function h. 

Using your graphing calculator, estimate the zeros of the function f(x) = x 3 + 3.r 

Solve log j .(2x — 7) = I for x. 

Rnd x given that e x = 


- 6 


10 . 









10 . 

IVI 


II. 

( 2 ) 


12 . 

ifti 

13. 

12 . 7 ) 

14. 

(71 

15. 

(Si 

16. 

•Ji 

17. 

(tut 

18. 


19. 

tv; 

20 . 

(71 


21 . 
i lot 



til 


Graph: y = —|sin aJ 

The standard form of the equation of a circle with center (/i, k) and radius r is 
(.v — h)~ 4 - (>• — k)~ = r 2 . Write the standard form of the equation of the circle that goes 

through (— 2 , 6 ) and whose center is (I. 2 ). 

Find the range of fix') = x~ when the domain is (j: e IR I W < 2}. 

Use a graphing calculator to approximate the coordinates where the graphs of v = 7 
and y = In (.r 2 ) intersect. 

Sketch the graphs of y — c x and y — c x on the same coordinate plane. 

Show that -(sin —jr)(sec .r)[cot (f - a)] + 1 = sec 2 a for all values of a where the functions 
are defined. 


Simplify 


sin a — sin a cos* x 
sec 2 a — 1 


Find the coordinates of the vertex of the graph of the quadratic function y — a 2 — 2a 4- 4 


Solve for L in terms of x and H for 
this figure. 



H 


On a number line, graph all real values of a that satisfy the equation |3x + 6| < 15. 


Graph: y 



Rnd the equation for the quadratic function f such that /(—l) = /(2) = 0 and f( 0) = —4. 


Describe the domain and range of v = -\lx 2 — 1 using set notation. 


Let /(a) = — . Write the simplified expression for 

A 


fix 4- A.v) — /(a) 
Aa 


Find the area of a triangle whose three sides have lengths 5. 6, and 7. Note: Heron's formula 
states that the area A of a triangle whose sides have lengths a. b. and c is 


A — -yjsis — a)(s — b} (a — c) 


where 


a = —(a 
2 


b 4- c) 


Let a, y. and c be lengths of the sides of a triangle of area 10. Compare the following: 
A. a B. y 4- z 
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Calculus Lesson 12 


LESSON 12 Sum and Difference Identities • Double-Angle 

Identities • Half-Angle Identities • Graphs of 
Logarithmic Functions 


12, A 

sum and 
difference 
identities 


If wc use a calculator to approximate the sine of 10°, the sine of 20°, and (he sine of 30°, we get 
sin 10° = 0.1736, sin 20° = 0.3420, and sin 30° ~ 0.5000. We note to our dismay that the sine of 
10° plus the sine of 20° does not equal the sine of 30°. 


sin 10° « 0.1736 sin 30° = 0.5000 
+ sin 20° *= 0.3420 

0.5156 


To find the output of trigonometric functions for sums and differences, we must use the appropriate 
trigonometric identities. Many trigonometric identities are used in calculus, and it is difficult to 
memorize all of them. The two identities 


tan # = 


sin 0 
cos 0 


and 


sin 2 # + cos 2 # = 1 


reasonably easy to remember. If, in addition to these, one memorizes the identities for the sine and 
cosine of the sum and difference of two angles, the other identities can be developed quickly when 


The identities for sin (A B) and cos (A + B) are given below: 

sin (A + B) = sin A cos B + cos A sin B 
cos (A + B) = cos A cos B — sin A sin B 


To help us memorize these identities, we note that the letter pattern in both cases from left to right is 
AB, AB, AB. We also note that if sine comes first on the left-hand side of the equation, then it also 
comes first on the right-hand side of the equation. If cosine comes first on the left-hand side of the 
equation, then it also comes first on the right-hand side of the equation. Next, we write the expressions 
for sin ( A — B) and cos ( A — B ). These are exactly the same as the identities for the sine and the 
cosine of (A ■+■ B ) except that the signs are changed. 

sin (A — B) = sin A cos B — cos A sin B 
cos (A — B) = cos A cos B + sin A sin B 


A complete list of the key trigonometric identities is shown below. 


Key Trigonometric Identities 


tan 0 — 

sin 2 # -+ 
sin (A + 
sin (A — 
cos (A -+ 
cos (A — 


sin # 
cos 0 

cos 2 0 = 1 


B ) 

B ) 
B ) 


cos B 


cos A sin B 


sin A 

sin A cos B — cos A sin B 
cos A cos B — sin A sin B 
cos A cos B + sin A sin B 


Note; Students should practice writing this list of identities several times daily until the 
identities can be reproduced in less than thirty seconds. Writing these identities is also a 











12.A sum and difference identities 


example 12.1 
solution 


example 12.2 
solution 


example 12.3 
solution 


suggested first step For taking trigonometry-oriented examinations, because these identities can 
be used to develop other identities accurately and quickly. 

Simplify: sin 



This is the sine of a sum. It requires the use of the identity for sin 04 + B), 

sin (A + B) = sin A cos B + cos A sin B 


We replace A with 0 and B with 

X 


sin f O 

_i v 


71 



K_ 

4 


)- 


.. 7T m 7V 

sin Q cos — -i- cos O sin — 


OA 


Both the sine and the cosine of — equal . so 

4 2. 


sin f 0 


K_ 

4 


) - <sin *>(#) 


(cos 0) 


(4) 


V2 


(sin 0 + cos 0) 



ooV »^ 


Find the exact value of cos 15° by using a trigonometric identity and the fact that 60° — 45° = 15°. 


This problem provides practice in the use of the identity for cos (A — B ), which is 

cos (A — B) — cos A cos B + sin A sin B 
We replace A with 60° and B with 45°. 


cos (60° — 45°) 

cos 15° 


cos 60° cos 45° 4- sin 60° sin 45° 

(i(#) * (#)(#) 

V2 V6 v2 + ^6 
4 + 4 “ 4 


Develop an identity for tan (A 4- /?). 


We know that tan (A 4- B ) equals sin (A B ) divided by cos (A 4- B). 

, . _ sin (A + B) sin A cos B 4- cos A sin 

tan (A 4- B) = --- = - 

cos (A 4 - B) cos A cos B — sin A sin B 

There are many forms of tangent identities. We concentrate on forms in which the first entry in the 
denominator is the number 1. To change cos A cos B to 1, we must divide it by itself. To do this, we 
must also divide every other term in the whole expression by cos A cos B so that the value of the 
expression does not change. 


sinAjcesrir -ceyTT sin B 
- -+- - 

. . . cos A a&srB -costAT cos B 

tan (A 4 * d) = - 

fierTTcerff sin A sin B 


fierTT a&srB cos A cos B 

We cancel as shown and end up with 


tan (4 + B) 


tan A 4- tan B 
1 — tan A tan B 



















Calculus Lesson 12 


problem set 

12 


T’he area of a particular rectangle is 8 times the area of a certain square, nnd the width of .the 
rectangle is twice the length of a side of the square. Given that the perimeter of the rectangle is 

16 units greater than the perimeter of the square, find the dimensions of both the rectangle nnd 
the square. 

2. A 10-foot ladder leans against a vertical wall. The base of the ladder is.v feet away from the base 

of the wall. Find an expression in terms of a* whose value equals the vertical distance from the 
top of the ladder to die ground. 


3. 

t!2) 


Write the key trigonometric identities, and then develop one identity for sin (2A) and three 
identities for cos (2A). 


ffif Suppose cos cc — —. Use a double-angle identity to find the value of cos (2 ex'). 


5. Using tan O — and the sum and difference identities for sine and cosine, develop the 


U2\ 


identities for (a) tan (A + B ) and (b) tan (A - B ). 


Use the sum identity for the tangent function to find the exact value of tan 75°. 


7. Show that (sin a 

f/2t 


8. 

< 9 } 


<n> 


cos at ) 2 = 1 


sin (2 at) for all values of a 


Graph /(.r) = 1 


when at I 
when a = I. 


9. Evaluate the following limits for /(x) 


-{ 


.r 

3 


1 when x 
when x 


(a) 


Iim /(a) 
—* i - *" 


(b) 


lim 

X —> 1 “ 


9* 1 

= I. 

/(A) 


lO. Use the rational roots theorem to determine all the rational roots of the function 
(JO> v = 2x 3 — 7 a 2 - 5x + 4. 


11. Solve 

<9f 


4 Ox -f- I) = ^ for 



t7) 


14. 

(7.!2l 


15. 

tI2l 


16. 

(ttf 


Sketch the graph of y = a ,/4 . 

Sketch the graphs of y — 2 r and y — 1~ x on the same coordinate plane. 

Sketch the graphs of y = 2" r and y — log, x on the same coordinate plane. 
Sketch the graphs of y = log, x and y = log, —a- on the same coordinate plane. 


Simplify: 



11 


AT JJ(csc —ArXsin a)( cos —x) 


27 ^ Find the equation of the quadratic function whose graph has A-intercepts at a = —I and x — 2 
(W> and a y-intercept at y = —2. 


18. Solve for y in terms of a for the 
fBt figure shown. 



19- Graph: v — 2 + 

t7t 


, „„ f )] 


1 







13. A 


Inverse trigonometric functions 


83 


LESSOJV 13 


_13. A 

inverse 

trigonometric 

functions 


20. Lei fix) 

f 


2_r 2 . Simplify the expression 


fix + h) - fix) 

h 


21. (n) Develop an identity for cos —. (b) Develop an identity for sin -J. 

2 - 

22. Find the real values of x for which -J l — x is a real number. 

23. State the contraposilive of the following statement; If two angles of a triangle have equal 
<J> measures, then die sides opposite them have equal lengths. 

24. Find _r, y. and z in the figure shown using 
the fact that the measure of an inscribed 
angle equals half the measure of the arc it 
subtends. 

m AC = x 
m AB — y 
m BC = z 



25. One base of a trapezoid is the same length as the height of the trapezoid, and the other base of 
,ft> the trapezoid is twice the height. The area of the trapezoid is 12. Find the height of the trapezoid. 


Inverse Trigonometric Functions • 
Trigonometric Equations 


We can determine the sine of any angle since the sine of any angle has only one value. If we write 

sin 30° = ? 

the answer is 3. We can turn things around and ask for an angle whose sine is 3 three different ways. 

s * n 1 “ = ? arcsin — = ? The angle whose sine is — = ? 

All three of these statements refer to the inverse sine of —. The notations 

2 

1 • _i 1 . .1 

arcsin — sin — inverse sine — 

2 2 2 

all mean the same thing. There is an infinite number of angles whose sine equals The sine of 30° is 
4. the sine of (30° + 360°) is 3 . the sine of [30° ■+■ 2(360°)] is and the sine of 

[30° + «(360°)] is 3 as long as n is an integer. Also, the sine of 150° is 3 , the sine of 
(150° -+- 360°) is 3 , and the sine of [150° + n(360°)] is 3 as long as n is an integer. 

When we ask for the inverse sine, the inverse cosine, or the inverse tangent of an angle, we 
would like to have only one possible answer so that the inverses are functions. We can achieve 
this by restricting ourselves to portions of the graphs of sin x . cos .r, or tan x where the function is 
always decreasing or always increasing and where all values in the range of the function are included. 
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Calculus Lesson 13 


example 13.5 
solution 


example 13.6 
solution 


example 13.7 
solution 


problem set 

13 


Solve: tan 2 .v = 3 (0° < ,v < 360°) 


We rearrange and factor. 

tan 2 .r — 3 = 0 
(tan x — -v/3 )(tnn x + V3 ) — 0 
tan.v = V3 or tan.r = — V3 


rearranged 

factored 

zero factor theorem 


The tangent is positive in the first and third quadrants. The angles in these quadrants whose tangent n 
V3 are 60° and 240°. The tangent is negative in the second and fourth quadrants. The tangents of both 
1 20° and 300° are —n/ 3 . Thus, there are four answers. 


jc = 60°, 120°, 240°, 300° 


Solve: cos 2 jc -+- 2 sin x — 2 = 0 (0° < .r < 360°) 


The 


trick here is to replace cos 2 .r with 1 — sin 2 x. The resulting equation in sin x can be factored 


(1 — sin 2 A') -+- 2 sin jc —2=0 
sin 2 .x — 2 sin .r +1=0 
(sin jc — I)(sin;c — 1) = 0 

sin jc = 1 
jc = 90° 


substituted 

simplified 

factored 

zero factor theorem 
solved 


Solve: 2 sin 2 0 = 3 + 3 cos 0 (0° < & < 360°) 

Substitutions that lead to factorable expressions can be made. We rearrange this equation, substitute 
(I — cos 2 0 ) For sin 2 0, factor, and solve. 

2 sin 2 0 — 3 cos 0 — 3 = 0 rearranged 

2(1 — cos 2 0) — 3 cos 0 — 3 = 0 substituted 

—2 cos 2 0 — 3 cos 0 —1=0 simplified 

2cos 2 0 + 3 cos 0 + 1=0 changed signs 

This expression has the form 2 u~ + 3 u + 1, which can be factored as (2 u + 1)(« + 1). Thus the 
equation can be written in a similar factored form. 

(2 cos 0 + l)(cos 0 + 1 ) = 0 factored 

cos 0 = —— or cos 0 = —1 zero factor theorem 

2 

The only angle in the domain specified whose cosine equals —1 is 180°, but the cosines of both 120 
and 240° equal Thus there are three answers. 

0 = 120°, 180°, 240° 

1 . The strength of a beam with a rectangular 
t5> cross section varies jointly with the square 

of the depth of its cross section and with D 

the width of its cross section. If the 
strength is 40 when the width is P inches 
and the depth is M cm. what is the strength 
when the width is A inches and the depth 

is 3 cm? 

2 Two boats leave a buoy at the same time. One of the boats travels south at a rate ol 
(*> 3a miles per hour, and the other boat travels west at a rate of 4 a miles per hour. What is the 
distance between the two boats 3 hours after they leave the buoy? 
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Evaluate the expressions in problems 3 and 4. Express your answers in radians. 

V2 . _ _i V3 


3. sin 1 

itSi 


4. 

on 


Solve the equations in problems 5—7 for x. 

.r = -2 (0° £ .r < 360°) 


t!2\ 


02 } 


14. 

on 


15. 

t2 6> 


i9) 


lAJ 


5. 

<tj> 


— 1 
7. sim x 

(ij* 


6 . 

uj t 


2 x = 1 (OS 


2tt) 


2 cos x - 2 = 0 (0 < x < 2rr) 


8 . Sketch the graphs of y = sin x and y = sin (2x) on the same coordinate plane. 


(7) 

9. Sketch the graphs of v = In x, y = 
1121 


—In x. and y = In —x on the same coordinate plane. 


10. Use the sum formula for sin (A + B) to show the following: 

t!2> 

cos Ax — 


sin (.r + Ax) — sin x 

Ax 


= sin x 



+ cos X 


sin 


Ax 


11. Write the key trigonometric identities from Lesson 12, and develop three identities for cos (2 A). 


One of the sum identities for the tangent function is 

tan A + tan B 


tan (A + B) = 


1 — tan A tan B 

(a) Develop this identity from the sum identities for sine and cosine. 

(b) Determine the value of tan (24) given that tan A = —. 


13. Graph / where f(.r) = 

t9f 


2 x — 1 when x > 1 
3 when x = 1 

.r 2 when x < 1 




2 x - 

1 when 

X > I 

Evaluate the following for f (x) 

= ' 

3 

when 

.v = 1 


1 

[- 

when 

jc < 1: 

(a) lim fix ) 

(b) 

lim 

/(x) 



(c) /(l) 


x —»1 


(a) 


x 2 . (Graph this using the ZDec i P131 


Use a graphing calculator to graph y = V9~ 
option.) 

(b) If we square both sides of the equation, we gel y 2 = 9 — x 2 or x 2 -+• y 2 = 9, which is 
the equation of a circle centered at the origin with a radius of 3. Explain why the graph 
obtained in (a) is only the graph of a semicircle. 

(c) Explain how the graph of a complete circle might be obtained on the graphing calculator. 


16. The roots of a quadratic function v = f(x) 

t to> . _ _ ' 

svmmetry of the graph of /. 


are x = 2 and x = —6. Find the axis of 


1*7* Write in standard form the equation of a circle whose center is (1, —2) and whose area is 4/r. 


18. Let /(x) = —. Simplify the expression -f(- Y -/CO 

x Ax 


19. Use a graphing calculator to approximate the valuc(s) of x for which x 3 


.r~ — 


equals zero 
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7iv» ^ sc n graphing calculator to graph y = 5 and y — e T simultaneously. 

(a) Approximate to three decimal places the coordinates of the point where these two graphs 
intersect. 

Determine the exact coordinates of the point of intersection. 


Determine the domain of the function y 



x 


ft 


tit) AABC is nn equ ilateral triangle. Assume 
AB = 3 and DE is parallel to AB. Find the 
length of D£ in terms of /*. 


23. Given fC r) 




> m^B. Compare: A. CB B. AC 
^ Given that x~ -+- y~ = 3 and x~ — y 2 = 4, find the value of j 4 — y 4 . 


LESSON 14 Limit of ci Function 



A function has a limit at a particular value of x if it has both a right-hand limit and a left-hand 
limit at that value of x and these two limits are equal. 

The limit of a continuous function as x approaches a is the value of the function when x = a, 
because the graphs of continuous functions never “break.” Thus, the limits of the following functions 
as x approaches 3 are the values of the functions when x = 3. 

lim (at •+■ 6) = 9 Iim (x 2 ■+■ 3) = 12 

x -*♦ 3 jc — ► 3 


The limit of the sum. product, or difference of functions when x approaches a is the sum. 
product, or difference of the individual limits. The limit of the quotient of two functions is the quotient 
of the limits if the limit of the function in the denominator is not zero. 


Iim [(x + 6) + (r 2 + 3)] = 9 -4- 12 

= 21 


Iim [(x -+- 6) — (x 2 ■+■ 3)] =9—12 

JT —► 3 


lim [(x 


lim 

x —► 3 


+ 6)(x 2 + 3)] = (9)(1 

= 108 

x + 6 9 3 

x 2 + 3 ~~ 12 ~ 4 



These examples are not good examples to teach the idea of a limit, because the limit of these 
functions as x approaches 3 is the value of the function when x equals 3. A better example would be 
a function that has a limit as x approaches 3. but that has no defined value when the value of x equals 3- 
Consider, for example, the function 


/(x) 



x — 6 
- 3 


Since x 2 - x — 6 = (x — 3)(x ■+* 2). we see that 

x* 2 — x — 6 

- ■ ^ 


x — 3 


x + 2 
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example 14.1 
solution 


example 14.2 
solution 

example 14.3 
solution 


^11 values of x exceni *- _ _ 

left-hand side below Jl ~ t* Thcreforc » lhe graphs of f(x) and x + 2 look quite similar. On the 
the eranh of r th ° w l' ne y — * + 2, and on the right-hand side we show 

P J He only difference between the two is the discontinuity at x = 3 in the graph of /. 



The function f has no value when jc 


but it has the same values as .v + 2 



equals 3. because the denominator equals zero when x equals 
for all other values of x. Therefore, 

= 5 and lim —-—-— = 5 

x — 3 



Since the left-hand and right-hand limits exist and are equal. 


lim /(.r) = lim —-—- = 5 

jr—»3 x —>3 X — 3 


even though /(3) does not exist. 


Evaluate: 



When x — 2, this function has no value because the denominator equals zero. If we factor the 
numerator, we get 


lim 

x —» 2 


(x - 2)(x H- 2) 
(x - 2) 


For any value of x other than 2, the two x — 2 factors cancel, so 

lim —-— = lim (x + 2) = 4 

x —*2 X — 2 x~*2 


Evaluate: 


lim 

j-»3 



X + 1 


This problem is 


trivial because there is no discontinuity at x — 


lim 

x-»3 


x 2 + 2x 
x + 1 


9 + 6 
3 + I 


3. 

15 

4 


Evaluate: lirn 

x —* 3 


,v 2 + 6x 
x — 3 


TJ, function has no limit as x approach^ 3. because the denominator approaches 
lumerator approaches some nonzero number. 

x(x h 


zero while the 


lim 

x-*3 


Tvf'-f 


Thus, the limit does not exist. 


27 . 


/e use 


the symbol [*] because we do not wish to indicate that Q is the limit 


















90 


Calculus Lesson 14 


GXamplG 14.4 Evalunie: lim — 

t—*2 i~ 4 . 


2_ 

4 


solution 


In this problem, the independent variable is t instead of a*. As / approaches 2, the numerator approaches 
zero and the denominator approaches 8. 


lim - - 

f —2 t - + 4 


° = 0 
8 


Thus, the limit exists and equals 0. 


example 14.5 


solution 


Evaluate: lim 

M —»-| 




5s 


1 


When r — —1, the denominator equals 0, which can be problematic. We hope die numerator has a 
factor of r + 1. After factoring we see that it does. 


lim 

s—*-l 


(2 s + 3 Ks + 1) 


For all values of s 
the function when s = 


(s -+■ 1) 

—1, this function is identical to 2s + 3. We do not care about the value c»i 
—1; we are only interested in the function values when s is close to —1- 

• 3 


lim 

S -+-1 


2s~ 4- 


S ~h 1 


= lim (2r 4- 3) = 1 


example 14.S Evaluate: lim 


a 3 — 8 


x — 2 


solution 


The denominator equals zero when x = 2. Thus, we hope that a - 2 is a factor of the numerator 

(a - 2)(x 2 4- 2a 4- 4) 


lim 

x —*2 


a — 2 


= lim (a 2 4- 2a 4- 4) 

x—>2 ' 


factored numerator 


canceled 


= 2 2 


2(2) 4- 4 


substituted 

simplified 


example 14.7 


Evaluate: lim 

x—*o 


(3 -+- a) 2 - 3 2 


A 


We expand the numerator and hope that each term in the resulting numerator has a factor of a so we 
can cancel the a in the denominator. 


lim 
x—»o 


= lim 
x— »o 


6a 


2 - 9 


A 


example 14.8 


= lim (6 + a) 

x—*D 
= 6 


Use a graphing calculator to confirm that lim 

x —* O 


expanded 

simplified 

canceled 

substituted 


(3 4- a) 2 - 3 


= 6 . 



solution The graphing calculator can be used as a tool to intelligently guess the value of a limit 

least two ways to accomplish this task. First, we could graph the function 

Vl=<<3+X>2-9>/X 


There are at 


and use the feature of the calculator to estimate the function values as the a- values approach O. 

This provides a nice visualization of the limit. 
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problem set 

14 


A second option is to build a table of values of the function for x-values nearO. For this we need 
two key sequences: 

TUL^rr 

accesses the TRBLE SETUP menu 


Tuvrrr 

TABLE 


displays tables 

After defining the function as above, we access the TRBLE SETUP menu and set 

Tb 1 Star~t=0.5 and e>Tb 1 = ”0 - 1 


(Indpnt and Depend should be in Rut,o 
mode.) Next we display the table. 


X 

V 1 



6.5 


M 

6.H 


.3 

6.3 


.2 

6.2 


.1 

6.1 


0 

ERROR 


-.1 

5.9 


X 

II 

■ 

01 


Notice the ERROR for the function when x = 0. This occurs because the function is undefined at 0 
(due to division by 0). However, for x-values near 0, the y-values approach 6. This confirms 
(numerically) the algebraic work we performed in example 14.7. 


1. 

<3> 


A rectangular garden that has an area of 100 ft 2 is bounded on three sides by a brick wall costing 
S50 per foot and on the fourth side by a fence costing only S20 per foot. Express the cost of the 
garden’s enclosure in terms of the single variable x ; where x is the length of the fenced side. 


2. Stig traveled for h hours at m miles per hour but arrived at the fiord 2 hours late. How fast should 

f-5 J 

Stig have traveled to have arrived on time? (Hint: Figure out the distance Stig had to travel, and 
use the fact that distance is the product of rate and time.) 


3. Graph: v = 
(/■»» 


jc 2 - 1 


x - 1 

Evaluate the limits in problems 


4. 


6 . 


lim 


lim 

X —10 


8. 

IM) 


x 2 + 2x 


s. 

(Ut 

lim 

x-*2 

x 2 + x — 6 

x + 2 


x - 2 

2 2 
jc — a 


7. 

(/•*) 

lim 

x —»0 

(2 + x) 2 - 2 2 

x — a 


-r 

i 

Jl^ 




2 + x 

2 





X 


9. Solve: 2 sin 2 x — 3cosx = 3 (0° < x < 360°) 


t!3> 


10. Determine the amplitude, the period, and the equation of the centerline for the function 
y = 4 — 2 sin (3x). 

Sketch y = e x and y — In x on the some coordinate plane. 

Sketch v = In x and y = In —x on the same coordinate plane. 

(a) State three double-angle identities for cos (2x). 

(b) Using one of these three identities, write cos 2 x in terms of cos (2x) without involving 
another trigonometric function. 


17) 


11 . 

(7.12) 

12 . 

(I2t 

13. 

*121 


14. Use the identity for sin (A •+■ B ) to simplify the expression sin ( 


£T 

2 


)• 
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15. 

r/5i 


16. 

<*< 

17. 

<»> 

18. 


19. 

r»i 

20 . 

r/-n 


21 . 


ftfj 




(a) Write the key trigonometric identities, and develop an identity for tan (A — B) 
Cb) Use this identity for the tangent function to compute the exact value of tan 15°. 

If 3’ — 1 = In x, what does .r equal? 

Without the aid of a calculator, sketch the graph of y — — |.x 2 — 3.r — 4j. 

Which of the following sets of points could lie on the graph of a function? 

A. {(1, 1), (2.2). (3. 3). (4, 4)} B. {(1. 1), (1,-1). (2, 2)} 

C. {(-1.0). (0.-1), (1,-1). (-1,-1)} D. {(0, 0), (0, 1)} 

On the number line, graph the solution of the inequality - 11 <2. 

Use a graphing calculator to help approximate the value of lim^ j0 ^. Begin by 
function y j = . Then examine the coordinates of points on the graph of as x a 




ttic 

O 


Show that the following equivalence is true for all jc where the functions are defined, 

Jt 


(sec — _r)|^sin 


(§ - -o 


(sin 


(f - *)] = 


cos 2 X 


Which of the following equations 
A. x 2 4- y~ = 9 
C. x = y~ 


a function y of the independent variable 
B. x- = y 
D. y = ± Sx 


ify the following expression so that it has a numerator of 1: 


Vx + h - 






+ h + 



v 1 

24. Evaluate: > — 
at x 


at 


that x is a real number, compare the following: A 


B. |x| 



LESSON 15 Interval Notation 


Products of Linear Factors • 



Increasing and Decreasing Functions 


15. A 

interval 

notation 


The first graph on the left below designates the real numbers between —3 and 2 but does not include 
the endpoints —3 and 2. The second graph (the one in the upper right) designates the same numbers 
but includes —3 and 2. The other two graphs include one endpoint but exclude the other endpoint. 

— 3 — 2—1 0 12 - 3 - 2-1 0 12 
—3 < X < 2 -3SXS2 



. • • • 

—3—2—1 O 1 2 

—3 < x 2 S 2 


- 2-1 0 
£ x 


1 2 
2 
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example 15.1 

solution 

example 15.2 

solution 

_ 15.B 

products of 
linear factors 


The notation below each graph designates the same set of values of x as does the graph. Each of the 
notations designates an interval on the set of real numbers. In calculus it is often necessary to 
designate such intervals, and we use interval notation for this purpose because it is more compact 
than the notation used above. We write the endpoint numbers separated with a comma and use a 
parenthesis if an endpoint number is not included in the interval or a bracket if the endpoint number 
is included. Therefore, the notations above can be expressed more compactly as follows: 

Open interval Closed interval partially Closed Intervals 

—3 < .t < 2 —3 S x < 2. -3<X<2 -3<jt<2 

(—3,2) [-3.2] (-3.2] [-3,2) 

The notation for an open interval (—3, 2) is exactly the same notation used to designate the 
ordered pair of .r and y, (—3, 2). Whether the notation designates an open interval or an ordered pair is 
an assessment that must be made by the reader based on the context in which the notation is used. 

The notations 

(—.4) (-«.4] (4,~) [4,oo) 

designate the real numbers less than 4, the real numbers less than or equal to 4, the real numbers 
greater than 4, and the real numbers greater than or equal to 4. The symbols “ and 00 are the symbols 
for positive infinity and negative infinity. Infinity' is not a number. It is the word used to designate a 
quantity that increases without bound. When the symbol o© or — <*> is used in interval notation, it is 
always preceded or followed by a parenthesis, as seen in the notations above. 

Designate the following intervals by using interval notation: 

(a) 4 < .r < 30 (b) x > 22 (c) .r < -42 

We use the bracket when an equals sign appears in the description of the interval. 

(a) (4,30] (b) [22, ~) (c) -42) 

On which intervals is this function positive? 


0 



The function has a positive value whenever the graph of the function is above the .r-nxis. Thus, this 
function is positive (greater than zero) on these intervals: (—«=>, —8), (—4, +4), and (8, °°). 


Consider the expression 


.r - 2 

If x equals 2, this expression equals zero. If x is less than 2. this expression represents a negative 
number. If .v is greater than 2, this expression represents a positive number. These seemingly trivial 
statements arc of considerable importance in determining the signs of functions on designated 
intervals If a function is defined as a product of nonrepeating linear factors, such as 

/(.V) = X{x + 3)(.r + 6)(.r - 2)(x - 5) 

the function has a value of zero iff one of the factors equals zero. Thus, this function equals zero iff.r 
equals O. -3. -6. +2. or +5 The value of the function changes sign at each of these zeros and can 
only do so at these zeros. 
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\eob~ 



y^cV&A2> 




the fS&Sl feature indicates that the high and low points ore located at (approximately) 

x ~ —4*8936, —1.7021, 1 .0638, and 4.0426. From these estimates, die function is increasing over the 

intervals (-~, -4.8936), (-1.7021,1.0638), and (4.0426, «~). 
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* j Two pipes feed into a pool. The larger pipe con fill the pool in 2 hours. The smaller pipe can fill 
the pool in 6 hours. If both pipes are used together, how long would it take to fill the pool? 


2 . The sum of two numbers is 40. Let L be the larger number. Express the product of the two 
numbers in terms of Z. 


3. Shown is the graph of the function /. 

(a) Use interval notation to describe the 
interval(s) on which / is positive. 

(h) Use interval notation to describe the 
interval(s) on which f is negative. 

(c) Use interval notation to describe the 
interval(s) on which / is increasing. 

(^) Use interval notation to describe the 
interval(s) on which / is decreasing. 


y 



^4- Using the rational root theorem, find the solutions of the equation jc 3 — 6r — 4 = 0. 

Let /(x) = .t(x 2)(.r + 3). Use a number line to show the intervals on which f is positive and 
the intervals on which / is negative. Also, indicate the values of x for which / is zero. 


6 . 

ttst 


As accurately as possible, sketch the graph of y = x 2 (0 £ x <, 2). Draw a line tangent to the 
graph at x — l. and use this line to estimate the slope of the curve at jc = 1. 


Solve the equations in problems 7 and 8 forx (0 < x < 2 jz). 


7. tan 2 x = 1 

( 13 ) 


8 . 

(13) 


• 2 1 
sin x — sin x + — 



9. Let y = arcsin x Solve for x in terms of v. 

10 - (a) Solve the equation x 2 — 8 y — 4x + 20 = 0 fory. 

(b) Graph the equation on a graphing calculator. 

(c) Trace out points on the graph, and determine to one decimal place the coordinates of the 
lowest point on the graph. (You might try using different ZOOM modes.) 


Evaluate the limits in problems 1 1—14. 


11 . 


13. 


lim 

.x— * 1 

x~ - 1 

or - I 

12. 

(/■*) 

lim 

X —» —I 

X 2 + I 

X - 1 

lim 

x —*0 

(1 + x) 2 - (I) 2 

14. 

(/■*) 

lim 

X-+-1 

2.x 2 + x — 1 

JC 

JC + 1 


IS. Simplify: 

tit 


[2(x + A.r) 4- 3] - (2.r + 3) 

Ax 


16. Find the value of k for which y — — sin (kx) has a period of 4^r 

m k 

17. From the sum identity for the sine function, develop an expression for sin (2x) 

18 . Graph y — e x % y = — e x , and y — In x on the same coordinate plane 
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19. Suppose sin 2 A = —. Determine the value of cos (2/1) by using a double-angle identity. 

I * 2 ) ^ 


2 2: So,ve l°g-j f—--1 = 3 forx 

,9) - \ .x + l) 

21. If (.v, 3 ») is a point on the unit circle centered at the origin, what is the value of x + y 7 

22. Find the values of y for which |v — 31 < 0.01. 

r 9) 

23. Find the volume of a right prism whose height is L centimeters and whose bases arc equilateral 
triangles with sides that are E centimeters long. 


24. Find the next term of this sequence: I. 4, 9, 16. .... 

{Ri 

25. Determine the sum x + v -i-z + t + s + v from the figure shown. 

( Rt 



LESSON 16 Logarithms of Products and Quotients • Logarithms 

of Powers • Exponential Equations 


_ 16. A 

logarithms of 
products and 
quotients 


Remember that we multiply powers of the same base by adding the exponents as shown on the 
left-hand side below. We divide powers of the same base by subtracting the lower exponent from the 
upper exponent as shown on the right-hand side. 

10 5 • 10- = 10 s + 2 = I0 7 = 10 5-2 = I0 3 

IO 2 

Since the common logarithm of IO 5 is 5 and the common logarithm of 10 2 is 2, we can use logarithmic 
notation and write 

log (io 5 • io 2 ) = log io 5 + log io 2 log = l °g *° 5 _ lo e 102 

= 5 + 2 = 7 =5-2 = 3 


These examples illustrate the fact that the logarithm of a product equals the sum of the 
logarithms and the logarithm of a quotient equals the difference of the logarithms. 




log^AfAO = \og h M + log 6 N 


l0gij (^) “ log fr Af “ lo &b N 


Another important property of logarithms is stated below: 


If log^.t = log fr v, then x — y. 
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example 16.7 
solution 


example 16.8 
solution 


problem set 


Bui log 10 is 1, so wc end up with a simple algebraic equation. 



equation 

added —2 to both sides 
divided 


¥ U i, * 

From ihe calculator we obtain the approximation x « 0.5485. It is wise to wait till the end o su 
problem before using a calculator. This insures the greatest accuracy for the answer. 


Solve e“- T ^ 3 = 5 forx. 


< , IB- 

Again the variables are in the exponent, and the bases cannot be written as powers of the same nu ^ 
without using logarithms. Since one base is already e, we decide to take the natural logarithms o 
sides. We do this by writing In in front of both expressions. 

In (e _ir * 3 ) = In 5 In of both sides 

Now we use the power rule for logarithms on the left-hand side. 


(—2_r -+- 3) In e = In 5 power rule for logarithms 

remember that the natural logarithm of e is 1. This is the reason that we used base e instead 
base 10 in this problem. Thus, we get 


—2x + 3 = In 5 

—2x = In 5 — 3 

In 5 - 3 

x =- 

2 


simplified 
added —3 

divided 


Again, we have avoided using the calculator in the process of solving the equation. We do so now 
get the most accurate approximation. 


x = 0.6953 


Solve 5 2x 1 = 6 X ~ 2 for jc. 

Again the variables are in the exponents. We can get the variables out of the exponents by taking tl"» c 
logarithms of both sides. Since neither of the bases is e or 10, there is no special reason to choose either 
base. We decide to take the common logarithms of both sides. 

Iog(5 2jr-1 ) = log (6* -2 ) log of both sides 

Next we use the power rule on both sides. 

(2x - I) log 5 
(2 log 5)x — log 5 
(2 log 5)x — (log 6)x 
(2 log 5 — log 6)x 

x 

This answer appears to be complicated, and the algebraic steps are difficult to follow with all the logs 
present. However, we have an exact solution. Only now should the calculator be employed to 
approximate the answer. 

x = -1.3833 

1. The number of vehicles Ronk sells varies linearly with the number of vehicles he shows to 

f S) 

potential buyers. If showing 100 cars results in his selling 25 of them while showing 120 cars 
results in his selling 29 of them, how many cars must he show in order to sell 30 cars"’ 

2. Given that a rectangle has perimeter p and width u», find an expression for the area of the 
f ’ rectangle in terms of p and u*. 


(x - 2) log 6 
(log 6)x — 2 log 6 
log 5 — 2 log 6 
log 5 — 2 log 6 
log 5—2 log 6 
2 log 5 — log 6 


pw vvti 






distributive property 
combined like terms 
factored 

simplified 


16 









problem set 


16 


101 


Solve the equations in problems 3—7 for*. 


3. 

116) 

In (.v + 

2) — In (.r — 1) = In 5 

4. 

1161 

2 log 3 * - 

5. 

<i&) 

97 2.r + 1 

= 9 

6. 

I0 X * 1 = 

7. 

3~ x + 1 = 

. 4 j+2 




IJ6> 


For problems 8-10, /(*) = J.r 2 — lj. 


8. Graph f. 

< 9 } 


9 . On which intervals is f increasing, and on which intervals is f decreasing 


ust 

10 . 

us> 

H. 

OSf 

12 . 

(2> 


For what value(s) of .v does the graph of f have a slope of zero? 

Let g(.x) = x(x - l)(.r + 2)(.r - 3 ). Show on a number line where g > 0 and where g < 0. 

(a) Graph g(.r) = x(x - 1)(* + 2)(.x - 3) on a graphing calculator. Set the parameters ofthe 
calculator display to show .r-values from x = -5 to x - 5 and y-values fro 

y — —10 to y = 10. . 

(b) For the interval from j = -2 to .r = 3, determine the coordinates of the highest point. 
Give coordinates to one decimal place. 

13. Solve: 4 sin 2 * - 3 = 0 (0 < * < 2Jt) 

tut 

ftx + A*) - fix) 

14. Given /(*) = 2*. simplify the expression -—- * 

( 6 } 

fix + Ax) - /(*) 

15. Given /(*) = x 2 . evaluate the expression -— • 

( U ) # 


Evaluate the limits in problems 16 and 17. 

r 2 — 2r + 1 


16. Iim 

tl-O t —*1 


17. Iim -4;--- 

U*i S— ► ! + 1 


18. 

ri*> 


(a) 

(b) 


r - 1 

Evaluate: lim (e* + 1) 

x —»0 

Enter the function y = e x + 1 into a graphing calculator, 
approximate the value y approaches when x approaches zero. 


Use the table feature to 


19. Write the equation of the sinusoid shown 
<7> in terms of the sine function. 



20. As accurately as possible, sketch the graph of y — In x Draw a line tangent to the graph 

al x - | t and use this line to estimate the slope of the curve at x = 1. 


21 . 




* / r # 


Describe the domain and range of v — In —x. 

Without using a calculator, determine the value of sin 2 43° 4- cos"43 c 

(a) Use the identities sin (24) = 2 sin A cos A and cos (2 A) = cos 2 A 

\ 2 txn A 

till! (I | _ tan * a 

rt>) Find the exact value of tnn (2/t) given that tan A 


— sin" A to prove that 
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IT 



I/J 


Given x > 0, compare: A. 



B. 


3/“l2 

VA 



ifei 


Given the figure shown, find 

A' + y + z + f. ( Hint: Sec problem 25 in 
Problem Set 15.) 




LESSON 17 Infinity as a Limit • Undefined Limits 


17. A 


infinity as a 

limit 


to 


s a 


The word infinity describes a quantity whose value is increasing without bound. If represen ^ 
positive number that is getting smaller and smaller and is approaching zero from the positive si 
value of 1 over x ( 7 ) is a positive number that is getting larger and larger. We use the sytnlyo^^^ 
indicate that a value is increasing positively without bound. If jc represents a negative number ^ 

getting smaller and smaller and approaching zero from the negative side, the value of 1 over x_ 

negative number whose absolute value is increasing without bound. We use the symbol 00 to in ^ 
that a value is increasing negatively without bound. In mathematics, when we speak of the limit 
function, we usually mean a numerical limit* However, it is sometimes convenient to be able *° 
+ 00 or — “ when discussing limits If we use limit notation, we can write the statements discusse 
this paragraph as follows 


Iim — = 
jr — iQ + JC 


and 


lim — 
x 


X 

0.1 

0.01 

0 001 

0 0001 

- 0.1 

- 0.01 

- 0.001 

- 0.0001 

X 

10 

100 

1.000 

10,000 

-10 

-100 

- 1,000 

- 10,000 


It Is important to remember that infinity Is not a real number. Every real number has o 
position on the number line. Infinity is a word used to help describe a quantity whose value 
increasing without bound. 

In the example above, we see the .r-valucs approaching a finite number (zero) while the function 
values approach <» or —We may also consider what happens in a limit when the .t-values are 
allowed to grow large (go to or-»). 


example 17.1 


solution 


Evaluate: lim 

JT —* 


4.t~ + x + 6 
3.r 2 + 1 


A good procedure for evaluating a quotient of polynomials as x approaches infinity is to divide every 
term in the numerator and in the denominator by the highest power of x in the denominator. If vve 
divide every term by .t 2 and simplify, we get 

< Cu P ( 'CtLckfl. 


lim 


1 

-+- — + 
X 


X 


3 + 


1 


4 4-0 + 0 

3 + 0 


4_ 

3 


x 
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As .V gets larger and larger, the value of each term with a power of x in the denominator gels smaller 
and smaller* and ihc value of these terms is zero in the limit. 


example 17.2 Evaluate: Hm 


+ 6x 


— 8.r 2 + 5.v 


In this example we divide every term by .r 2 t which gives 


lim 


6 

J H- 

_ x_ 

8 + s 

X 


!i™-f 


The fractional terms approach zero as x gets large, and we are left with x over 8. wh ^ ^ 

approaches negative infinity is negative authro <to no u ^ ^ nQ( exisL 


sav thm limit of ihis exnression 


example 17.3 


Evaluate: 


lim - ~ 

*-*- 13.r 2 


5.r + 7 _ 

+ lO.r + 2 


solution 


We divide every term by jt 2 , since it is the highest power 


term in the denominator. 


5 

lim -— 

13 + 




10 

x 





As .r gets large, we have 


0 +-Q _ = 0 

13 + 0 + 0 


17.B 


undefined 

limits 


If the left-hand limit and the right-hand limit as a: approaches a finite value are both ~ or J > °^ h 
.. we can say that the limit is — or +~. as with the funetton graphed on the left-hand s.de below. 




— X 


The expression (v - 2)- approaches zero as * approaches 2. Since the expression is squared j*f 
The express l- h left-hand limit and the right-hand limit are both +-». In the graph 

value » always POsmv^Thus *e ef, hand hm. ^ ^ approaches , from [he right (when 

on the right-hand stde. the expressj. ^ ^ arooches 2 from the left (when x is less than 2). Thus 

the left-hand limh is — and the rtgh.-hand hmi, is Since these limits are different, the hm.t 
of the function graphed on the right ts undefined or does not extst. 


















104 


Calculus 


17 


example 17.4 
solution 


problem set 

17 


Find the limit of 


1 


(.v + 3) 2 


ns .r approaches —3. 


We first graph the function in question. 


From the graph. 



1 


(x + 3) 


Since the left-hand limit and right-hand limit are equal, we say 

llWylV i“=> T^U— 




*r 


lim- 

—-3 (x + 3) 


We say that this limit is in spite of the fact that we have defined a limit to be a real num cr 
make this exception because using the symbols +« and —«** provides more information than e 
undefined conveys. 


1. 

15) 


2 . 

(5) 


Carlos drove the car at an average speed of 40 mph for M hours, and Miranda drove the 
an average speed of 60 mph for the next B hours. What was the average speed of the car for 
entire trip? (Remember that average rate = total distance -=- total time.) 

A 400-square-foot rectangular garden is enclosed by fencing on all four sides, and the width o 
the garden is u*. Express the total length of fencing used to enclose the garden in terms of **'- 


Evaluate the limits in problems 3—6. 


3. 

lim 3 

4. 

lim 

07) 

1 - 2x 3 

07) 

•X ^ 


7 7 



5. 

lim - 

6. 

lim - 

0*\ 

x->a JC — a 

U4) 

J 


x — a 


For problems 7—10, evaluate each limit given that / is the function whose graph is shown 

7. lim fix) y 

a?) x—*-\ 

8. lim /(x) 

t)7) —. I 

9. lim fix) 

(17) X—*l* 

. 10. lim fix) 

a?) x -* i 



11. On what intervai(s) is / increasing and on what interval(s) is / decreasing if f is the function 


115) 


graphed above? Express your answer using interval notation. 
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Solve the equations in problems 12—14 forx 

12 . sin 2 .r + 2 cosjc -2 = 0(0£jc< lit) 
tut 

13. 2 ln.r = In (.v — I) + In (x — 2) 

( 10 ) 

15. IF y = e what does x equal? 

(V) ^ ^ 


14. 4 Zx = 16 
( 16 ) 


I -x 


16. Determine the amplitude, the period, and the equation of th 

t7 > _ _ . 

3 ' = —2 + 3 sin (4.r). 

17. Write the key trigonometric identities, and use them to develop an expression that gi es 
as a function of cos ( 2 A). 


18 . 

t 12) 


19. 

f//./•// 


20 . 

12 / 


21 . 

(16) 


17) 


tit) 


Show that 


2 sin (f - x) 


1 


— 1 = cos ( 2 .r). 


sec — x 

Let f(x) = (1 + ±Y. Enter the equation for/ into a graphing calculator. Create a table listing 

values of fix) for positive values of .r near x — 0. Set the^parameters o^ cm e ^ what 
.r-values are multiples of 0.001. What is the value of fix ) when Jr is 0.003? 0.002. 0.001. Wh 

do you think lim x > ^ fix) equals? 

Find the distance between the point (I, —1) and the line 2) x + 3 6. ( * 

problem 23 in Problem Set 5.) 

Solve 4 2/1-5 = 7 3/5 + 2 forp. 

As accurately as possible, sketch the graph of y = 2* Draw a line tangent to the graph at 
x — I, and use this line to estimate the slope of the curve at x 1. 


23. Evaluate the limit lim 

ti-o *-» o 


t ill -where fix) = 2 x 2 


Given jc, )*, z. o, and b as shown in the 
figure, compare the following: 

A. jc + y + z B. y 4- a + b 



25. Given that .rand 3 * are both positive, x 2 + v 2 = 20. and xy — 8 , find x + 
(R> f acl that x 2 + 2 xy + y 2 is the square of the desired quantity.) 


3 ’. {Hint: Use the 



wesson 18 Sums, Differences, Products, and Quotients of 


Functions 


Composition of Functions 


18. A 

sums, 
differences. 
Products, and 
quotients of 


Two functions can be added, subtracted, multiplied, or divided to form a new function. The dom ain 
n - w f„ nf -,ion is the S < M numbers that were in the domains of bqtiu lic^ri g.nal ton*"™ * 

Of course, any number that would cause the denominator of a quotient function to be zero is excluded 

from the domain of a quotient function. 


functions 
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example 18.5 

solution 


example 18.6 

solution 


The function sin (Zv *f* 3) is a composite function. Use two function machines to show how it could 
be composed. 


We see that the input of the sine machine is 2.v + 3. Thus, 

2( ) + 3 sin ( ) 

* - | 1- (2x + 3)-I 


sin (2x + 3) 


So we sec that 


sin (2x + 3) = f(g(x)} 
where fix') = sin x and g(x) = 2x + 3. 

/l*) = Vx and g(.v) = It 3. Find the domain and range of / ° g and the domain and 
range of g ° f 

We look at fog first. 


x 


2( ) + 3 
9 


(2.X + 3) 


vr> 

| 1 j - V2x + 3 


The g machine accepts any real number input and can produce any real number output- The / machine 
only accepts numbers that are not negative, so g(x) must be equal to or greater than zero to be an 
acceptable input for /. 


^ 0 
+ 3 > 0 
> -3 

3 
o 


X > 


Thus , the dom ain of / ° g is the set of all values of x equal to or greater than — -§. Since the value 
of V 2.r -t- 3 is never negative, the range is the set of all real numbers greater than or equal to zero. 


Domain of (f ° g) = -jx e [R | x S — 
Range of (f ° g) = {_y e R | ^ 0} 



Now we look at g ° f. 


f( ) = vn 


g( ) = 2( ) + 3 


sx - 


2vX 


Again, the difficulty is with the f machine, because it accepts only nonnegative numbers. However, 
all its outputs are acceptable inputs for the gjnachine. Thus the domain of g ° f consists of zero and 
all of the positive real numbers. Since \x is always greater than or equal to zero, 2\ x -t- 3 i s 
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example 18.7 


solution 


problem set 

18 


always greater than or equal to 3. Thus the range of g ° f is the set of all real numbers greater than 
or equal to 3 . 

y 


Domain of (g « f) = {x e IR | x 2: 

Range of (g * /) = e IR J S 

y = 2Vx + 3 



Notice that / ° g is not the same function as g ° f and that their domains and ranges are 
different. This is often, but not always, the case. Be careful when working with composite functions. 
The order of the functions is often crucial. 


Determine whether the following statement is true or false and explain why: 

If /(x) — x 2 and g(x) = -Jx , then the domains of / ° g and g 


o / are equal. 


The f machine accepts any real number and squares it- The resulting nonnegative numbers are 
acceptable to the g machine. Thus, all real numbers are acceptable to g ° f. But since the g machine 
takes square roots, it does not accept negative numbers. Thus the domain of / ° g is the set of 
nonnegative real numbers. 

Domain of (/ ° g) = {r 6 IB | x > 0} 

Domain of (g ° /) = IB 


Therefore, the statement is false. 


1 . When used alone, pipe A can fill the entire tank in 6 hours, and pipe B can fill the entire tank in 
<5> 3 hours. If both pipes are used together, how long will it take to fill the entire tank? 

2 . Farmer Jones wants to enclose a rectangular pasture and plans to use an existing stone wall as 
<5> one side of the rectangle. The pasture is to have an area of 20,000 square meters. If the length of 

the segment of the fence parallel to the stone wall is P, what is the total length of fencing required 
in terms of the variable P. 

For problems 3 — 8 , f(x) = x 2 + 1 and g(x) = Vx —. 

3 . Write the equation for f + g and evaluate (J + g)(5). 
oat 

4. Write the equation for fg and evaluate (/g)(5). 
ti at 

5. Write the equation for — and evaluate [ — ](5). 

ti at g \g J 


6 . Describe the domain of —. 

<>at g 

7. Write the equation for f ° g and evaluate (f ® g)(3). 

oat 

8 . Describe the domain and range of / ° g. 

oa> 

9 ^ The function cos ( 2 x — tt) is a composite function. Use two function machines to show how it 
(ta> could be composed. 
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Evaluate the limits in problems 10 and l 1. 

10. lim -- 1 - A ~ - 

u?i 3.x- + 2.v - 4 


12. Given the graph of / shown, evaluate the 
following two Itmits: 

(a) hm fix) (b) lim /(.v) 

i: —4 -2 x —*\ 


11. litn —?——- 

( 17 ) .v — 4.\- + l 


y 



In problems IB and 14 solve for.v 

13. — = arcs in .v 

r u> 2 


14. In .v — In (.v + 1) = In 2 

i/aj 


15. 

tis> 


Given g(.x) = x{x — 2)(.r -+- 3). use interval notation to designate the intervals on which the 
graph of g lies above the .r-axis and the intervals on which the graph of g lies below the „r-axis. 


16. Graph: y = —2 + sin j*2^x — ^^1 (0 < .r < 2^r) 


17. On what interval(s) is the function m problem 16 increasing? 

18. Enter the function y = 11 ^- £ into the calculator. Set the mode of the calculator to radians. Set 
U4> the parameters of the display to let x and y range from —1 to 1 with the scales measured in tenths. 

Graph the function. Use the trace feature to trace out points on the curve. What value does the 
y-coordinate seem to approach as the .v-coordinate approaches 0? Is the function defined 
at x = 07 







19. Evaluate lim ^ - ~ x ~ where fix ) = 3jc + 2 

(U> A /-.0 A.r 


20. State the contrapositive of the following conditional statement: 

If .r = 2, then x 2 = 4. 



Show that 


(sec 2 ,r — l)[cos (—-Y>] 
(1 — cos 2 .r)(tan 2 x -+- 1) 


cos x for all values where both sides make sense. 


22. Solve 7 3-1 “ 2 = 13* +I for.r. 

( 16 ) 

23. As accurately as possible, sketch the graph of y = sin .r. Draw a line tangent to the graph 
(7> at x — 0.5. and use this line to estimate the slope of the curve at x — 0.5. 


24. Find the area of A ABC in terms of x 
,K> given the figure shown. (Hint: Use 
trigonometric functions and the fact that 
the measure of an inscribed angle equals 
one-half the measure of the sub¬ 
tended arc.) 



25. Find the next term of the sequence whose first six terms are I. 1. 2, 4. 7, and 1 1 
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LESSON 19 The Derivative • Slopes of Curves on a Graphing 

Calculator 


_ 19, A 

th© derivative Lines, which are the graphs of linear functions, possess a quality called slope. The slope of a line tells 

us how steeply a line rises or falls (assuming we are moving from left to right). 





x 


Fora line with equation y — nix + b, the slope is m. For nonlinear equations, the slope of a curve 
at a point is determined by the slope of the line tangent to the curve at that point. In the figure 
below, we draw lines tangent to the function fix ) = x 2 ■+• 2 at points 5. P, Q, and R. 


y 



We see that the slope of / at points Q and R is positive and that the slope at R is greater than the slope 
at Q . The slope of / at P. which is the vertex of the parabola, is 0, and the slope at S’ is negative. 

Consider curve C (shown below), which is the graph of a function y = fix), and let t be tangent 
to C at point P v 



— x 
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accomplished by simply pressing the key or scrolling down to this option with the down arrow 
key and then pressing Once chosen, nDer i y C appears on the calculation screen, awaiting 

more input. We must tell the calculator the function under consideration, the independent variable, 
and the value of the independent variable at which the slope of the curve is to be calculated. In this 
case we press 






and the answer - . 0625000039 appears. According to the TI-83 calculator, the slope of 7 at the 
point (4, 7 ) is —0,0625000039. But is this approximation correct? As mentioned above, the true 
answer is — which equals —0.0625. So we see that the calculator is correct to several decimal places. 
Keep in mind that the calculator is only giving an approximation, and that the 39 which appears at the 
end of its answer is incorrect. Even so, if we simply want an approximation of the slope, this method 
provides a quick way of finding it. 


example 19.8 Use a graphing calculator to approximate the slope of the graph of /(.v) = sin x at the point (/r, O). 


solution 


We currently do not know how to find the derivative of sin ,r, so we use our calculator as an 
aid. Keying 



yields —0.9999998333, which is extremely close to —1. Indeed, the true slope is—1, which a later 
lesson will show. From a graphical point of view, the answer already makes sense. Below we graph 
the function sin x as well as the tangent to the graph at x = tt. 


y 



Note that at the point ( n, 0 ) the slope of the tangent line appears to be about — 1 . 


problem set 

19 


1. The intensity of a light source measured at a point P varies inversely as the square of the distance 
{5> from P to the light source. If the intensity measured at a point 5 meters from the light source is 
N, what would the intensity measure at a point M meters from the light source? 



In problems 2—4 use the definition of the derivative to find f'(x). 


2. fix > = 3.x + 2 

(19) 


3. 


_ -3 


/(•*) = -r 


4. 

tIVf 


fix ) = .t* + .r 


5. Find the slope of the line that can be drawn tangent to the graph of / at .r = 5 given that 

f/9 ' /(-*) = i - 


6 . Use the trace feature or the table feature of a graphing calculator to find lim^ g 
° 9> ( Hint: See example 14.8.) 


7. 

dat 


For fix) = lnx and g(x) 
range of / 0 g. 


j, write the equation for f 0 g and describe the domain and 


8 . (a) List all the possible rational roots of the function fix) = . 1 ’ - 3x 2 + 5.v - 15 

I tOi 

(b) Graph the function on a graphing calculator and determine if any of the answers to Part (a) 
represent actual roots of the equation. 
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Evaluate the limits in problems 9 and 10. 


9. 

tm 


lim 




2x - 15x 3 
14x 2 — I3x 


10 . 

07 ) 


lim 


3 - 1 4x 5 + 2x 


— x* - x 3 + 1 


In problems 11—13 / is the function whose graph is shown at the right. 


11 . Evaluate: lim f(x ) 

07 ) jr—»2 


12 . Evaluate: lim /(.r) 

07 ) x—» — 2 

13. Use interval notation to describe the 
U5> interval(s) on which / is increasing. 


y 



Solve the equations in problems 14—16 for x. 

14. e~ x+s = I3 2 *"" 3 
06 ) 

16. sin .r = cos x (0 < x < 2 Jt) 

03 ) 

17. In the figure shown, find the area of A ABC 
in terms of x. 


15. log 2 x + Iog 2 (x - 2) = log 2 3 



18. Describe the values of x for which J.r — 4| < £ if £ represents an unspecified small 
( > positive number. 

19. Suppose sin A = cos A = y, sin B = jf, and cosfl = Find the value of sin (A + ZJ). 

20. Use a graphing calculator to approximate the point(s) of intersection of g(r) = x 2 - 7 and 
fix) = x 3 + x 2 - 5x - 5. 

21 . Write the key trigonometric identities, and then develop an expression that gives sin 2 x as a 
' * function of cos ( 2 x). 

22. Use a graphing calculator to approximate the slope of the curve y = sin x at x = 0.5. 

23. Use a graphing calculator to approximate the slope of the curve v = 2 X at v = 1 

f/9) - 4 ' 

24. Find the length of the side of the largest square that can be circumscribed by a circle of radius 3. 

' ' (Note: The diagonal of a square circumscribed by a circle is u diameter of the circle.) 

25. Let A, B, and C be three distinct points. Compare: 

ot> 

A. AC B. AB + BC 
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LESSON 20 


Change of Base • Graphing Origin-Centered Conics 
on a Graphing Calculator 


_20.A 

change Of base It we know the logarithm of n number to some base, we can find the logarithm to any other base by 

dividing the known logarithm by the appropriate constant Because tables and calculators can be used 
to find values ol In v and log v tor any x. we usually use either In x or log x as a starting point to find 
logarithms to other bases. We can change a table of base 1 0 logarithms to a table of base 5 logarithms 
by dividing cvery entry in the base 10 table by log 5. which is approximately 0.69897. We can change^ 
a table of base e logarithms to a table of base 5 logarithms by dividing every entry by In 5, which is 
approximately 1.6094. We change the bases of logarithms in this book, so it is helpful to have a 
procedure we can use automatically. To demonstrate, we show how to find the base 4 logarithm of 
15 from the logarithms of a known base b. First we write 


y = log 4 15 

Then \\ e rewrite this equation in exponential form and take the base b logarithm of both sides. Finally 

v»e solve for y. 




y log* 4 = log fc 15 

Jog 15 

y = --— 

log* 4 


exponential form 
log, of both sides 

solved for y 


loe_, 15 


loc. 

b 


,o e h 


15 

T 


substituted 


Look carefully at the last step The number 4 is the base we w ant to use and b is the base whose values, 
we know* All we have to do to change to the new base is use the known base to write the log of 
Lhe argument on top and to w rite the log of the intended base on the bottom. 


l°g 4 15 = 


t 


l°gf, I 5 

log. 4 


Using this result, we can now numerically calculate log 15. We do so by setting b equal to e or 10. 


log 4 15 = 


b = e: 

In 15 
In 4 


Set b = 10; 


1.9534 


I°g 4 15 = 


Iog l0 15 


log._ 4 


= 1.9534 


10 


example 20.1 Kewnte log 4 x using common logarithms- 



solution We alway s use either 1 0 or e as the new base, because these logarithms are available from a calculator. 

Here we use base 10. We put the x on top and the 4 below. 


Iog 4 * = - 


lo Eio J 

!°gio 4 


The logarithm of any number to the base 4 is the common logarithm of the number divided by the 

common logarithm of 4 
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example 20.2 
solution 


example 20.3 
solution 


example 20.4 
solution 


_ 20.B 

graphing 
origin- 
centered 
conics on a 
graphing 
calculator 


Estimate Iog : ^ 67 using n calculator. 
From the previous example. 


Io gj 67 = 


log 67 


4 log 4 

Because common logarithms can be found with a calculator, this is a useful rewriting of the problem. 

log 4 67 = 3.0330 

We expected an answer near 3, since log . 64 = 3 


Use a calculator to approximate 4 log 15 6 + 5 log 4 7. 

To use the calculator, the values of log t «. 6 and log., 7 must be expressed differently. In this example 
we use base e logarithms as the vehicle. Remember 

. ^ In 6 . , _ In 7 

I 02 6 = - and log, 7 = - 

w|5 In 15 4 In 4 

As seen below, the calculator approximates the answer as 9.6650. 

|41n<6>/ln<15>+5T 

nC7>^lnC4> 

9.664954QS9 


If log 6 47 = 17, what is b? 


This problem does not require a change of base. First, we rewrite the expression in exponential form. 


h 17 = 47 

^47 

b = l -j47 
b « 1.2542 


exponential form 

root of both sides 

simplified 

calculated 


This approximation is found by pressing 



We now want to graph some coni*, sections on a graphing calculator At this point, we are only 

interested In conic sections centered at the ongin. For example, the circle of radius 2 centered at (0. O') 
is given l\\ the equation x~ + y~ = 4 This equation does not define a function, because the alue 
0 produces two different y-valucs. 2 and -2. How do we graph such a curve on a calculator? We 
simply determine the functions needed to define the curve and plot them separately. 

Notice that 





So there are two 1 unctions that combine to generate this circle: 

y = \4 — x 2 and y = —\A — a 
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Calculus Lesson 20 


One builds die upper 
we define 


and ihe other builds the lower one. On the graphing calculator. 


and 



Using Zbhandard, the following appears: 



A few comments are in order here. First, notice that the graph appears to be an ellipse, not a 
circle. This visual distortion arises because the horizontal and vertical axes are scaled differently The 
TI-83 is not trying to show you a “square” screen with tZS+. aridard Tt is drawing the graph 
correctly, but not in a framework that clearly exhibits a circle To correct this, we press to 

obtain the e view The curve is somewhat small at this point, so we zoom in. The graph 

appears as follows: ' 



A second comment is in order. Do the functions 

y = x/4 — x 2 and 


y = 


= — v/4 — „r 2 


intercept the jt^axis? Of course they do, at x = 2 and x = —2. But the TI-83 does not show this. 
Both semicircles are separated from the x-axis slightly Again, do not let the calculator fool you. 
Always check what the calculator shows with other mathematical knowledge to confirm the results. 


example 20.5 Use a graphing calculator to graph the curve given by 


y 2 


= 1 


solution 


This equation yields an ellipse centered at the origin. To draw it on the calculator, we must split it into 
two functions. 



= 1 


4 9 

9x 2 4 - 4y 2 = 36 

4y 2 = 36 - 9.x 2 

9.x 2 


r 2 = 9 - 


- ± l 9 - 

" *\! 9 4 


V 
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So we simply dctinc V1 and V 2 on the calculator by 



and 



Using the ZS'bandar'd option and then the ZS^luar'e opuon, we obtain the following: 


. r 

* 

■p 

r\ 

__ 

if 

» 

i 

* 


problem set 

20 


1. Express the distance from the point (2, 3) to the point (x, y) on the line y = 2x + 1 in 
<2) terms of x. 


2 . Express Iog,_ x in terms of the natural logarithm. 

< 20 > ,u 

3- Use a calculator to approximate the value of log 4 15. 

In problems 4—6 use the definition of the derivative to find the indicated derivative. 


4. —/(x) where /(x) = 5x — 3 i>. -y where y = 3x 2 

tm dx im dx 


6. D f(x) where f(x) —- 

(19) x x 

1 . On a graphing calculator, graph the set of all points (x. y) that satisfy the equation x 2 + y 2 = 9. 

<20> What are the two functions that must be graphed? Does your graph actually look like a circle? 
If not, what can be done to make it look like a circle? 

8. Using a graphing calculator, graph the set of all points that lie on the ellipse 
(20> What are the two functions that must be graphed? 

9. (a) On a graphing calculator, graph the function g(x) = /» - *» ~ /»> w here /(x) = -±. 

(b) Using the trace or table feature, determine what g(x) approaches as x approaches 0. 

(c) Evaluate the derivative of ,f(x) = — i. at x = 1, and compare it to the value found in (b). 

10. Let /(.r) = In x and g(x) = e x . Write an equation for f ° g. 

11. Let /(.r) - sinx and g(x) = 2x - Write an equation for / ° g. 


12. Use a calculator to approximate the value of 3 log- 12 + log 92. 

Evaluate the limits in problems 13—15. 

-y 


13. 

I<7> 

16. 

tn> 



Iim — 

x -*2 4 



14. 

(H) 


lim 

4T-+3 


2x~ — 2x - 12 

x — 3 


Use interval notation to describe the intervals for which the 
the function /(x) = x(x — 2)(x + 4). 


15. 

<171 


lim 


x* + 3x 


graph of / lies above the x-axis for 
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Calculus Lesson .21 


Solve the equations in problems 17 and IS for 


17. 

tu j 


v = a resin — 


18. sm 2 v — 1 = 0 (0 ^ X 2jt) 


♦ I 


19. Use synthetic divisionto find the value of k for which x — —1 is a zero of .t 3 + 2.x 2 + 3.x' 
tioi 


k. 


20. Show that [(sec—.r) — l}(sec.v + l) = tan 2 .\* for all values of x where the functions are 
‘ ' defined. 


21. Write ———with a rational denominator. 
tu 2 — a /3 


22. Write the key trigonometric identities and develop an identity for cos •—. 


23. Use a graphing calculator to find the slope of the curve y — cos x at x = 0. 


24. Given rectangle ABCD and triangle AEB 
tR> where E is arbitrarily chosen on DC, 
compare the following: 

A. the area of A AEB 

B. the area of A ACB 



25. Find the sixth term of the geometric sequence whose first three terms are 1.2, and 4. 

W 



LESSON 21 Translations of Functions • Graphs of Rational 

Functions I 


21 .A 

translations 
of functions 


If we add a constant to a function, the graph of the function is translated (shifted) vertically. If we adcl 
-+•2, the graph is shifted up 2 units If we add -2. the graph is shifted down 2 units 

















21 .A translations of functions 
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If we replace x with the sum of x and a constant, the graph of the lunction is shifted horizontally. 
If we replace x with x + 2. the graph of the function is shifted 2 units to the left If we replace x 
with .r — 2, the graph is shifted 2 units to the right. 


UA 

lmW oU ^ 


y 

i 



-1 | 1 2 3 4 5 

y - Vx 


y 



X 




X 


Sometimes one forgets whether replacing x with x + 2 moves the graph to the left or the right. 
It is easy to check. In the left-hand equation above, y = 0 when x = 0. In the center 
equation, y — 0 when x = —2. Thus replacing x with x + 2 causes a two-unit shift of the 
graph to the left. 


example 21.1 


Graph the function y = |jc|. Then change the equation to shift the graph 3 units to the left and 
down 2 units. Graph this new function. 


solution To shift the graph 3 units to the left, we replace jc wiLh x + 3. To shift the graph down 2 units, we 

add —2 to the function. 



example 21.2 


Graph the function y — j.t*. Then change the equation to shift the curve 3 units to the right and 
up 2 units. Graph this new function. 


solution To get a quick sketch, we select x-values of 0, 3, and -3 and find corresponding v-values of 0. 4.5, 

and 4.5. To shift the graph 3 units to the right, we replace .r with a- - 3, and we add +2 to the 
function to shift the graph up 2 units. 

y y 


























Calculus Lesson 21 


i*. > Every value ot x is squared so ever)' value ol v is positive t he graph looks like a “volcano." as 
we see on the lelt The graph ol the negative of the function is'shown on the right; it looks like an 
^upside-down volcano " 





problem set 

21 


1. Jamar wants to use 100 meters of fence to enclose a rectangular region that will adjoin an 
f existing wall. Therefore he only needs fence on 3 sides. The length of the side of the rectangular 
region that is parallel to the existing wall is L. Find the area of the region in terms of L. 

Z. (a) Graph: y = \x\ 

(b) Change the function to shift the graph to the left 2 units and down 1 unit. 

3. Graph y — ~Jx. y — -Jx + 2, and y = -J x — 1 on the same coordinate plane. 

12/1 

4. Suppose fix) = 7. Let g be the function whose graph is the graph of / shifted 3 units to the left 
<2,i Write the equation for g and graph g - 


Write the expressions in problems 5 and 6 entirely in terms of the natural logarithm. 
l°f?jo lo S3 x 


5. 

( 20 ) 


7. Approximate the solution(s) to the following system of equations: 
121 r 

+ 2x 2 - 3x - 5 



_ ^3 


8 . 

tl9) 


Use the definition of the derivative to find 


dy 

dx 


when 




9. Use the definition of the derivative to find — fix) when /(.r) = x 2 + 2*. 
f/9j dx 

10. Use a graphing calculator to graph the set of points (x, y) that satisfy 4 + 3’ 2 = 1- What are 
{20> the two equations that must be used to produce the complete graph? 

11. On a graphing calculator, graph the function g defined by the equation g(x) = ^ ^ 

{,4l9> -where fix) = —x 2 . 

(a) Using the trace feature or the table feature, determine -what g(x) approaches as x 
approaches zero. 

(b) Evaluate D fix) at x = 2. How does this answer compare with the answer to (a)? 

Let fix) — x 2 and g(x) = e* in problems 12 and 13. 

12. Write the equation of g ® /. 

If f| 

13. Determine the domain and range of / and g. and then determine the domain and range of g ° / 
tun 
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Evaluate the limits in problems 14—16. 

I 


14. 

f/7J 

17. 

fl6) 

18. 

<9.tSi 


19. 

IB) 

20 . 

(3) 


lim 

x-*0 


15. 

117) 


lim -4 
*-*o x 2 


16. 

1)7) 


lim 


3x 3 - 14x 2 + 5 
I - 2x 3 


Find all values of a: that satisfy the equation 10 21 = 5. 

(a) Without using a graphing calculator, graph the function /(x) = |x 2 — 3x + 2|. 

(b) Use interval notation to describe the values of x for which the graph of / is increasing. 
{Note: The x-coordinate of the vertex of the parabola y — x 2 — 3x + 2 is exactly 
halfway between the zeros of the function.) 

Show that sin a: — sin x cos 2 x = sin 3 x for all real numbers x. 

Use a graphing calculator to graph the function y = |x 2 + 3x — 2|. Use the trace feature to 
find the coordinates to one decimal place of the highest point on the graph between the two roots 
of the function. 


21 . 

<131 


22 . 

w 


23. 

113) 


24. 

w 


25. 

<*) 


Write the key trigonometric identities; then develop an expression that gives cos 2 x as a function 
of cos (2x). 

* 

Let A and B be numbers such that sin A = y and sin B = y. Find cos A and cos B, assuming 
both cos A and cos B are positive. 

State an identity for tan (A + B). Then find the value of tan (A + fi) where sin A = f and 
sin B = y. 

Find the fourth term in the sequence whose first three terms are 1, 8, and 27. 

Find the perimeter of the square that can be inscribed in a circle of radius V2 . 


LESSON 22 Binomial Expansion • Recognizing the Equations of 

Conic Sections 


22.A 


binomial 

expansion 


r\ 


i' 





The binomial theorem gives us a pattern that we can use to find the terms of the expansion of a 
binomial raised to a positive integer power. Let n be a positive integer. Then 


{F + S) n = F n + 


n! 


{n - 1)! 1! 


F n ~ l S l 


n 



• + 


n 


(, n — k -+- 1) 1 ( A. — 1) 


(/i - 2)! 2! 

_ pn -k + \ — | 


n-2o2 


/l! 


(n - 3)! 3! 


*« — 3r3 


+ s 


' K" w\ 

cfxr "WjL. VV\ 
ArO ^\vvA.. 


We use F for the first term of the binomial and 5 for the second term. We can see the pattern of the 
exponents if we look at the exponents in the expansions of {F + S ) n . We let n equal 6 for one 
example and let n equal 10 for another example. 


(F + ST = F 6 + 


(F + S)' u = F 



EH 0 

CD 

n + I 

F 6 + 

f r5 S + , 

6* it 

• p 6 


* * / 4} *r 

5' 1! 4! 2! 

3!3! F5 + •" 

+ s 

F 10 + 

I0 ’ F°s * -1°L F * s * + 

9' 1! 8! 21 

l0! F 7 5 3 1 

71 31 

+ s 10 
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Calculus Lesson. 22 


example 22.4 Indicate whether each equation is the equation of an ellipse, a hyperbola,.a circle, or a parabola. 

(a) 4x 2 + 36y 2 + 4Qx — 288y + 532 » 0 

(b> 9.x 2 - 54.v - 16y — 79 — 4y 2 = 0 

(c) x — y 2 + 4y — 3 = 0 

(d> .x 2 + y 2 - 8.v + 6y - 56 = 0 

(e) .x 2 + 36y 2 + 40 - 288y + 532 = 0 


Solution (a) Ellipse. The coefficients of .x 2 and y 2 have the same sign but are not equal. 

(b) Hyperbola. The coefficients of x 2 and y 2 have different signs. 

(c) Parabola. The equation has an .x-term and a y 2 -term but no x 2 -term. 

(d) Circle. The coefficients of x 2 and y 2 are equal. 

(e) Ellipse. The coefficients of x 2 and y 2 have the same sign but are not equal. 


problem set 

22 


1. Square corners of equal size are cut from a 
10- by 12-inch sheet as shown. The 
resulting flaps are folded up to form a box 
with no top. Express the volume of the box 
in terms of .x. 


2. Find the coefficient of x ,5 y 3 in (2y — 3x 5 ) 6 . 

(221 

3. Use the binomial theorem to expand (.x + Ax) 6 . 

(221 

4. Indicate whether each of the following is the equation of an ellipse, a hyperbola, a circle, or a 
(Z2> parabola. 

(a) j 2 + 2)' + 3x + 5 = 0 

(b) 2x 2 + 3x — 2y + 2y 2 +3 = 0 

(c) 2x 2 — 3y 2 + lx + 4y + 5 = 0 

(d) 9x 2 + 4y 2 + 36x — 24y + 36 = 0 

5. Identify the conic section whose equation is x 2 — 2x — y 2 = 0. and rewrite the equation in 
1221 standard form. 

6. Use a graphing calculator to graph the equation x 2 + 2y + 3x + 5 = 0. Estimate to one 
t2t}> decimal place the coordinates of the highest point on the graph using the trace feature on the 

calculator. 

7. Without using a graphing calculator, graph the function /(.x) = |x 2 - 11. and then graph the 
,2n function g(x) = fix — 1). 



8. Write the equations of both of the asymptotes of the graph of v 
( 2/1 




9. Write log, x entirely in terms of natural logarithms. 

1201 3 

10. Use a graphing calculator to solve the following system of equations: 

»2J 




—2 x + I 
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Use the definition of the derivative in problems 11 and 12. 


llj Lei f(x) = 3x + 5. Find — /(x). 


12. Let y 

f#» 


2 rfv 

— .Find — 
x ax 


13. Let /(x) = Inx and g(x) = x. What domains are implied for/ and g? 


< 6 ) 


14. Find the axis of symmetry of the graph of the quadratic function whose x-intercepts are at 


x = 2 and x = — 1 and whose y-intercept is —4. 


15. Evaluate: lim -- 2x + ** 

(17) jr — > — 2 + 14x 3 


16. Evaluate: sin 1 (sin 270°) 

f/jj 

17. Find the values ofx for which sec x = 

(ij> 

18. If A ABC is an e quilateral triangle and 
rw is parallel to AB. then what is x in 

terms of h? 


-2 (180° < x < 360°). 



19. Describe the set of all the values of x for which |2x — 3l < s. where £ stands for some 


(V> 


unspecified small positive number. 


20. On a graphing calculator, graph the function /(x) = Use the trace feature or the table 

( J> feature to estimate the value /(x) approaches as x approaches 0. 

21. Given the function /(x) =^-x 3 +^--x+I. estimate /(V2) and by graphing 
the function on a graphing calculator and taking advantage of the CALCULATE menu option. 


22. Use the diagram at the right to solve forx; 
,s> y, and z. 





(2> 


Rnd all values of x that satisfy the equation y/2x + 3 


x. 


24. Find the sum of all the interior ancles of 

\R\ ^ 

the polygon shown. 


25. Supposing x is a real number, compare: A. .r 2 

in 
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Calculus Lesson 23 



LESSON 23 Trigonometric Functions 

a Graphing Calculator 



on 


_23.A 

trigonometric 
functions of nO 

sin 0 = ~ <0° < 0 < 360°) 

has both 30° and 150° as solutions. The problem Is more complex for functions of /i0. 


There are two angles between 0° and 360° whose sine is 4s The sine is positive for angles in die l irsi 
and second quadrants, and the angles whose sines are | are 30° and 150°. Thus the equation 


example 23.1 


Solve: sin (30) = — (0° 

2 



360°) 


solution 


In this example the argument is 30 Since 0 can be any angle between 0° and 360°. 30 can be any angle 
between 0~' and 3(360°), or 1080° Thus 30 can be 30-plus 360° (once around), which is 390 c *, or 
30° plus 720° (twice around), which is 750°. 


30 = 30° 30 = 390° 30 = 750° 

0 = 10° 0 - 130° 0 = 250° 

Also, since 30 can equal 150°, 30 can equal 150° plus 360°, or5I0°; and 30 can equal 150° plus 720°, 
or 870°. 


30 = 150 


O 



30 = 510° 
0 = 170° 



We see that if sin 0 = A has two solutions, then sin (30) = k has six solutions, sin (40) = 
has eight solutions, and sin (7/0) = k has 2n solutions. 

We now illustrate the example graphically by plotting the functions v = sin (3 a) and y — 
Graphically, our six solutions correspond to six points of intersection 





This graph has been drawn with the calculator in DEGREE mode. 0° S x < 360°, and 
Xsc 1 — 10 so that a tick mark occurs every 10°. A careful examination shows that the first 
intersection point occurs at the lirst tick mark (a = 10 > and the second intersection point occurs at 
the filth tick mark < \ = 50-’) Finally, note that 3 cycles of the graph of the sine function appear on 
the interval 0° < v < 360°. (A cycle of a trigonometric function is the graph of one period of the 
function.) This is because the period of sin (30) is ^ = 120" as we learned in Lesson 7. 

Pi 

example 23.2 Solve: tan (40) - —— = 0 (0 < 0 < 2jv) 



solution 


The equation is given and the notation following the equation indicates that angles between 
0 and 2ir are acceptable. First we solve for tan (40) by adding ^ to both sides. 


tan (40) 



tan (40) 



3 


or 
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_ 23.B 

graphing 
conics on a 
graphing 
calculator 

example 23.3 


solution 


. ^ 3 - - _ /A- j 7^r i 

I here are two angles between 0 and 2/r whose tangent is —— These angles are — and — ■■■■ . Thus 

3 6 6 


40 = 


71 


arid 


AO = 


lit 


Since Q must be between 0 and 2jt. 40 must be between 0 and 4<2/r). or 8 /r. Thus f t and can be 
increased by 2 /r for one full penod, 4 /r for two full periods, and 6 /r for three full periods. 


40 = 

It 

40 = 

\3n 

- — 

40 = 

15 n 

40 = 

31n 


6 


6 


6 


6 

<9 = 

n 

0 = 

13 n 


25 n 

e = 

37/r 

24 

24 

tf — 

24 

24 

40 = 

In 

6 

40 - 

\9n 

6 

40 = 

3in 

6 

40 = 

43 7T 

6 

0 = 

In 

24 

0 = 

19tt 

24 

e - 

31/r 

24 

e = 

43/r 

24 


We can illustrate this example graphically' by plotting the functions y = tan (4jc) and y = - 5 =- for 
0 < .v < 2 /r and —2 < y < 2 . 



In Lesson 20 we saw that graphing a conic section centered at the origin requires finding the two 
I unctions that define the conic and then plotting them on the same set of axes. The same is trite when 
the conics are not centered at the origin, but the algebra is slightly more complicated. 


Using a graphing calculator, graph the ellipse defined by 

jc 2 + 2x + Ay 2 = 15 


We must solve this equauon tor y. 







subtraction 
division by 4 


square root 


So we must plot the functions 


Vi< <15-X 2 —2X>> 
Vz=-Vi 


and 


Noie: The Tl-83 allows functions to be defined in terms of other functions. To obtain Vi, press 

and then use the £ key to access the V-UFIRS menu. From the V-UflRS menu, select 
1: Funct ion...; then select 1 s Vi. 
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Calculus Lesson 23 


J 


Alter applying -nr'id^r d followed by Zb^uare. the following graph appears 



Does this graph make sense ’ It does appear to be an 
graph appears to be (-1,0) Is this correct? To 
standard form. 

x 2 + 2x + 4y 2 = 15 
x 2 + 2x + 1 + 4y 2 =15+1 
(x -t- l) 2 -t- 4y 2 = 16 

± Ul + = j 

16 4 

From this we see that: the center is (—1, O), which furl 


ellipse, which is a good sign. The center of the 
check, we rewrite the original equation in 

original equation 
completed the square 
simplified 

divided 

ter confirms our result. 


example 23.4 Using a graphing calculator, graph the conic section defined by 

x 2 + 4x + y 2 — 2y = 4 


solution 


We see that this defines’ a circle.since the coefficients of x 2 and v 2 are equal. Moreover, the equation 
in standard form (after completing the square) is (.r -+■ 2.) 2 + ( v — l) 2 = 3: So we have a circle of 
radius 3 centered at (—2, 1). To graph this circle on a graphing calculator, we must solve the standard 
equation for y. 


(x + 2) 2 + (y - l) 2 = 9 

(y - l) 2 = 9 - (x + 2) 2 
y — 1 = ±-v/9 — (x + 2) z 

y = 1 ± ^9 — (x + 2) 2 


standard equation 
subtraction 

square root 
addition 


So we must graph 

Vl=l-KT<9-<X+2:>0 and V E=l-4X9-kX+2> * > 


Using ZStandard followed by ZS«iuare, we see 



Note: We could not use Vi — “V 2 in this example. 


problem set 1. The circumference of a circle equals the perimeter of a square. Which has the greater area, the 

23 t5> circle or the square? 


In problems 2 and 3 solve forx (0 £» x < 2ji). 
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4. 
( 22 ) 

5. 

(2J) 

6 . 
( 22 ) 

7. 

(7.2!) 


(21) 


Identify the conic section whose equation is x 2 + 4y 2 — I6y - 4 * 12 = 0. 
Use the graphing calculator to graph x 2 + 4y 2 — 16y + 12 = 0 . 

Use the binomial theorem to expand (x + Ax)®. 

Let /(x) = sin x. Graph the function g(x) — 2 + 3/ 


" f) 


8 . Write the equation of the function whose graph is identical to the graph of y = 7 except that it 


is shifted left 2 units and up 3 units. 


9. Write an expression for the exact value ofx such that 4 T = 17 

(Id) 


10. Use the definition of the derivative to determine -/(x), where /(.r) = —4x ■+• 5. 

tw dx 


11 . 

09) 

12 . 

(d) 

13. 

oat 


Use the definition of the derivative to determine D v. where v = x 3 . 

Let /(x) = sin x and g(x) = x~. Find the domain and range of / and g. 

For / and g as defined in problem 12. write the equation of / 0 g. Find the domain and range 

of f 0 8- 


Evaluate the limits in problems 14—16 

x 2 - 3x 3 + 14 


14. lim , _ 

07) x 4 x J — lx~ — 5 


15 . 

O-t) 


lim 


2 -h x - 2 
x 2 - 1 


16. 

07) 


lim 


x“ + 6 x - 4 


1 ^3 


x -+- 4x~ — 1 


17. On which intcrval(s) is the function v = x 2 + x — 2 increasing? 

OS) ' — 


18. Sketch the graphs of >* = In x and y = In (—x) on the same set of axes. Then sketch the graph 
<m of y — In |x| on another set of axes. 

19. Show that (cot 2 x + l)(sin 2 -x) + [cos (f - x)](sin-x) = cos 2 x for all values of x where 


the functions are defined. 


20 . Use synthetic division to find the value of k for which x = 1 is a zero of the polynomial 
" 0, x 3 - 3x 2 + 4x + k. 


21 . 

02 ) 


(a) State an identity that gives cos 2 x as a function of cos (2x). 

(b) Given that cos 30° = cos (2 • 15°) = use (a) to calculate cos 2 (15°). 


22. Approximate all of the zeros of v = In fx 2 ) 

<2t 

23. Shown is a unit circle centered at the 
i7> origin. Find the coordinates of the point P. 


sinx — 3. 



*— x 


24. Find the length of a side or the equilateral triangle that can be inscribed in a circle or radius 4. 

t K i 

25. Assuming x and y are positive real numbers, compare the following: 

A. x percent of y B. y percent of x 










138 


Calculus Lesson 24 



LESSON 24 New Notation for tlu 

The Derivative ofx n 



24.A 


new notation 
tor the 
definition of 
the derivative 


Many modem calculus books use the letter h instead of A.v in the definition ol the derivative. Thus 
they use the notation on the right-hand side instead of the notation on the left-hand side. 



lim 

Ax—*0 


/(.v 4- A.v) — /(.r) 

A.r 



lim 

h-*0 


fix + /Q - /(.r) 

h 



example 24.1 Use the h notation for the definition of the derivative to find g'Cx) given that g(x) — -Jx. 


SOlution First we write 


d_ 

dx 



-yfx 4- Tl — -Jx 

lim - 

h—*0 h 


We must find a way to get the/i out of the denominator so we can let/i approach zero. Sometimes 
one algebraic procedure works, and sometimes another algebraic procedure works. In this case,; if we 
multiply above and below by the conjugate of the numerator, we geta factor of h in the numerator that 
cancels the /i in the denominator. 



lim 

h—»0 


lim 

h —>0 


-Jx + h — -Jx -Jx + Tt 



h -Jx + h + 

.r -4- h — Jx -t- h-Jx + Jx + h 



h(Jx + /i -f- Jx') 


lim . r 

h _* o /. I _ / 





.v 


conjugate 

multiplied 

simplified numerator 
canceled 


In this expression we sull have an /t in the denominator, but h is not a factor of the denominator, so h 
can approach zero without the denominator approaching zero. Thus 



_ 24.B 

tflG derivative We remember the definition of the derivative of a function by remembering the geometrical 

Of X n interpretation. The slope of the secant through P x and P 2 in the figure on the left below is the rise 

divided by the run. In the figure on the right the y-value of P 2 is fix + h) and the y-value of 

P x is f{x). 

y y 
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example 24.2 
solution 


The value of the rise Ay is the difference of these two expressions. The run is Ax; so we can write the 
rise over the run as 


Rise _ A>’ _ f(x + h) — fix) 
Run Ax It 


The derivative is the limit of this expression as h approaches zero. We remember that the trick 
is to rearrange the expression algebraically so that It is not a factor of the denominator when It 
approaches zero. If the function whose derivative we seek is x 3 . we would proceed as follows. 



(.r ■+- /i ) 3 — .t 3 

lim - 

h—*0 h 


When we expand (.r + It) 3 by using the binomial formula, we get .v 3 as the first term, which cancels 
with the — x 3 term in the numerator. 


d 3 ,. A? -+- 3x 2 h + 3xIt 2 4- /i 3 — 

— x = lim - 

dx It 


Furthermore, we note that the second term has It as a factor and that every other term has /rasa factor. 
If we divide by /i. we no longer have an It in the denominator. 


——x 3 — lim [3.r 2 + (3-r/i + /i 2 )l 
dx 

In this expression all of the terms after the first term have h as a factor. If we let h approach zero, 
then the value of all of these terms approaches zero. Thus. 

d 3 -a 2 

-A — 3-t 

dx 


Find the derivative of a" where n is 1, 2. 3, 4,_ 


We use the same diagrams to remember that the definition of the derivative is an algebraic expression 
of the limit of the rise over the run as the run approaches zero. 



When we expand the numerator, we get r" + nx n ~ 'h plus other terms whose coefficients we 

represent with empty boxes since their value is of no interest. The last term in the numerator is the last 
term in the numerator above. 


—a" = lim r " ± nx"~ x h + Dr" -/»- +- | Lr n ~ 3 /i 3 + + h n - x n 

dx h -* 0 /i 

Every term except the first two terms and the last term has It 2 as a factor. Thus 

_ , im •*" + at''' 1 It + [terms tha t have /i 2 as a factor] - a" 

dx /i —»o J t 
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Calculus Lesson 24 


problem set 

24 


The sum of ihe first term and the last term in the numerator is zero. If we divide the rest by h, the /i- in 
the second term is eliminated, and every term in the parentheses still has h as a factor. 

—— x n = lim [nr" -1 + (terms that have h as a factor)] 
dLv *-.o L 

When h approaches zero, the values of all of the terms in the parentheses approach zero, which means 



In this example wc used the binomial expansion of (r •+• h) n to prove that the derivative of jc" 
is nr" 1 if n is a positive integer. This proof is only valid if rt is a natural number. It does not work For 
a rational number such as f or an irrational number such as k. because the binomial expansion cannot 
be used to expand expressions such as (r + /j) 273 or (x + h) K . The rule above is valid, however, 
for any real number value of n. We will use this fact even though the complete prooF is not 
presented. This rule is called the power rule for derivatives. 


1 . 

(Si 


2 . 

(24) 


4. 

<241 


6 . 

<241 


1. 

i I4J41 


8 . 

(2JI 


9. 

I 2 JI 

10 . 

1 221 


11 . 

(71 


12 . 

( 7.211 


A rectangular sheet of metal measuring 
1 meter by 20 meters is to be made into a 
gutter by bending its two sides upward at 
right angles to the base. If both vertical 
sides of the gutter have the same height x. 
what is the capacity of the gutter in terms 
of x? (The capacity of the gutter is the 
maximum amount of fluid it could hold if 
it were closed at both ends.) 


20 m 



Find 


dy_ 

dx 


where v = jc 3 . 


3. Find f\x ) where /(.v) = \fx 

(24) 


Find where s — -K 


dt 


dy 1 

Find — where y — —= 


dx 


Let /Or) — x 2 and define g by gix) 


5. Find Dy where y = V .r 3 . 

r 24i x 


/(2 fm 

x 



(a) Graph g on a graphing calculator. 

(b) Use the trace feature or the table feature to determine the value g(x) approaches as x 
approaches 0. 

(c) Find f'(x) and evaluate /' at .r = 2. 

(d) How do the answers to (b) and (c) compare? 


Solve - cos ( 30 ) = — ^ (0 ^ Q <■ 2jv) 

Use the graphing calculator to graph 4y 2 + 8y — x + 5 = 0. 
Find the coefficient of jc J y 3 in the expansion of (.r — 2v) 7 . 


Let /Or) = e x and g(.r) = fi—x ). Graph / and g on the same coordinate plane 


Let fix) = cos .r and h(x) 


I -f Graph h. 
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13. Sketch the graph of y = — 

ah x 2 

14. Rewrite y — logjc in terms of the natural logarithms. 

( 20 ) 

15. Use the definition of the derivative to calculate /'(-*) where /<x) = 2x 2 . 

i!9) 

16. Let /(.r) = .r 2 and g(.r) = V-T — 4 . 

f/ai 

(a) Write the equations of / ° g and g ° /. 

(b) Find the domain and range of/, g, / ° g, and g ° 

Evaluate the limits in problems 17 and 18. 

r 3 — 27 7 r 3 — T 4 

17. lim -— 18. lim —-— 

fM; x—»3 jr — 3 ,J7 > x—►— 2 jc* — 1 

19. (a) Find the coordinates of the midpoint of the line segment joining the points (2, —1) and (4, 2). 
( 2 ) 

(b) Write the equation of the line that passes through the points (2, —1) and (4, 2). 

(c) Find the equation of the line consisting of all the points that are equidistant from the points 
(2,-1) and (4. 2). 


20 . 

( 12 ) 


21 . 

on 


Sketch the graph of y = —log, x. 


Given that f(x) = 




when x 
when x 


(a) lim /(.t) 

x —> l + 


* sketch the graph of / and find: 
1 * 

(b) lim /(.r) 

x—♦ 1 “ 


22 . Let L represent a constant. Use interval notation to describe the values of y for which 

,9f Iy - l\ < o.ooi. 

23. Show that (1 — cos 2 ,r)csc 2 x + tan 2 .r = sec 2 .x for all values of x where the functions are 
,B> defined. 


^ . _ . * "i IT _ . 7T 

24. Evaluate: 3 tan~ — +2 sin - -— 

(■*> 6 4 

25. If m ZA.BC in the figure shown is 40°. then 

(ft) 

what is the measure of angle ADC? Justify 
your answer. 





LESSON 25 The Constant-Multiple Rule for Derivatives • 

The Derivatives of Sums and Differences • Proof of 
the Derivative of a Sum 


_25.A 

the constant- If we rorm a new function by multiplying a given function by 5. the slope of the graph of the new 
multiple rule function at every' value of x is 5 times as steep as the slope of the graph of the original function. If we 

for derivatives multiply a function by the slope of the graph of the new function at every value of x is — \ as steep 
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Calculus Lesson 25 


_25. C 

proof of the 
derivative of a 

sum 


Tins prooi is straightforward It requires the definition of the derivative and a lew basic algebraic 
manipulations The goal is to show that the derivative of a sunvol-two I unctions equals the sum of the 

individual derivatives. We want to show that 


[fix) + s (■*)] = — fix) + —gix) 


dx *’*' ' w ' dx” ' dx 

First we use the definition of the derivative to define the sum of the derivative of fix) and 
derivative of g(: r). 


thi 


dx 


fix) 


d_ gM = lim m ± - m + um sk ± m ~ M 

dx Ax-*0 Ax Ax 


C1) 


Next we write the definition of the derivative of fix) 
d 


dx 


[fix) 


g(v)] = ~^~if + g)ix) = lim 

Ajc—» 0 


g(x). 

■ g)ix ■+■ Ax)] — [(/ + g)C*)] 


= lim 

Ajt—*0 


[fix + Ax) 


Ax 

gix + Ax)] — [fix) 


5W] 


Ax 


We rearrange the numerator and write this expression as the sum of two fractions. 


Um \£k- 


Ax) — fix) . g(x 4- Ax) — gix) 
- + - 


But the limit of a sum equals the sum of the individual limits, so we can write 


lim 

Ax-tO 


fix 4- Ax) - fix) 


lim 


gix 4- Ax) - gix) 


Ax Ajc-fO Ax 

This is the same expression as equation (1), which equals the sum of the individual derivatives. So the 
proof is complete. 


d [/(*> + SW] = ^/Cx) 


dx 


gix) 


The proof of the derivative of the difference of two functions is exactly the same except that Lhe sign 
between the functions is a minus sign instead of a plus sign. 



problem set 

25 


1 . Express the distance between a point (x, y) 
nt on the graph of y = x 2 3 and the point 
(3, 4) entirely in terms of x. 



2. The pressure of an ideal gas varies directly as the temperature and inversely as the volume. If 
' 5> the initial pressure, volume, and temperature were N newtons per square meter. L liters, and 
K kclvins. what would the pressure be if the volume was 4 liters and the temperature was 1OOO 

kelvins? 


3. Use the definition of the derivative to determine f'ix) when fix ) = Vx 

fJ9) 


4. Find D y where >’ = x 

(74) * 


14 


6 . Find f'{x ) where fix) = V ** • 


(24) 


5. 

(24) 

Find 

dy_ 

dx 

7. 

t24t 

Find 

ds 

dr 


where v = 


1 


.r 


3 * 


where s(/) = —— 


1 

v/ 
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8. If fix) = —x 5 + 5x 2 + 6x 4 + 3, wliai is f'(x )? 

(23) 5 


9. If y = -3V«. what is -^-7 

f 25, M 2 </« 


10. If J(r) = v n t + —at 2 (a and v_ are constants), what is s'(r)? 

( 25 ) ° 2 ° 


11 . 

( U.24) 


12 . 

( 23 ) 


13. 

( 23 ) 


14. 

( 2 ) 


15. 

( 21 ) 

16. 
03.21) 

17. 

03) 

18. 

06) 

19. 

f!5> 


20 . 

ta.J2) 

21 . 

f/rtl 

7£?i 

23, 

re» 

24- 

IK.» 




Enter y = —— *** -——- into a graphing calculator where fix) = -/x . 

x 

(a) Use the trace feature or the table feature to approximate to two decimal places the value y 
approaches as x approaches 0 . 

(b) Use the power rule to find /'(x). 

(c) Approximate /'(2) to two decimal places. 

(d) How do the answers to (a) and (c) compare? 

Find the values of 6 between 0 and 2Jt for which cos (3 Q) = —1. 

Use the graphing calculator to graph x 2 — 4x — y 2 = 0. 

(a) Use the graphing calculator to determine how many real zeros the polynomial 
y — x 2 — x + 4 has. 

(b) Justify your answer by algebraically finding the zeros of the polynomial. 

Suppose fix) = e* and gfr) = fix — 1). Graph both f and g on the same coordinate plane. 

Determine the interval(s) on which the function fix) = -^- + 2 is increasing. 

x — 3 

Graph y = sin -1 x on a graphing calculator where the window displays x = [—1.5, 1.5] 
and y = [— tr, Jt \. State the domain and range of the function. 

Find all values of x for which In (3x + 2) — In (2x — 1) = In 5. 

Let fix) = xix — 2)(x + 4)(.r + 1 ). On a number line, indicate the intervals on which / is 
positive and the intervals on which / is negative. 


Show that 


2 cos x 
sin (2.v) 


esc —x 


— esc 2 x for all values of x where the functions are defined. 


Determine the exact value of k for which e 9k = 2. 


Find the coefficient of x 3 y 2 in the expansion of 

Find the domain and range of the function y = 

Assume P lies outside circle O and PA and PB 
A and B on circle O. Compare the following: 

A. length of PA 

BD is the angle bisector of Z.ABC, as 
shown. AB = x, BO ~ a, AD = c, and 
DC = a + b. What is x in terms of a, b, 
and c? {Hint: The angle bisector of an 
angle in a triangle cuts the opposite side 
into lengths that arc proportional to the 
adjacent sides.) 


(x — 2y) 5 . 

1 + Vx • 

are two line segments that are tangent to points 

B. length of PB 

B 
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Calculus Lesson 26 


LESSON 26 Derivatives of e x and In \x 


Derivatives of sin x and 


26 .A 


derivatives of 
e x and In |x| 


cos x • Exponential Growth and Decay 


The derivative of e x is given by 


w e x+u — c x 

—e x = lim --— 

cLx /i —♦ o /j 


Unfortunately, there is no easy way to obtain a factor of ft in the numerator to cancel out the h in the 
denominator. So determining x at this point is difficult. However, we know that for small values 
of ft the function 

Jl + /l 


fiCv) = 


— e 


closely approximates the derivative function. We can use this fact, along with our graphing 
calculators, to discover the derivative of e x . 

We define two functions: 

Vi=e^<X> 

V 2 = (e / "CX+H)-e A (X))/H 


(The H is obtained by pressing 


H 


i.) Notice that these are simply 
and SL** 


— e 


h 


Next, we assign a small value to H. In the main screen, enter 

0.00001 ->H 

key. By considering the difference quotient 


This is accomplished using the 


e x + h _ e * 



with h = 0.00001, we should have an excellent approximation of the derivative function. 

We build a table of values for both V1 and V 2 . For this we need two key sequences: 

accesses the TABLE SETUP menu 
displays tables 




TABLE 


We access the TABLE SETUP menu and set both Tbl Start and ^Tbl to 1. Then we display 
the table of values. 


X 

Vi 

V 2 


2.7103 

2.7103 

2 

7.3091 

7.3091 

3 

20.006 

20.006 

H 

5H.590 

9H.990 

5 

1H0.M1 

1H0.H1 

fi 

H03.H3 

H03.H3 

7 

1096.6 

1096.6 

X=1_ 


We sec 


that V 1 and Vz are practically equal for all values of or. What does this mean? It means that 

^J + /l 


e x = 


— e 


when h = 0.00001. Indeed, it can be shown that 


e x — lim 

h —»Q 


e'+ h - 
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The right-hand side of this equation is the derivative of e*. Therefore e* is its own derivative. 



We demonstrate this fact more rigorously later in the text. Few functions are their own derivative, 
but e x Is one of them. 

Now we turn to the function /(.t) = In .v. We wish to do the same calculator analysis to discover 
^ In .r. First, we must define our difference quotient: 

S-' i = <C1 n C X+H > — lrtCX>) /H 

If we keep H = 0.00001, deselect V 2. , and retain the same TfiBLE SETUP, we gel the following: 


X 

Vl 1 


miiH 

i 



.S 


3 



H 

.ZB 


5 

.2 


b 

.Ihhh? 


7 

.1H2H6 


X 

II 


Can a pattern be found here? Yes, if we compare 
the values of X to the values of Yl. We note that 
the values of Y1 appear to be the reciprocals of 
the corresponding values of X. 

So what is the pattern? 

1 

* = x 

Since Yl is playing the role of the derivative of 
In x, we have our result. 


d , 

i 

——In .v = 


dx 

.r 



We will also demonstrate this fact more rigorously later in the book. 

It turns out that we can even make a more general statement about the derivative of the natural 
logarithm function. Below, we show the graph of y — In |.r|. 


y 



We note that the graph of \ = In |.v| is the graph of y = In.r on the right-hand side of the v-axis and 
the graph of v = In —v on the left-hand side of the v-axis. The slope of this graph at any value of.r is 
\ Thus, when v = 2. the slope of the graph of the function is 4, and when .r = —2, the slope is -4. 
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Calculus Lesson 26 


Sol\ inf* for k requires that >ve take the natural logarithm of-botli sides of the equation. To solve 
lor k, we use 9 for t and 800 for A{t). - 


AU) = 400t ,Al 

800 = 400e 9 * 
2 = e 9t 
In 2 = In c 9t 
In 2 = 9k 


>1(0 = 400e (,n 2,1/9 


equation 
substituted 
divided by 400 
In of both sides 
simplified 

solved for k 


Now that wc have k, we can complete the second part of the solution. We are asked for the 
number of bacteria present at noon the next day, when t — 24, which is the value of Aff) when 
t = 24. All that is required is an evaluation of the exponential when / is replaced with 24. 

>1(24) = 400e (,n 2 H24)/9 substituted 

A(24) = 2540 evaluated and rounded 


problem set 


i. 

#26# 


2 . 

#25# 


3. 

#25# 


The weight of a bag grew exponentially. At noon the bag weighed 150 grams, and one hour later 
the bag weighed 200 grams. Write an equation that describes the weight of the bag as a function 
of time t measured in hours. How much would the bag weigh at 3 p.m.? 

The area of a spot decreased exponentially. At midnight the area of the spot was 1 square 
centimeter, and two hours later the area of the spot was 0.8 square centimeters. At what time 
would the area of the spot be 0.5 square centimeters? 

The volume of a balloon increased exponentially. At 1 p.m. the volume of the balloon w 
100 cm 3 , and 2 hours later the volume of the balloon was 300 cm 3 . What time was it when the 
volume of the balloon was 400 cm 3 ? 


4. Let /(/) 

#25# 


+ 3r -3 . Find / (/). 


6. Find /'CO where /CO — e x + In |x| — sin 

#25# 


5. Let v 

(25) 


cos 


= 3x A - 



2. Find 


dy 


7. Find — 

#25# du 


where y = In u — 2e" + -Ju 


8. Find D_y where y — 2 sin x 

(25# ^ 


14e x - 


14 


x 


(25) 


1 


9. Find r'(r) where s(r) - -r Q + v Q i + —at~ and x Q , v Q , and a arc constants. 


10. Find /'CO where /CO = 3e x - 4 cos x - ^ In \x\. 


(26} 


— —3.r . 

= 0. What are the coordinates of 


11. Use the definition of the derivative to compute D v where y 

#/ 9 # 

12. Use a graphing calculator to graph x~ — y 2 — 7x — 4 y — 4 
t2J> the vertices of the conic section? 

13. Let y — sin.c Change the equation to shift the graph up 2 units and right 3 units. Sketch 
t2,> graph of the new equation. 


the 


14. Solve: sin' x 

t IS) 


2 cos x — 2 = 0 (0 < x 
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15. 

<7.121 


16. 

</7t 


Sketch the graphs of y ■ 


Evaluate: lim 


lx — 3 


2x 


= I s nnd y — log^ 

jc 2 -t- 4 
+ 14 


on the same coordinate plane. 


17. Express the exact solution of 4 = 3 X in terms of natural logarithms. 

<201 

18. Sketch the graphs of g(x) = f(—x) and h(x) = —/(.v) given that f{x) — e x . 

19. Solve: log, (x + 3) ■+• log, 10 = 3 

20. State the converse of the following statement: If a function has a derivative at x = a, then the 
(Jt function is continuous at x = a. 


21. Find all values of 6 for which 0 < 0 < 2jv and tan (30) — 1. 

<2J I 


22. Solve forx, y, and z in the figure shown. 

<S) 



23. The equation of an ellipse whose center is (/». k), whose major axis is vertical with a length of 
<22> 2a, and whose minor axis is horizontal with a length of 2b is 

(x - /») 2 . (y - A-) 2 _ t 

b 2 a 2 " 

Write the equation of the ellipse whose center is the point (-2, 3). whose major axis is vertical 
and 4 units long, and whose minor axis is 2 units long. 

24. Find the area of the triangle whose sides have lengths 5. 7. and 10. (Note: Heron’s formula 
( ‘ states that a triangle whose sides have lengths a, b. and c has area s(s — a)(r — 6)(^ — c), 

where s — j(a + b + c).) 


25. A parallelogram is placed on the plane so 

t * 

that one of its vertices is placed at the 
origin and one of its sides lies on thex-axis. 
The coordinates of all four vertices are as 
shown. Ptnd the midpoint of the line 
segment that joins (b, c) and (a, 0). and 
find the midpoint of the segment that joins 
(0.0) and (a + b, c). Explain the 
significance of your answer. 


y 



< 0 , 0 ) 


x 
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Calculus Lesson: 27 



LESSON 2 7 


Equation of the Tangent Line • Higher-Order 
Derivatives 


_27.A 

equation of the 
tangent line 


The slope of the line tangent to a curve at a designated value of x can be found by evaluating the 
derivative at that value of .v. 


example 27.1 Let y = .r 2 - 4.V -+• 3. Compute 


solution 


example 27.2 
solution 


dy 

dx 


The vertical line with the small 3 next to it indicates that the derivative should be evaluated at the 
.r-value of 3. We can use functional notation to write the same problem by saying 
“Let /(.r) = ,r 2 - Ax + 3. Find /'(3) “ 


dy 

dx 


= 2.r - 4 


dy 

dx 


- 2(3) -4 = 2 


Find the equation of the line tangent to the graph of y = .v 2 — Ax •+• 3 when .r = 3. 

We can find the equation of a line if we know the coordinates of a point on the line and the slope of 
the line. For this problem we know the tangent touches the graph when x = 3. We let x equal 3 and 
solve for y to gel 

y = (3) 2 - 4(3) + 3 = 0 

Thus the point (3, 0) is on the curve and on the tangent line. To find the slope when x — 3, we 
find /'(3). 

fXx ) = 2x - 4 

/'(3) = 2(3) -4 = 2 


y 

o 


+ b 
2(3) + b 
b 


y = 


- 6 


slope is 2 

passes through (3, 0) 
solved for b 

equation of tangent line 



— 6 


example 27.3 Find the equation of the line tangent to y = sin x when .r = 


7T 


solution 


We can calculate the slope of this line using nDer iv on the TI-83. 

nDer*iu(sinCX) * X? 

(Remember to have the calculator in Radian mode.) The slope of the tangent line is given by the 
approximation 0.8660. Can we determine the exact value of the derivative? Certainly. 

d . 


dx 


dx 


sin -r 


sin x = cos .v 


= cos 


jt/6 


f 


2l~L i s ihe exact value of the slopic. and = 0.8660254038. 
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example 27.4 
solution 


_ 27-B 

higher-order 

derivatives 


example 27.5 
solution 


y = 


.r + b 


Now we can find the equation of the tangent line. 

V3 . , . V3 

slope is — 
passes through 
solved 


b = ±- 


2 

>/3 

2 

1 4%k 

2 12 


i - #(f) 


+ b 


(i-t) 


V3 

^ = -=-x + 


V3/rl 


12 J 


equation 



Find die equation of the line tangent to /(.r) = sin -r when ,r = 1. 


The calculator must be set in radian mode for this problem. One point on the tangent line is 0* /(!)). 
and the slope of the tangent line is /'(l). 

fix) — sin x f'(x) = cos x 

sin (1) = 0.8415 cos(l) = 0.5403 

Thus the tangent line has a slope of 0.5403 and passes through the point (1, 0.8415). 


y = 0.5403.V + b 
0.8415 = 0.5403(1) + b 
b = 0.3012 

y = 0*5403r + 0.3012 


slope is 0.5403 
(1, 0.8415) 
solved 

equation 


y 



If a function is differentiable, its derivative is another function called the first derivative. If the first 
derivative is differentiable, its derivative is a function called the second derivative. If the second 
derivative is differentiable, its derivative is a function called the third derivative, etc. 

First Second Third 

Function Derivative Derivative Derivative 

fix) or v /'(.v) or ^ /"( x ) or f'Xx) or 

ax dx " dx J 

We read the notations for the second derivative as “/ double prime of x" or as “dee squared y over dee 
.r squared.” We read the notations for the third derivative as “/ triple prime of .r“ or as “dee cubed y 
over dee x cubed.” 


Let v = 3u 5 . Find 


d 2 y 
du 2 


We find the first derivative and then find the derivative of the first derivative. 


v 


= 3 u s 


dx 

du 


= 15« J 


^ = 60u 3 
du~ 


Now \vc evaluate 60u 3 at u — 2 


60« 3 |, = 60(2) 3 = 480 
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Calculus Lesson 27 


example 27.6 Let /(.*) = -L Find 


problem set 


A 


We rewrite the function as f (a*) = .x~ - and take the derivative three times. 

r(x> = —2x -3 - /"(.x) = 6.V- 4 - /'"(*) = -24.x- 5 


If we evaluate —24x 5 when .x = 2. we get 

-24.x- 5 1 = 


1. 

(20) 


24 


( 2 ) 


24 

32 


2 

4 


A certain company's assets increased exponentially. After 1 year in business the assets were 
worth $1,530,000, and after 3 years in business the assets were worth $3 million. "Write an 
equation that describes the growth of the assets of the business as a function of t, where t is the 
number of years since the company started. Then determine the value of the assets after 7 years 
in business. 


2 . 

(26) 


y — 


l 


l 

—e 

3 


4 cos x. Find 


dy 

dx 


3. 

(701 


Let /(x) = 


2 In |.x| — 3 sin .x. Find /'(x), 


4. 

rzsi 


y = 1u- - 




c where c is constant. Find Dx 


( 5. Use the definition of the derivative to find /'(jc) where f(x) = 


6. Find — ^ where y = 

(77) * ^ 


8 . 

127) 

9. 

(27) 

10 . 

(27) 


- 2jc 


If /(jc) = In |x|. what is/"(—l4)? 


7. Find /"(/) where /(/) = 3 sin t 

(27) 


In t 


Find the equation of the line tangent to the graph of y — x 2 + 3 at x = — I- 

Find an approximation of the slope of the line tangent to the graph of y 
at x = —1. 


— sm jc 


—■ COS X 


11. Find the equation of the line tangent to the graph of y = "2e x at x = 2. 

12. Write the key trigonometric identities, and develop an expression that gives cos - O as a functi 1 - 


02 ) 


(2J) 


(2J) 


( U-27) 


of cos (20). 


13. Find all values of x between 0° and 360° that satisfy the equation sin (4x) •+* 1 — O. 


14. Use a graphing calculator to graph 4> 2 — 9x 2 — 83* — 32 = 0. What are the coordinates of the 


vertices of the conic section? 


15. (a) 


(b) 

(c) 


Find an equation in terms ofx for the slope of the line that passes through the points (* r * 
and (f. 1) on the graph of y — sin x Call this function of x the slope function. 

Graph the slope function on a graphing calculator. 

Approximate to one decimal place the limit of the slope function as x approaches f by using 
the trace feature or the table feature of a graphing calculator. 


(d) Evaluate 


dy 

dx 


for the function 3* = sin x. 


a/2 


(e) How do the answers to (c) and (d) compare? 
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16. Evaluate: log 3 5 

_ 2 

/»> ( a ) Find the domain and range of / and g where fix) = \x — i nnd £(-r) — - r 

(b) Write the equation of / ° g and determine the domain and range of f°g- 


18. Evaluate: — —— 

(» 5! 7! 18! 

19. Use interval notation to designate the interval(s) on which the graph of f lies above the axis 
" S> for fix) - (2 - .r)(* + 3)(.r - 1). 


20 . 

(Hi 

21 . 

I/O) 



I/O) 


X — — | X —' 1 

Graph the function y = - - and find lim -—. 

.v — 1 •*-♦* x — 1 

Suppose that f{x) is a polynomial such that fix) = q(x)ix — 2 ) + 7, where qix) is also a 
polynomial. What is the value of /(2)** iHint: Review the statement of the remainder theorem.) 

Use the rational roots theorem to find the zeros of the function fix) = -v* — —x~ — ->x ■+• o. 

Find the equation of the quadratic function that has zeros at .r = 1 and x = —2 and whose 
graph has a y-tniercept at y = —4. 


24. Ptnd .r in terms of a in the figure shown. 

(ft) w 

iHtm: Use the fact dial if two secants are 
drawn to a circle from a common point, as 
in the given figure, then the product of the 
length of one secant times the length of its 
external segment is equal to the product of 
the length of the other secant times the 
length of its external segment.) 



25. If x — v ~ 4 and xv = 3, what is the value of x~ + v~? 

tR> 


LESSON 28 Graphs of Rational Functions II • A Special Limit 


28 .A 


graphs of 
rational 
functions II 


A rational function is a fraction of polynomials whose coefficients are rational. For example, if n . 
a,, n 3 , « 4 , 6 ,. by b y by and b 5 are rational numbers, then the function below is a rational function. 

n x* 4- ci-x 2 4- -f* a . 

fix) = - l - -=_ 2 _ 4 

6 r r 4 + 6 ,.v 3 + b y x~ -+- b 4 x + b 5 

In this lesson we restrict our discussion to polynomials whose linear factors are all real linear factors. 
Thus it is possible to factor the numerator into a product of a constant Jt and three linear factors of the 
form (.v + a). The denominator can be factored into the product of and four linear factors. 

,, . *,(-v + a){x + h)(.r -+- c) 

/ (v) -- 

k 2 ix + d){x + c)(.t + /)(.t + g) 

The zeros of the numerator arc the zeros of the function, and the zeros of the denominator are 
the x- values where vertical asymptotes occur. 


We begin our investigation of the graphs of rational functions by considering the special case of 
functions that are factored into linear real factors occurring only once each. To ensure that the a- axis is the 
horizontal asymptote, the denominators of these functions must have more factors than the numerators. 












Calculus Lesson 28 


example 2Q.2 Graph 


v = 


( v + 5 K a — 3)(.v — I > 


C-V — 4)( 


V 


+ 2 )( v -4 )( a* — 1) 


solution 


First we simplify the expression by canceling the v - I factors above and below; but we must remember 
lo put .1 hole in the graph when a = I, because the function is not defined at that point. Then we plot the 
/cros and the vertical asymptotes We begin our sketch on the right-hand end by noting that when x is a 
aiB® positive number* y is a small positive number, because the ratio of the' * " 

fj OCV 



terms is 


Begin 

here 




Not to scale 


previous examples, die a- ax is is a horizontal asymptote, so we extend the graph to the right 
and finish by adding the missme arrowheads. 



28.B 

limit Consider the following limits: 


(a) lim — 

X— *0 r 


(b) 


lim 

JT-+0 


1 


X 


(C) 


lim 

x —*0 


Ax 


8 


(d) lim 


x 


- 9 


X + 2 ' X — 3 

Limit (a) does not exist because the left-hand limit does not equal the right-hand limit. Limit (t>) 
1S —°°- Limit (c) is 8 divided by 2 which equals 4. Limit (d) is 6 because the numerator is 
But what is the value of the following limit? 


sin 


lim 
h —»o 


(it .3 n 

U ) 2 


This limit can be evaluated easily if we recognize that the expression is the definition of the derivative 
of sin x evaluated at I. The derivative of sin x can be written as follows. 


lim 
/»—»o 


sin (x ■+■ /*) — sin x 


= COS X 


If X = 


7T 

o 


then cos x = 0. so this limit equals zero when x = 


TZ 


— e 


The ability to recognize limit problems that are derivatives in disguise is a critical skill- They 
appear in Virtually all standardized calculus tests Variations of die following limit problems appear in 
several future problem sets. Look for them. 

In {x -+- AjO — In .r e x * h 

lim ---—-— lim -. 

Ax—fO At ii—*o h 

The limit on the left is the limit for the definition of the deri\ alive of In v The dens ati\ e of In -V is 7. so 
the value of this limit is 7 The limit on the right is the limit for the definition of the derivative of e*. The 
derivative of c * is e x . so the value of this limit is e x 
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problem set 

28 


- I ra | C jf the treasury 

The amount of money in the treasury was decreasing at an ex P°" C ^ a thirtieth of the 

contained $2 million on the first of the month and contained only S* IUU 
month, during which day did the treasury contain S0.5 million? 

Graph the functions of problems 2 and 3. Clearly show all ^-intercepts and asymptotes. Oth 
these features, the graphs need not be precise. 


2. /( X ) = (* ~ 2)(x + 3) 

us] * (x - 5)(x + 2)(x - 3) 


3, 

f 28, 



4. Let s(t) = x n + v n t + — gt 2 where x A , i’ n , and g are constants. Find s iO- 

(27) 0 0 9 ° U U 


5. Compute — j - 
* du 2 


for y — — 

u 


6. Find ^ 

(26.27, dx 


where y — — e x — 2 cos x + 3 In |x|- 
-> 5 


1. Find the slope of the line tangent to the graph of y = 2 sin x + cos x at x 

1 _ . 

8. Find the equation of the line tangent to the graph of y — — at x — i. 


= 4.2 


9. 

( 28 , 


(a) Find the value of lim 
derivative.) 


SU 3 


h —>o 


1 2 * / —Think about the definition of the 


(b) Confirm your answer to (a) by entering the function v = 


ttn 


(§♦*)- f 


in a graphing 


calculator. What value does y approach as jc approaches 0? List the values of y when .r is 0.1, 
—0.1, 0.01, and —0.01. 

10. Use a graphing calculator to graph x 2 •+• y 2 — 2x + 12y + 6 = 0 . What are the coordinates 
(22 ~ 23> of the center of the conic section? 


11 . 

</oi 

12 . 

( 21 , 

13. 

(to, 


If one linear factor of .r 3 + x 2 — 2x - 2 is .t + 1, what are the other two linear factors? 

Let /(. x) — -Jx and g(x) = 1 + Vx — 2 . Describe the graph of g in terms of the graph of f. 

Suppose fix) is a polynomial and fix') = q(x)(x — 4) + 5 where qix) is also a polynomial. 
What is the value of /(4)? 


14. 

(161 


15. 

(H, 


Find all real values of x for which —2 In 2 + In (x — 2) = In (2x — 4). 


Let fix) = 


x 2 + x — 6 
x + 3 


(a) 

(b) 

(c) 


Sketch the graph of /. 

Graph the function / on a graphing calculator. Use the trace feature to guess the value of 
lim a t 3 fix). 

Find lim fix). Compare this with your answer to (b). 

jc —3 


16. Suppose log fr 53 = 31. Find b. 

1201 


dx 


17 ^ If —= 2.T, which of the following could equal y? 

1241 dx 

C. x 2 


A. 2 


B. 2-t 


D. x 3 
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Calculus Lesson 29 


18. Describe ihe set of all integer values of a* for which |3.r — l| < 16. 


li>. Show that 


(sin x + cos a) 2 — 1 
2 sin —at 


= —cosx for nil values of a* where the functions are defined 


20. Evaluate: 


1 3tt 


sin 


7T 


21. Rewrite 
tn i 


2-^3 

- V2 


so that the denominator is a rational number. 


2. Write an equation that expresses the following idea: The distance d x from a point (x, jy) to the 
point (0, 1) is the same as the distance d 0 from the point (x, y) to the line y = — 1. 

y 



23. Solve the equation you found in problem 22 fory. It turns out that the set of all points satisfying 
the conditions described in problem 22 is a parabola. The point (0. 1) is called the focus of the 
parabola and the line y = —1 is called the directrix of the parabola. 

24. An arbitrarily drawn triangle is oriented on 
the coordinate plane so that one of its 
vertices lies at the origin and one of its 
sides lies on the x-axis. The coordinates of 
all three vertices of the triangle are as 
shown. Use the midpoint formula to find 
the coordinates of the midpoints shown. 

Write the equation of the line that passes 
through the midpoints. What does this 
imply about any line that bisects two sides 
of a triangle? 



25. Find the number of distinct diagonals that can be drawn in a six-sided regular polygon 



LESSON 29 Newton and Leibniz • Differentials 

29.A 


Newton and 
Leibniz 


The derivative of a function is the limit of the ratio of the change in >• to the change in x as the change 
in x approaches zero F or a function y = /(x)» 


dy 

dx 



lim 

Ajt—»o 



lim /Cat + A.t) - fir) 


Sir T saac ?se\vlon (1642—1 727) an Englishman, and Gottfried Wilhelm Leibniz (1646_1716). a 

German, invented calculus independently of one another in the seventeenth century. To designate the 


















differentials 
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_ 29-B 

differentials 


example 29.1 
solution 


example 29.2 
solution 


derivative of a function. Newton placed a dot over the v and wrote v 

(he dot changed to a prime, and now we write y* (read "y prime ) The derivative as conceived by 
Newton and indicated by his notation v was a single entity and had no numerator or denominator. 


Leibniz designated the derivative with the fractional notation Jt and considered the derivative 
to be a fraction of very small quantities dv and (Lx, which he called infinitesimals and which he moved 
about using the rules of algebra Leibniz could multiply 777 by dx and get dx by canceling the dx above 
and llie dx below as shown here 



Many scientists prefer Leibniz's notation because it facilitates the solution of practical problems 
whose solutions would be more difficult using the notation of Newton In this book we will use both 
notations. We use Leibniz's notation more often, because it is easier for the beginner to understand. 


We define differentials below. 



Below we show an illustration of this definition. As Ajc gets small, P^ gets closer to Pj and £ 
becomes a better and better approximation of £ - 





x 


Let y = 3-r 2 + 2x 2 ■+■ 1. Find dy. 

From the definition of differentials, 

dy = f ix) dx > 

Therefore <7 

dy = (—dr” 3 + 4x) dx 


yo t -to-k-e. clcrw«*_1lpfcH- 
* Vw H. ivUcU. 

dy . 


Let y = sin t + cos r. Find dy. 


In this example, y is a function of t. We apply the definition of differential*, keeping in mind ttani t 
plays the role of x in the definition. 


dy = f'iO dt 

dy ~ (cos / — sin r) dt 
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problem 


Caicutus Lesson 29 



1. 

i2 rt i 


Ax noon the bacteria colony covered; 20 square centimeters. However, the area covered by the 
bacteria increased exponentially^ If at 2 p.m. the bacteria covered 50 square centimeters, how 

much area was covered by The bncterin nt 5 piin.? 


Compute c/y in problems 2—4 


2 , y — — ^ —h 2 sin x -+■ 2 e T 

(29) v- 


4. y = 2 

( 29) 



5. Sketch the graph of y — -3)(x + 2 ) 

w * x(x - l)(x + 1 ) 

<S. Write the equation of the line tangent to the graph of y = Vx at x — 4 . 

7. Graph y — -J~x and the equation of the tangent line found in problem 6 in the same window 
t ~ > on a graphing calculator. (Set the UINDOU parameters so that only the first quadrant Is 
displayed.) 


Approximate the solutions to problems 8 and 9. 

d*y 


8 . Find 


(27) 


where y — sin 


3 5 


9. Find 

(2627) 


du 


where u = 4 In |x| + 2.e x 


-I 78 


cos x. 


10. Write the key trigonometric identities; then develop an identity for tan (2/4). If tan A 
t,2> what is the value of tan (2/4)7 

11. Solve; 4 X ~ + 7 = 64 

06) 

12. Find all values of x such that O < x < tz and sin (4r) = ——. 

(23) 2 



13. Use a graphing calculator to find all the roots of y = sin (4x) ■+• 3 where O < x < 

(3) Compare these answers to those found in problem 12. 

14. Use a graphing calculator to graph 4y 2 — 9x 2 — 8 y -+- 36x — 68 = 0. What are the 
(ZS> coordinates of the center of the conic section? 


Evaluate the limits in problems 15 and 16. 

. _ .. In (x Ax) — In x 

15. lim - 

(23) Ajt— *0 Ax 


16. 

07) 


lim 



1 


17. Sketch the graphs of y = — and y 
( 2 !) x 


1 



18. 

03) 


19. 

OB) 

20 . 

(9) 

21 . 

( 6.3) 


(a) Evaluate; sin -1 — (b) Solve: sin x = ^ (0 ^ x < 2jt) 

_ 2 _ -y 

Use two function machines to show how /(x) = e “ might be composed. 

Sketch the graphs of y — x ,/3 and y — x 2/3 . 

Find the domain and range of y — I +2 sin — x. 


1 
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22. Approximate ihc value of x for which 2 x — 5. 

I20> 


23. Shown is a function machine f where only a few input and output values are given. 

IM 


-1 

0 

1 



2 

2 


1 

2 


Which of the following could be the equation of / ? 


A. fix) — 2x 


B. fix) = x + 


3 

2 


C. fix) = 2 J 


D /(x) = x 2 + 1 


24. A right triangle is oriented on the Cartesian 
(2> plane so that one of its legs coincides with 
the x-axis and one of its legs coincides with 
the y-axis. The coordinates of all three 
vertices are as shown. Find the length of 
the hypotenuse and the length of the 
median drawn to the hypotenuse which is 
shown by the dashed line. How are these 
two lengths related? 


y 




IP) 


Find the sum of the first 100 positive 
integers. 


LESSON 30 Graph of tan 0 • Graphs of Reciprocal Functions 

_30.A 

graph of tan 6 As we have seen, the unit circle is an excellent visual aid for understanding the graphs of the sine 

function and the cosine function. 


y 



We can look at the unit circle and see thut the y~coordinate of any point on the unit circle equals the 
value of sin 0 and the x-coordinate equals the value of cos Q. The \ alue of tan 0 is the \ nlue of sin# 
divided by costf, and this ratio equals the slope of the hypotenuse of the triangle drawn in the 
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problem 


Calculus Lesson 30 


1. Dec and Hudson drove M miles per hour Tor H hours but got to the shore 2 hours late. How fast 
30 should they have dn'vcn to have arrived on time? Hxpress the answer in terms of M and H. 


Let JV.) = 2\ 1 and jjC 


1 


Sketch f and g on the same coordinate plane. 


,3; Sketch the graph of y = tan x (—2 tt 2 x S 2/r), clearly indicating all zeros and asymptotes 


Graph the following functions on the same coordinate plane: 




= sin fx — 


f) 


and 


y = esc 




f) 


^ or y — 3 sin r — V2e' + In |r|, write the expression for the differential dy. 


6. Sketch the graph of y = ^2 t clearly indicating all zeros and asymptotes. 

(x + 5)x(x — 2) 


(23) 


7. Find the equation of the line tangent to the graph of y = In x + sin x when x = 3. 


(27) 


d ^ y 

8. Approximate -f 

(27) fa* 


where y = 3e 


Differentiate the functions given in problems 9 and 10. 


9. y = 14 
(26) 


u -+--In u 


10. y = l[t* - — 

(23) t 


11 . 

(23) 


By inspection write the exact value of lim 
derivative.) a—» o 


(2 + A ) _ -2 


. ( Hint: Recall the 


of the 


12. Using a graphing calculator, estimate to one decimal place the value of y = - 


( 2 ) 




as .t 


approaches 0. How does this answer compare to the answer of problem 11? 


13. Use a graphing calculator to graph Ay 
(2J> center of the conic section? 


x~ — 2x —3 = 0. What are the coordinates of the 


14. Let f(x) — In x and gix) — Vx+1 . 

( 18 ) 

(a) Write the equations of f ° g and g ° f. 

(b) Find the domain and range for both composite functions. 


x 


IS. Write the key trigonometric identities, and develop an identity for cos — 
( 12 ) 2 


16. Let fix) = x<l — x)(x •+- 3)(x + I). Use interval notation to indicate the interval(s) on which 
tt3> the graph of f lies below the x-axis. 

17. Let fix) = In x and gix) — e*. Graph the functions y = /(—x) and y - g(—x) on the same 

y i 


(7/2) 


coordinate plane. 


18. Graph the function whose equation is y = 4 + sec (0 - 30°). 

(30) 

X9, When the polynomial fix) is divided by x — 3. its remainder is 4. What is the value of /<3)? 

(tO) 










31-A 
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LESSON 31 
_ 31 .A 

product rule 


20. Shown is the unit circle centered at the 
origin. Find the coordinates of points 
P, and 



21. Sketch the graph of y = —|sinjr|- 

(9 1 

22. Let f(.r) = 2 + sin .r and g(x) = fix — — |. Sketch the graph of g. 

on V. 4 ) 


23. Use a graphing calculator to solve the following system of equations: 

121 


X 2 + 


y 


y 2 = 8 

= In x 


[ AP 

24. Solve for x with the figure shown, given the following: ■{ PC 
•*> BC 


x 

x — 
x — 


1 



Use the fact that if a tangent and a secant 
are drawn to a circle from a common point 
outside the circle, then the square of the 
length of the tangent segment is equal to 
the product of the length of the secant 
segment and the length of the external 
portion of the secant segment. 



25. Assuming x. y, and z are real numbers, compare the following: 

U) 

A. the average of x, >*. and z B. x -4- y + z 


Product Rule • Proof of the Product Rule 


The slope of the graph of the sum of two functions is the sum of the slopes of the graphs of the 
individual functions. We know this because the derivative of a sum of two functions equals the sum 
of the derivatives of the individual functions. 

fix) ~ 2x + 5 gix) = x 2 + 3x (J + g)(.r) = .v 2 + 5.r + 5 

Slope s= 2 Slope = 2x + 3 Slope = Zr + 5 

/'(-v) = 2 g\x) = 2.r + 3 if + g)'ix) s 2x + 5 

Unfortunately, the derivative of the product of two functions docs not equal the product of the 
individual derivatives. The derivative of a product of two functions equals the first function times 
the derivative of the second, plus the second function times the derivative of the firsL For two 
functions / and g. 


(/£)'(-v) = fix)g'ix) + £(x)/'(.t) 

This is called the product rule for derivatives. For f and g as defined at the beginning of the lesson, 

(fgYix) = (2.v + 5)(2.r + 3) + (.v 2 + 3x)(2) substituted 

= 6.r 2 + 22 -t + 15 simplified 
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Calculus Lesson 31 


we use an algebraic trick and add —fix *♦* Ax)g(x) + /(.v + Ax)g(x), which equals zero, to the 
numerator and regroup tlfc terms togel 

lim /( v + A v) t >’< A + AO - fix -+ Ax}g(x) + f ix + Ax^gix): ~ fix)gix) 

A.v 


= lim 

Ax ~*° L 


f(x + A.v) 


( Six -h Ay) 

V Ax 


— J + JSo [ 


Six) 


fi± + A.X/ — fix) ~| 

Ax J 

This is exactly what we wanted to show except that we wanted to get fix ) instead of fix + 
e irst actor. But the limit of fix + A.v) as Ax approaches zero is fix). Thus we have 

ifs)'(x) = fi. x ) Six + Ax) - g(.x) + 5(r) Hm fjx + Ax) - fix) 


Ax ) as 


A.r 


Ajt—»0 


Ax 


This shows that the derivative of (fg)(x) equals fix) times the derivative of g(x), plus g(x) times the 
derivative of /(.\), which completes the proof* 


problem set 

31 


■jj Equal-sized squares are cut from the corners of a 10- by 10-inch sheet. The resulting flaps are 
folded up to form a box with no top. Assuming the lengths of the sides of the squares that are 
cut away are all a, write an expression for the volume of the box in terms of x 

^2. . The volume was increasing exponentially. One minute after the little bang, the volume was 
10 cubic kilometers, and three minutes after the little bang, the volume was 30 cubic ldJometers- 
How many minutes after the little bang would the volume be 60 cubic kilometers? 


3. 

on 


5. 

tJ/t 


7. 

<27) 


Find y' where y = x 3 e x . 

Evaluate /'(— 2 ) for fix) — .r 2 In |x|. 


4. Find — where y 

(JO dt 


Assuming s(x) =- - + 2 cos a, findx"(x). 



.r 


= —3/ cos t. 


6 . Find ds where s 

(Jit 


= 2x 2 y. 


8 . Assuming /(/) = 3 sin t — V2e', find /"'(/)- 

(27) 

9. Let fix ) = x 2 l and gix) = YC*> - Graph Lhe functions f and g on the same coordinate axes. 
( 1 Do not use a calculator. 


Graph the functions in problems 10 and 11, clearly indicating all zeros and asymptotes. 

10 . y - tanx (0 < x < 27 t) 11 . y = -- ~ 1 - 

(JO) (J*> x(x -f- 2)(3 — x) 

12 . Find the equation of the line tangent to the graph of y — x 2 at x = 8 . 

( 27 ) _ 

13. Use a graphing calculator to graph y = Va‘ and the line whose equation was found in 
(2> problem 12 . Adjust the Id INDOW settings to clearly show both graphs at the point of tangency. 

14. State an identity for tan (A -4- B) in terms of tan A and tan B. If tan A = 3 and tan B = 4, 
t,2t what is the value of tan (A + B)1 


15. 

< 8 ) 



The base of this right circular cone has a 
radius of 3 cm. and the height of the cone 
is 8 cm. Find the volume of the liquid in 
the cone if the depth of the liquid is 4 cm. 


3 cm 

F---H 
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23. 

(9) 

24. 
m 


v 


16. Without using a calculator, find all values of x between 0 and 2zr for which sin (3x) — 

( 2 )) • • - 

17. Let /(.r) — |.c|. Graph the equation y = fix — I). 

18. Use a graphing calculator to graph 4x 2 + y 2 — 2y — 3 == 0. What are the coordinates of the 
<22 ' 2J> center of the conic section? 


19. Solve 2 In x 

<I6> 


~ + l) * ,n2 


for x. 


20. Evaluate: lim 

(U) Jr—» -2 


2x 2 + 3x - 2 


21. Use the rational roots theorem to find all the real roots of the function y — Jr 3 — x 1 + 2x — 2. 
aot 

22. Write the contrapositive of the following statement: 

tJ> If a conditional statement is true, then its contrapositive is also true. 


Find all integer values of jc that satisfy the inequality \x — 2| > — 1. 

Suppose P is a point that lies out side circle O, which has a radius of 3. If the di stan ce from P to 
the center of circle O is 6 and PA is tangent to circle O at A, what is the length of PA ? {Note: The 
radius drawn to the point where a tangent intersects a circle is perpendicular to the tangent.) 


25. Find the sum of the infinite geometric series 1 

(Ri 


3 


— -+• •• •. Use the fact that 
9 


ar + ar 


a 


provided |rj < 1 


1 - r 


ZJESSON 32 An Antiderivative • The Indefinite Integral 


32.A 


an 

antiderivative 


Multiplication and division * 1 inverse operations because multiplication undoes division and division 
undoes multiplication Dil fcrentiaung a lunction produces a second function called the derivative of the 
original function The inverse operation of differentiation is the operation of going back to the original 
function, and this operation is called antidifferentiation. Unfortunately, the process of “going back * or 
antidifferentiating cannot giv e a unique answer Antidifferentiation yields a multitude of answers, all of 
which differ by a constant To demonstrate, notice that the derivative of each of these three function is in 


(a) 


d i 

-x~ = 


dx 


(b) 


dx 


(.t 2 + 42) = 2x 


(c) 


dx 


(.r 2 - 165) = 2x 


Each of the original lunctions contains a constant term. The constant for (a) ts zero because .v* 
is the same as v 2 + 0 The constants on the ends of a 2 -+ 42 and v 2 - 165 are +42 and -165 
Since the derivative of each of these functions is 2-v. we see that 2_v has many antiderivatives* of which 
we have shown onl\ three. No single function is the antiderivative of 2v, because there are 
infinitely many functions whose derivatives are 2x. 


example 32.1 Let fix) = 2x. Find a function F that is an antiderivative of/. 


solution 


If we differentiate i 2 . we get 2 a We also get 2c If we differentiate v : + 157 To make the point that 
any constant work s >. we choose x — 463 as our antidcn\ ali\e More ecneralls an antidemati\eof / 
is Fix) = x 2 + C w here C is some number 
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32.B 


the indefinite 



Indefinite integration is the process ot liiuling the set of all antiderivatives of a given function. Wc 
call this set the indefinite integral. It is incorrect to speak of the antiderivative of a function, because 
^ lLrL ,s m °re than one, but n is correct to speak of the indefinite integral of a function. Wc use an 
elongated A to indicate the process of finding the indefinite integral of a function, and we call this 
symbol an integral symbol. Thus, we can write the indefinite integral of 2x as 


J 


2x dx = x 2 


^ (any real number j 

We use a capital C to represent any real number, and we call C the constant of Integration- 


/ 


dx = .v 2 


4r indicates that _r is the variable of integration and that we are integrating with respect to x 

derivative is defined as a limit approached by the value of the following expressions as Ax- 
and h approach zero. 


■4—fC*) = lim 

dx aj-»o 


Ax) - f{x) 


or 


4-/W - lim — 

dx ft-* o 


b) — fix) 


Ax dx~ A-*o h 

There is no corresponding definition of the indefinite integral of a function. Finding the 
indefinite integral of a function requires the ability to guess the answer based on experience 
the deri\ ative and the differential. We check a guess bv findinn its differential or dcrivatii 


with 
derivative- 


example 32.2 Find J cos x dx. 


solution Wc remember that the differential ol sin x is cos x dx. so the integral of cos x ^ y is sin x + (7- 


; 


cos x dx — sin 


We must check this guess 


disin x + C) — d sin .t + diC) = cos x dx 


check 


example 32.3 Find J* —sin / dr. 


solution The differential of cos t is —sin t dt. Thus, the Integral of—sin / dt is cos / C. 


/- 


sin t dt = cos / 


We must 


this guess. 


d( cos t + C) = d cos / + d(C) — —sin / dr 


check 


example 32.4 Find Je x dx. 


solution We guess the answer, knowing that Uui differential of e x is e x 

J <-*dx = e‘ + C 


We must check this guess. 


die' 


C) = de 


d(C) = e x dx 


check 



32.5 Let 


dy 


= cos x. Find y. 


solution The derivative of y with respect to x equals cos x. Thus, y must equal some antiderivative of 

y = J cos .r dx = sin x + C 
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We must check this guess. 


dx 


(sin x + C) = cos x 


check 


1. If the volume of a sphere doubles, what is the ratio of the surface area of the new, larger sphere 
<Si to the old, smaller sphere? 


2 . 

fJ> 


A ladder that is 12 feet long leans so that it 
just touches the top of a 4-fool-tall brick 
wall and then rests against the side of a 
vertical wall beyond the brick Wall. The 
brick wall is 4 feet from the wall beyond it. 
(See the diagram.) 

(a) Use the Pythagorean theorem to write 
an equation that relates the sides of the 
large triangle. 

(b) Use the fact that the two smaller 
triangles are similar to write a 
proportion involving jc and y. 



Find an antiderivative of each 
problem. 

3. 5jc 4 

(32} 


expression in problems 3 and 4 with respect lo the variable in the 


4. 3f 2 

<32 J 


Antidifferentiate in problems 5—7. 


3 

(32} 


; J 


COS AT dx 


6 . 

(32t 


J 


e‘ dt 


7. f -sin .r dx 
(ill J 


dv 1 

8. If —— = —, find y. 

(32} dx x 


9. Let u = x^y. Find du. 

(31} 

10. Let fix) = e\ six) = sin .x. and /i(x) = /(x)g(x). Find /i'(.x). 


dv 

11. Let y = x In x. Evaluate: — 

(27J1} dx 


12. Let fix) — x- + -x — 2 and g(x) = —;—. Graph / and g on the same coordinate plane. 

fix) 


( 30} 


13. Sketch the graph of v = - 

«« ' (x - 2)(x + 3) 


, clearly indicating all zeros and asymptotes. 


14. Let v = 2^x 3 - —. Find 

(23) X dX 

15. Use a graphing calculator to graph x 2 
center of the conic section? 


_ 


y +2 y — 5 = 0. What are the coordinates of the 


16. Develop identities for both sin — and cos —. 

(12) *7 O 


17. Evaluate: lim 


t(7t 


3.r 3 — 5 
1 - x 2 


18. A polynomial fix) is divided by x - 3. and the remainder is 5. What is the value of f(3)? 

f/0> J ' 
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19. Let fix) — '* ^ q Graph / and evaluate lim + f (.v) and lim_ fix) 

20. Find the values of x for which |.v — l | < 0*4. 


21 j If A is a number such that sin A — — and cos A is positive, what is the exact value 


cos A ? 



If A is as defined in problem 21, what is the exact value of 


(sin —A) 


cos 





(cos A ) 



23. Find the real values of x for which 2 log, x + log, 9=1. 


24. A square is oriented in the coordinate plane 
so that two of its sides lie on the coordinate 
axes. The length of each side is a, as shown 
in the figure. Find the slopes of the 
diagonals of the square. How are the slopes 
of the two diagonals related? What docs 
this indicate? 



25. Find the sum of all the terms of the geometric sequence whose terms are the members of the set 
(ttt r i i. ± j. i 



LESSON 33 Factors of Polynomial Functions • Graphs of 

Polynomial Functions 


33.A 


polynomial 

functions 


Lesson 28 considered the graphs of rational polynomial functions. In this lesson we perform a more 
detailed investigation of the factors of polynomials and take a closer look at the graphs of second-, 
third-, and fourth-degree polynomial equations. 


A polynomial is called a real polynomial if all its coefficients are real numbers. The degree of 
a polynomial is the value Of its greatest exponent For example, fix) = x 15 + 19x 12 - nx 5 is a real 
nolvnomial of degree 15. The term ofhighesi degree in a polynomial is the dominant term because, 
for large absolute values of r, the value of the highest-degree term is greater than the absolute value 
of the sum of all the other terms m the equation The greater the absolute value of .r, the greater the 
dominance of the highest-degree term. Thus the behavior of the polynomial for large absolute 
values of x be determined by looking at both the exponent of the highest-degree term and 
the sign of the coefficient of this term. 


The function gix) = x 2 + 4 is called an irreducible quadratic because it cannot be factored. 
This function can never equal zero, because x 2 + 4 is a positive real number for all real number 
values of x Thus irreducible quadratic factors never cause a polynomial to equal zero. 


Any polynomial can be written as a product of real linear factors and irreducible quadratic 
factors The graph of a polynomial crosses the x-axis when a real linear factor occurs an odd 
number or times and touches but does not cross the x-axis when a real linear factor occurs an 

even number of times. 
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Consider /i(x) — (x — I)(x — 3) 2 . When x = 1. the (x — I) factor equals zero, and the 
graph of h crosses the x-nxis at x = I. When x ~ 3, the (x — 3) 2 factor equals zero, and the graph 
touches but does not cross the x-axis when x = 3. because the value of (x — 3)“ never changes 
sign. If this expression docs not equal zero, it equals some positive number. This would also be true 
if the exponent of (x — 3) were 4, 6, 8. or any even number. The graph of h for 0^x5 10 is 
shown below: 



example 33.1 If /(x) = (x + 4)(x + 2) 4 (x 2 + 3)(x - 5) 3 (x - 7) 2 , at what values of x does the graph of / touch 

the x-axis. and at what values of x does the graph cross the x-axis? 


solution 




V ^ 


cot -a 



W-e*? 

5 I 




x- 



The irreducible quadratic factor + 3 can never equal zero and can never cause the graph to touch 
the x-axis. One of the linear factors equals zero when .v = —4 ; one of the linear factors equals zero 
when x = —2; one of the linear factors equals zero when x = 5; and another equals zero when 
x = 7. Thus the graph touches the x-axis at x- values of —4, —2, 5, and 7. It only crosses the x-axis at 
zeros caused by linear factors that have an odd exponent, >o the graph crosses the x-axis when x equals 
—4 or +5. The graph touches but does not cross the x-axis when x equals 7 or—2, because the factors 
(x — 7) and (x + 21 occur an even number of times. 

Which of the following graphs most resembles the graph of >• = (x — l) 2 (x + 2) 2 ? 



solution The graph of the given equation must touch the x-axis at the zeros of the linear real factors. Thus the 

graph must touch the x-axis at x-values of + 1 and -2. This eliminates A. and C. In the equation, both 
linear factors are squared, so the graph does not cross the x-axis at either +1 or-2. This eliminates B. 
Graph D. touches but does not cross the x-axis at 1 and —2, so this graph would most resemble the 
graph of the function. 
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Tims the inflection point is (I, 3). The coefficient, of v 3 tells us the curve goes down on the right and 
up on the loll. - ‘ 

y y 




Since the v -intercept of this tunction, 3, is level with the inflection point, we can be certain that the 

lei t-hand eraphic is more reasonable In a later lesson we discuss how to use the derivative to discover 

which form the graph has and how to find the x-values of the turning points if the graph has 
turning points. 


1. A right triangle is inscribed in a unit circle 
as shown. Find the area of the triangle in 
terms of y. 


y 



2. The intensity of the questioning increased exponentially. If the intensity was 10 at noon and 20 
7&i one hour later, what was the intensity of the questioning at 5 p.m.? 

3. Sketch the graph of y — (x - I)(x + l) 2 . Clearly show places where the graph either crosses 
33> or touches the x-axis. 


4. Use your knowledge of polynomials to make a rough sketch of the possible shapes of the graph 
(J3> of y = 3x 3 + cue 2 + bx + c, where a, b, and c are unknown constants. 


5. 

(JJ) 


Which of the following could be the graph of y =■ —x(x — 2) 2 ? 



6 . 

(J7) 


Find: cos u du 
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7. Find a function that satisfies = e x 


<J2) 


dx 


8. Let y = sin x cos x. Find 
on cLx 


9. Let /(r) = 3e r cos /. Approximate /'(6). 


an 


10. Graph the following equations on the same coordinate plane: 


<J0) 


y — cos 


(' - f) 


and 


y = 


('-*) 


11. Let y = 2e x — In u + 4 sin /. Find the differential dy. 

f 29) 

12. Write the equation of the line tangent to the graph of y = sin x at x — 16.3. 

13. Let /(x) = 2 sin x. Find r(x). /"(x), and f"\x). 

<26.27) 

14. (a) Use a graphing calculator to graph the top half of (x + 4) 2 + (y 4- 4) 2 = 12 2 . 

<2J) 

(b) In the same window, graph y = y. (Do not be concerned if the portion of the graph in the 
third quadrant is only partially shown.) 

(c) Find the coordinates of the point(s) of intersection of the two graphs in the first quadrant. 




15. Evaluate: lim 

<2S> h—+0 


— e 


16. Use a calculator to approximate the value of log. 10. 


f 20) 


17. Develop an identity for tan (2A), 

<I2) 


18. Solve the following equation forx.- y — arcsin x. 


<u> 


19. Let /(x) = 2 sin x and g(x) = |x|. Graph h where h (x) = g(/(x)Y 


20. Show that l 

< 8 ) 


2(sin —x)fcos ^ ^ 


(? - ')] - 


cos (2x). 


21. Find all values of .r between 0 and 2jt that satisfy the equation cos (3x) = 


2 


22. Evaluate: lim 

tw* x—»i 


x 2 - 1 


2x - 3 


23. (a) Find the minimum distance between the point (2.3) and the line 5y = 12x + 4 


{Hint: See problem 23 in Problem Set 5.) 

(b) Write the equation of the circle that has the point (2, 3) as its center and is tangent to the 
line 5y = 12x -+■ 4. 


24. Find the number of ways six different colored balls can be arranged in a row. 

25. A fair coin is flipped and comes up tails eight times in a row. If the same coin is flipped a ninth 
time, what is the probability thnt it will come up tails again? 
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LESSON 34 Implicit Differentiation 


An equation ili.il defines v ns n function of v is written in explicit form when it is in the "y equals'"* 
form with a single y on one side of the equals sign and no /s on the other side. Any other lorm of 
the equation is an implicit form. Below we show implicit and explicit forms of the same equation- 


iMPLictT Explicit 

2.r - 1 

-V v + 1 = 2_\ — y v = - 

x -t- 1 

We can use a method called implicit differentiation to find £ when y is defined implicitly- This 
procedure is useful because some equations cannot be written in explicit form. The equation 
x~ + y~ = 25 is the equation of a circle. This equation does not describe y as a function of x 
because there are two values of y for every value of x on the open interval (— 5 , 5 ). 


y 

i 


— x 


x 2 + y 2 = 25 

While the equation of the circle does not define a function, implicit differentiation permits us to find 
the slope of the graph of the curve at any point on the graph. 

Explicit differentiation always results in an expression for the derivative that contains only 
constants and the variable x. The derivatives found by using implicit differentiation often contain 
constants and both x and y. This outcome is not unwelcome, because it permits us to write 
expressions for the slopes of curves that are not graphs of functions. If the equation is not a function, 
the expression for the slope contains the y-variable so that the slope of the graph is defined at 
every poinL 

We will use differentials to begin our investigation of the derivatives of implicitly defined 
functions. The first step is always the same. We find the differential of each term. Then, if we want 
to find the derivative with respect to .v. we divide each term of the differential expression by dx. If 
we want to find the derivative with icspeci to v. we divide each term by dy. Often we encounter 
problems in which both variables are functions of time. To find the derivatives with respect to time 
in these problems, we divide each term by dr. 



example 34.1 Let xy + l 




Find 


dy_ 

dx 


solution We must use implicit differentiation. To do this, we always follow- three steps. The first step is 

always the same. We find the differential of every term on both sides of the equation. We 
remember to use the product rule to find the differential of xy. 


x dx + v dx •+• 0 = 2 dx — dy 


differentials 
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example 34.2 


solution 


Since we want to find the derivative with respect to jr, the second step is to divide every term by dx. 


dy 

dx 


dx _ dx 

y m = 2 m 


dy_ 

dx 


divided by dx 


The third step is to solve algebraically for 


dv 

(lx 


x 


dy 

dx 


y = 2 - 


dy 

dx 


dx 

dx 


simplifies to 1 


dy dy _ 

~ 2y 



dy 

dx 


(jc + 1) = 2 - y 


dy 

dx 


2 - y 
x + 1 


factored 


divided by jc + 1 


Given that y 2 — jcy = sin jc and that both x and y are functions of time, find: *^e( 4 ■> 

M 


(a) 


dy 

dx 


(b) 


dx 

dy 


(C) “■ SO, WJCUr^V 

dt i*{ A.t, ,t ^cx^i ml 

Ui- vl V 3iC 


W" M x. 

The first step is always the same. We find the differential of every term on both sides of the equation. 

2y dy — jc dy — y dx = cos x dx 


(a) To find 


-, we divide every term by dx and solve for 

dx 


dv 

dx' 



cos JC 


dy 

~t~ (2y» — .v) — y ■+• cos x 
dx 


dy 

dx 



(b) To find 


—■—. we divide everv term by dv and solve for 
dy 


dx 
dy * 


divided by dx 

rearranged 

divided 



divided by dy 

rearranged 

divided 


We see that the expressions for and are reciprocals 

dx dy 

(c) To find -j -, we divide every term by dt and solve for 

dt dt * 



dy 

dt 




dv 

*■ 

~dt 


dx 

cos jr- 

dt 



cos x) 


y + cosx dx 
2 y — x dt 


divided by dt 

rearranged 

divided 
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* 

i 


i 

j 

1 

i 

1 

I 

ft 

i 

1 

i 

I 

1 

l 

I 

4 


4 





l. 

(it> 


A ladder that is 12 feet long leans so that it just touches the top of a 4 -foot-tall brick wall and 
then rests against the side of a vertical wall beyond the brick wall. The brick wall is 4 feel from 
the wall beyond it (See the diagram in problem 2 in Problem Set 32.) 

(a) Use the Pythagorean theorem to write an equation that relates the sides of the large triangle. 

(b) Use the fact that the two smaller right triangles are similar to write a proportion involving 
.v and 3 *. 

(c) Use a graphing calculator to graph the equations from (a) and (b), and find any first quadrant 
intersection points. 


2. If y 3 — xy — 1 

(jjj 


2 -i . . d\< 

x~ + y~, what is—? 

dx 






dx 

3. Let x and y be functions of time. Find — where v 2 — .x 2 = cos x. 

(M) & J 

4. Find the slope^of the line that can be drawn tangent to the graph of the equation x 
,J4> the point (— -y -, -y-). 


y 


2 = 1 at 


a. Sketch the graph of y = x(x — l) 2 (.x + 2 ) 3 . Clearly indicate where the graph touches or 
,J ‘ ,> intersects the x-axis. 


I 


6 . Use your knowledge of the graphs of polynomial functions to make a rough sketch of the 
,33 > of v = -2x 3 + x 2 - 5x + 2. 


7. Let /(x) = 3.x 2 . Find a function F such that F'(x) = /(.x). 

(32) 

Integrate in problems 8—10. 


8. f 5x 4 dx 
132i J 


9 

(32) 


■ J‘* 


dt 


10 . I —sin u du 

(32) J 


11 . 

(3 It 

12 . 

(3t) 

13. 

(26) 


Let y = .x 3 cos x. Find /. 
Let s = —3 u 2 v. Find ds. 


Find for y = 2 In x + 4^/x 2 ^ 
dx 


1 , 

14. Find s"(0 where j(r) = s Q + v Q t + — gt and i» , and g are constants 


( 27 ) 


15. Let /(x) - -x 

(30) 


=s .X 2 - 2x - 1 and g(x) = 


1 


fix) 


. Graph / and g on the same coordinate plane. 


16 Sketch the graph of y = -f— - -y—^ ~TT~ - Clearly indicate all asymptotes and zeros. 

28 ) (x - l)(x + 3)x 


17. Suppose that fix) is a polynomial such that ——— 
< to) x 4 


fix) _ 3 


= x + 2 x + 2 + 


x - 3 


. What is /(3)? 


18. Let fix) ~ sin x and g(x) = /(2x). Graph g. 


(7) 


19. Use a graphing calculator to estimate hm 


iwi 


x —>0 


• v2sin Ct)1- 


20. Solve y = e* for x. 

1 9) 


21 . Simplify: (sin -x)jcos [y “ sec 2 ^ ~ * J 
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LESSON 35 


_ 35.A 

Integral of a 
constant 


22. Express the equation y — log 2 x entirely in terms of natural logarithms. 

^23. Use a graphing calculator to graph y 2 — 4x 2 — 16 = 0. What arc the coordinates of the 
1 1 vertices of the conic section? 

24. How many distinguishable ways can 4 identical red balls and 3 identical green balls be arranged 
*** in a row? 

25. Let m AB = x and mCD = y. Express 

<R> mZD and in terms of at and y. Then 

express m Z.CED in terms of m ^.B and 
m ^.D. Finally, express m ZLCED in terms 
of x and y. {Hint: The measure of an angle 
inscribed in a circle is half the measure of 
the subtended arc, and an exterior angle of 
a triangle equals the sum of the remote 
interior angles of the triangle.) 



Integral of a Constant • Integral of kf(x) • 
Integral of x n 


The derivative of 5.v is 5, and the differential of 5x is o etc 


If y 


then 

dx 


5 and dy — 5 dx. 


We can perform the inverse operation, antidifferentiation. as follows: 


J* 5 dx = 5.r -+- C 

The elongated S, J, is called an integral symbol. The expression J 5 dx is referred to as an indefinite 
integral. Some ma\ wonder why we do not call J an antidifferentiation symbol We could do so; 
however, by convention die s\ mbol is called an integration symbol. The reason for this convention 
will become apparent in a later lesson, where we show a remarkable connection between the process 
of antidifferentiation and a process called definite integration . In this lesson and in succeeding 
lessons, we use the terms integration, indefinite integration, and antidifferentiation interchangeably. 

Th® expression J 5 dx asks for the set of functions dependent upon .r whose derivatives are 5,. 
The dx tells us quite plainly that .x is> the \ anable ol integration. Sometimes the variable of integration 
is t, x\ or it and the presence of dr. du. or dv makes this clear. 


j <//-;+ C J" 5 ~ + J* 7 du — lu + 

Wc can generalize these examples into a rule for finding the integral of 
constant, then 


C 

a constant. If k is a 



where C is a constant of integration. 
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example 35.5 Find 


J VW 


solution We move the 3 across the integral sign and write as w“ ,/2 



II 


J ir' n 


du 


Now we increase the exponent by l to get 


1 


1 = —; then we divide by the same number. 

2# 


f 


dii — 3 


u 1/2 1 

2 ; 


+ C = 6w ,/2 + C 


example 35.6 Find: J 5^" dz 


solution 


We move the 5 across the integral sign. 

'sj z’ dz 

Now we increase n by 1 to get 7t + 1. and we also divide by Jt + 1. 

J Sz "'*' 1 

z* dz = ——- + C 

7t + 1 

problem set 1. The surface area of a rectangular solid is 100 cm 2 . The length L and width w of the solid are 

— ,5> equal. What is the volume of the solid in terms of L? 

2. The speed of the seraphim increased exponentially. At noon their speed was 50 fathoms 
(26> second. At 1 p.m. their speed was 60 fathoms per second. What was their speed at 6 p.m.? 

Integrate in problems 3—6. 


3. I 3 sin x dx 

4. 

r 2 dt 

5. 

f du 

6. 

f 3x dx 

(35) J 

(35) 

J -Jt 

(35) 

J 2 

(35) 

J 


7. Let 

t34t 


2x 2 y + y 2 = cos x. Find 


dy 

dx 


8 . 

(Ml 

9. 

f-WJ 

10 . 

tJJi 


du 


Suppose u and v are both functions of time. Find — given that u 2 + v 2 = 2«v. 

dt 


Find the equation of the line tangent to the graph of the equation y 1 — x z — I at the point (O, 1) 
Which of the following graphs most resembles the graph of y = x\x + 2) 2 . 


A. 


B. 



y 

1 


• « 




D 



w 


- V t 
-2 -1 . 

\ i 


-\ 

-2- 

:\ 


- 2 - 

y 

H 

2— 


—1 


1ZX 


1 2 


- X 
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11. Make a rough sketch of the possible shapes of the graph of y = — x 4 + ax 3 + bx 2 + cx + d 
where a, b, c, and d represent unknown constants. 


12 . 

(27) 


Approximate j"( 2) where sit) = 


i/7 - 2V7 



t 


Evaluate the limits in problems 13— 


13. 

tin) 

16. 

tat 

17. 
06) 

18. 

(10) 

19. 

(7) 

20 . 

r D 


lim 


-x+Ax _ 

e — e 

Aj 


14. 

(!■*) 


lim 

JT —* 2 


4- JC — 6 
x — 2 


15. 

07) 


lim 


x 4- I 


— X 


Sketch the graph of fix) — x 3 4- 1. and determine the intervals on which / is increasing. 
Solve: 8 21-1 = 4 

Find the value of k for which x = —1 is a zero of y — 2x 3 4- x 4- k. 

Let fix) = e x and gix) = —/(—.r). Graph / and g on the same coordinate plane. 

Let fix) — sin x and ^(.t) = —3 4- 2/f.r — ^-J. Graph g . 


21 . 

03) 


22 . 

09) 


(22.23) 


24. 

(ft) 



tft) 


Find values of jc between 0 and 2jt such that 2 sin 2 x — 3 sin x 4* 1 — 0. 

Use the definition of the derivative to find f*i.x) where fix) = 2x 3 4- 3x — 4. 

Use a graphing calculator to graph x 2 4- y~ — 2x 4- 4>* — 4 = 0. What are the coordinates of 
the center of this conic section? 

Find the area of an equilateral triangle whose sides all have length 5. 

If x = 5 4- y, what is the value of x 2 — 2xy 4- y~l 


SSOIV 36 Critical Numbers 

36.A 


A Note about Critical Numbers 


^ critical 
numbers 


The box below states the definition of a critical number. 


A critical number of a function / is a number c in the domain of / 
where either /'(c) = O or /'(c) does not exisL 


In other words, the critical numbers of a function / are those values of the domain of / where the 
derivative of / equals zero or does not exist. 


Lesson 15 showed that the derivative of / equaled zero whenever the slope of the tangent line 
draw n to the graph of / is horizontal. This lesson shows instances where the derivative docs not exist. 
Intuitively, theNe are places where the graph of the function comes to a sharp point (has a “comer”) or 
where the tangent line to the graph becomes vertical. Three examples of functions where the 
derivative does not exist for some value of the function’s domain are shown. 


















194 


Calculus Lesson 36 


_ 36,B 

a note 
about critical 
numbers 


equation of the function would gi\e the y>-values of the extreme points. Since the graph of / must 
resemble one ol the three right-hand graphs, J must attain local minimum values at x = — 1 and 
f — 2 and .a local maximum value at x — 0. 

We graph f on the Tl-83 to show its shape. 



The prev ious section stated that all local maximums or minimums occur at critical numbers. However, 
the converse ot this statement is not true. Not every critical number produces a local maximum or 
minimum. For example, let /(at) = a\ Then /'(a) = 3a~, which means that a - = 0 is a critical 
number. However, there is no local maximum or minimum at this point. 


y 



As a second example, let g(x) = x ,/3 . 


From the power rule, g'(x) — 


y 



g' (x) 


1 



Notice that g* is not defined at x = 0, which means that 0 is a critical number of g. However, from 
the graph, we see that there is no local maximum or minimum at a = 0. 
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problem set 

36 


l. 


A cone is formed from a circle of radius 10 cm by removing a sector whose central angle has a 
measure of x radians and then joining the two edges of the remaining portion. 



Find the radius and circumference of the circular base of the cone in terms of x. 


2. Find the critical numbers of y = yx 3 — x. Use a rough sketch of the graph of the function y to 
determine the local maximum and minimum values ofy and where they occur. 


3. Find the critical numbers of the function /(.r) = x 3 — fx 2 + 6x + 3. Use a rough sketch of 
the function to determine the local maximum and minimum values of y and where they occur. 


Antidifferentiate in problems 4—6. 


4. 

(J-5| 

f ^ du 

J 20 

5. 

135* 

J 2 cos t dt 

6. 

im 

J* 3 dx 

7. 

(}■>> 

Let y 3 - 5 - xy = 

e x . Find 

dx 





8. Let x 

(-Ml 


sin 3 ’. Find 


dy 

dx 


9. 

(-M) 

10 . 

(/*> 


11 . 

<ZJ| 


Ifx and y are both functions of t and 2x — y~ = In v what is ^-1 

dt 

Approximate the slope of the line tangent to the graph of / at x = -1 where /(x) = xsin x 
Let y = 2x 2 3 sin x — 4 cos x + In x. Find 

dx 


12. Make a rough sketch of the possible shapes of y = 3x 3 + ox 2 + bx + c, where o. b, and c 
represent unknown constants. 


13 ; Sketch the basic shape of y = x<x - l)(x + 2) 2 . Clearly indicate the behavior of the graph 
near the points where the graph intercepts the x-axis. 

14. Sketch the graph of y = tan x (-2 jt < r < 2tt). Clearly indicate all asymptotes and zeros. 

15. Sketch the graph of y = — - r _ — - Clearly indicate all asymptotes and zeros. 

16. State an identity for tan (A + B), and use it to derive an identity for tan (2A). 

17. (a) Find the value of x such that x = cosx by graphing the functions y = x and y = cosx 

on a graphing calculator and finding the x-coordinate of the point of intersection. 

(b) Find the zeros of the function y = x - cos x. How does this answer compare with your 
answer to (a)? 

^18. Use a graphing calculator to graph y + 4x 2 + a* - 6 = 0. Determine the.r-imercepi(s) of the 

function. 


19 . 

rvj 


Solve, log^ 27 = 3 


20 . 

H7> 


Evaluate: 


lim 

t —»— 


2r 2 + 3 
4 - 5f 2 
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21 . 

»« nt 

22 . 

U) 


at) 

24. 

iR) 


Graph/where /(.v) = {*'“ vv J' en * Y 5 ) and then find lim /(.v) and lim /(a). 

1.2a- when x > 1. t-»i + x _|- 

Stme the converse of ihc following statement: If /' > 0 on the interval [a. 6], then / is 
increasing on the interval [a. b\. 

Lei f{x) = 'sfx and g(.v) = fix ■+■ 2) + 2. Graph / and g on the same coordinate plane. 

Find the radius of the circle that can be circumscribed around a square whose sides each have a 

length of 5 centimeters. Remember that the diagonal of a square inscribed in a circle is a 
diameter of the circle. 


25. Assuming a* — y 


0, compare the following: A. a 2 — 2xy + y 2 B. a 2 + 2xv -+- y~ 


LESSON 37 Differentiation by u Substitution 


One of the most powerful tools in mathematics is substituUon. 


Substitution Axiom 

If two expressions a and b are of equal value, a = b, then a may 
replace b or b may replace a in another expression without changing 
the value of the expression. Also, a may replace b or b may replace a 
in any statement without changing the truth or falsity of the 
statement. Also, a may replace b or b may replace a in any equation 
or inequality without changing the solution set of the equation or 
inequality. 


Substitution is especially useful in calculus, because it allows us to replace a complicated 
expression with a simple one. Then we work with the simple expression and make a reverse 
substitution as the last step. Knowing when to substitute and what to substitute comes with experience 
and practice. It is important to be able to look at a complicated expression and recognize the basic 
form of the expression. The basic form often suggests the substitution that should be used. In this 
lesson the letter u is used to write the basic form, and the substitution is called u substitution. 


y = 

has the form of 

.v = 


y = (A 3 - 2x 2 + l) 100 

has the form of 

y = 

M ,0 ° 

v = In (a 2 -+- 42) 

has the form of 

y = 

In it 

y — sin (a 2 — 15) 

has the form of 

y = 

sin u 

y = (sin a ) 3 

has the form of 

y = 

« 3 


The derivative of many functions can be found using u substitution. To find the derivative of 



we note that the basic form of this equation is 

y = e“ 

Then we compute the differential du and record both u and du in a box. 

it = x 2 + 2 
du = 2x dx 


Next we find the differential of the basic form. 

= e * -— dy = e“ du differential 
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example 37.1 

solution 


example 37.2 

solution 


example 37.3 

solution 


Then a second substitution is made. We replace u with x 2 + 2 and replace du with 2r dx. The last 
step is to divide by dx. 


dy - 

dy _ 
dx 


(t’* 2 + 2 )(2x dx) 
2xe xl * 2 


substituted 
divided by dx 


If f{x) = (or 2 + Zr)‘°, what is /'(a)? 


The first step is to recognize the basic form of the equation and use u to write the basic form. 

y — u 10 basic form 

We record the substitution in a box, compute du, and record it in the same box. 

y = i/ 10 u — a 2 + 2x 

du = (2x + 2) dr 


After that, we find the differential dy of the basic u expression, use the information in the box to make 
a second substitution, and finish by dividing both sides by dx 

dy — 10// 9 du differential 

dy = I0(x 2 + 2x) 9 (2x ■+• 2) dx substituted 

f' CO = ~ 7 ~ — 20x 9 (x + 2) 9 (x + 1) divided by dx and factored 

If /i(a) = ijx 2 4- 2 a, what is /i'(x)? 


We always rewrite radical expressions as expressions with fractional exponents. Doing this 
yields y — (x 2 + 2x) l/3 , which has the basic form y — « ,/3 . 



u = x 2 + 2x 
du = (2.V + 2) dx 


We find the differential of y. make the reverse substitution, and then divide by dx. 


h'ix) 




dy 

dx 


—u~ 2/3 du 

3 

-j(x 2 -i- 2 x)- 2/3 (2x + 2) dx 
j(x 2 + 2x)“ :/3 {x + 1) 


differential 

substituted 

divided by dx and factored 


Let g(.r) = In (.r 2 — 42). Find j'(.v). 


First // is used to write the basic form of In <x 2 - 42). This is the first substitution. Then we compute 
du and record u and du in a box. 


v = In m 



Next we find the differential of v. make the reverse substitution, and divide by dx. 


S'(x) = 


dy = 


dy — 


dx 


— du 
u 

2x dx 
x- - 42 
•> 


dx 


- 42 


differential 


substituted 


divided by dx 
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example 37.4 
solution 


example 37.5 
solution 


example 37.6 
solution 


example 37.7 
solution 


Suppose /(/) = sin(r 3 - 15). Find /'(f). 


Firsi we write the basic form of the equation using u. This is the first substitution. Then wc compute 
du and record u and du in a box. 


y — sin (w) 



Next wc find dy. make the reverse substitution, and divide by dt . 




fit) 


dy 

dt 


cos (ti) du 

[cos (r 3 — 15)](3/ 2 dt) 
3/ 2 cos (/ 3 — 15) 


differential 

substituted 

divided by dt 


If v — sin 


3 



what is 


dy 

dx 


o 


Remember that sin 3 .v means (sin *)\ We substitute and record u and du in a box. 



« = sin x 
du = cos .r dx 


Next we find dy, make the reverse substitution, and divide by dx. 


dy = 3u 2 du 

dy = 3(sin .r) 2 (cos .r dx) 

dy . 2 

—— = 3 cos x sin x 
dx 


differential 

substituted 

divided by dx 


Find 


dy 

dx 


where y = cos 


This time we let u = e x . 



y = cos (u) -— dy = —sin (if) du 

We make the reverse substitution and divide by dx. 

dy = [— sin (e x )](e* dx) 

= —e x sin (e x ) 
dx 


u = e x 
du = e x dx 


substituted 
divided by dx 


Let y = (e* + I) l/2 . Findy' 

This time we let u = e x + 1. 

y = u l/2 - dy — -^-if _l/2 du 

We make the reverse substitution and divide by dx. 

dy = + I ) -1 2 (e r dx ) 

, = dy e* 

dx 2(c Jr + I) 1 2 


if — e' + I 
du = e x dx 


substituted 
divided by dx 
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• . cl V 

Use u substitution to find — where y = In j cos _r|. 

tlx 
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example 37.8 
solution 


problem set 

37 


We write the basic form and record the substitution in a box. 


y = In |u| 



Then we find the differential of the basic form, substitute again, and divide by dx. 


dy = 

- du 

differential 

H 

—sin x dx 

substituted 

dy = 

COS X 


H2- 

n 

— tan x 

divided and simplified 


!• A ladder that is 12 feet long leans so that it just touches the top of a 4-foot-taIl brick wall and 
1 ' then rests against the side of a vertical wall beyond the brick wall. The brick wall is 4 feet from 
the wall beyond it. (See the diagram in problem 2 in Problem Set 32.) 

(a) Use the Pythagorean theorem to write an equation that relates the sides of the large triangle. 

(b) Use the fact that the two smaller right triangles are similar to write a proportion involving 
jc and y. 


(c) Solve the proportion for y , and substitute the answer into the first equation found. 

(d) You now have an equation in terms of only the variable x. Find the values of x that make 
the equation true by using a graphing calculator to find the roots of the equation. Be sure to 
consider which values of x make sense in this problem. 


2. 

Let 

<J7) 


4. 

Let 

fJ 7t 


6. 

Let 

(37, 


8. 

(a) 

06, 


(b) 


/(x) = (x 3 - 3x 2 + 1 ) 2 °. Find /'(X). 

3. Let 

(37) 

g(x) = cos 3 x. Find g'(x). 

5. Let 

(37) 

*(r) = ^/x 3 + 2x — I. Find h* (x). 

7. Let 

(37, 

Hnd the critical numbers of /(x) = — 3x" 

1 - 4x 3 + 

Use a rough sketch of the graph of / to determine 
minimums of / occur and what their values are. 


y = sin (f 3 + 1). Find 


dy 

dr 


y = In (x 2 + I). Find 

dx 

y - —. 1 . Find 

V-r 2 - 1 dx 

12.x 2 - 12. 

where the local maximums and local 


Integrate in problems 9—11. 
9. f -L du 

, -* Sl J v« 


11. J Xyix dx (Hint: Multiply first.) 


12. If rv 2 - 2v = what is 

dx 



13. Find the equation of the line tangent to the graph of x 2 - Ay 2 = 0 at the point (4, 2). 

14. Use the definition of the derivative to find /'(x) where f(x ) = \x 
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r 


15. Sketch ihc graph of y = .v(.v — 3)~(.v + 2) 3 . 


16. Let fix) — In .v and e(.v) 

17. Let /(.v) = In x and d(.v) 

t Ml r 

of / ° S' 


= y/x — 1 . Find the domain and the range of / and g, 

— V.v — I . Find the equation of f ° g and determine the domain 


18. Solve: —v‘3 + 2 tan (30) 0 (0 < 6 < jz) 


tan 


19. Use a graphing calculator to approximate lim f 1 -4- —1 to at least three decimal places. 

f/yj * -t- ( ,r / 


20. Develop an expression that gives sin 2 .r in terms of cos (2.r). 

21. Find the equation of the quadratic function whose .v-intercepts are x 

no) . . ; 

whose v-inlcrcepi is v = —4. 


= —1 and .r = 2 and 


22. Simplify: (sin —.v)Fcsc 


23. Evaluate: lim 

f/7; n—►«« 


(n + l)(/i — 3) 
2 - n~ 


24. If 


a b 
c d 


— ad — be, what value of d makes 


2 3 
-1 d 


= 4 true? 


25. Assuming x > y > 0, compare the following: A. x y B. y x 


S- 


! 


f 


<n 


LESSON 38 Integral of a Sum 


Integral of ^ 


38.A 


Integral 
of a sum 


We remember that the derivative of a sum is the sum of the individual derivatives. 


d r “> . .x d -> d x 

-(.v- + e + sin x) = ——x~ -+- ~—e + —sin x 

dx dx dx dx 

Taking these derivatives results in the following sum: 

2x + e x + cos -t 

To undo what we have done, we must antidirferentiate each of these expressions separately. We 
may do so because the integral of a ^urn is the sum of the integrals. 



This lets us write 


J (2a: + e x + cos x) dx = j 2x dx + j e x dx + j cos x dx 


Each of these indefinite integrals requires a constant of integrauon that represents some number. 


J z 


x dx 


J -* 


/ 


dx + I cos x 


dx = (a -2 + C.) + (e 1 +- C,) + (sin 


C\> 


I 
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We rearrange this expression to get 

-v 2 + e x + sin* + C t -t- C., + C 3 

Each letter C represents an arbitrary number, so C. + C_ + C 3 is also an arbitrary number, which 
we can represent with the single letter C. 

x z + e x + sin x + C 

Thus we sec that the constants of integration of a sum can be combined into a single constant of 
integration. 


example 38.1 Integrate: J (6s 12 + 5 jt + 3e s 


4) ds 


solution The indefinite integral of a sum is the sum of the individual indefinite integrals, so we rewrite the 

integral as follows: 


J 


ds -4- J” 5s ds -f- 


J 3e * 


ds 


/ 


4 ds 


Next we move the constants in front of the integral signs. 


J * 12 


ds + 5 J j ds + 3 




ds •*- 4 J ds 


Then we integrate each term and write a single constant of integration at the end. 


13 


13 


+ — s 2 + 3e* -+- 4s 


example 38.2 Integrate: J (6 sin it 


5it~ s 


3e“ - 2) du 


solution 


We use just two steps this time. First we put the constants in front. (Notice how the signs in the first 
term are handled so we can integrate —sin which is the derivative of cos u .) 


—6 J" —sin u 


du + 5 


J" 


—5 


du + 3 f e" du 


~ 2 f 


du 


Then we integrate 


38.B 


integral of 


—6 cos u — ~u 4 + 3e u —2u + C 

4 

Remember that you can check your answer by differentiating the result. The derivative of your answer 
must be the function that you integrated. 


Recall from Lesson 26 that 


“f-ln \x\ - — 

dx x 


When we write 


n 


dx 


we are asking for the family of antiderivatives that is defined for all nonzero values of .t. So 


J — dx = In j.vj + C 
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example 38.3 
solution 

problem set 

38 


Tf we were to write 


f dx = In x + C 
J .r 

wc would be designating a function that is defined only for positive values of x. 

The integral of *«• found by rewriting it as .v“ 2 and using the method that has been devised to 
integrate .t". 

J 1 r --2 + 1 - 

—r dx = J x“ 2 dx = — -h C = — x~ l + C 


2 + 1 


1 


Attempting to integrate — using this method results in a zero denominator. 

x 


J T ^ = J* ' 


— I + 1 


dx = 


????? 


X J -1 + 1 0 

Prom this we see that the rule for finding the integral of x" cannot be used if n = 
can be used for any value of n except —1, which Is a special case. 


—1. The rule 



Integrate: 


J(t 


3/ 


-i 


+ 4 cos f -t* 3 sin 


in /I 


dt 


The integral of a sum is the sum of the integrals. First we write the constants in front of the integral signs. 

dt 


It 


Jf 


J 


cos t dt 


- 3 J- 


sin / dt 


(Notice how the signs on the last term are handled and that the first two terms can be combined.) So 

the Integral is 

7 In |/| + 4 sin / — 3 cos t + C 

1. The hole kept getting larger. In fact, the volume of the hole increased exponentially. At midnight 
t26> the volume of the hole was 10 cubic meters. Two hours later the volume of the hole was 15 cubic 

meters. What time will it be when the volume of the hole gets to be 30 cubic meters? 

2. A rectangular box with a square base has a volume of 64 cubic inches. Express the total surface 
,s> area of the box in terms of x if the length of one of the sides of the base is x inches. 


Integrate in problems 3 and 4. 


3. 

139) 

s{ 

2x 2 

~^ +3 ) dx 


5. 

137) 

For 

y = 

cos (x 3 -t- 2x + 

1). find 

dx 

6. 

For 

y — 

In |sinx|, find >*'. 





1 


7. 

For 

fix) 

- find fix). 

<J7) 


t/x 2 ■+■ 2x ■+■ 

1 

8. 

137) 

For 

S = 

2 In jsin t + 2e' 

|. find 

1 dt 

9. 

Let 

fix) 

— 3x 4 — Sx 3 — 6x 2 + 24.v — 1 

tX>) 

fa) 

Find i 

the critical numbers of /. 


4. f [ 2 cos u — — + 3 sin u 1 du 
isv J \ u 


) 


(b) Use a sketch of the graph of / to determine the values of all local maxi mums and minjmums of / 
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10* Graph the function f(x) — 3x 4 — 8x 3 — 6x 2 + 24.x — I on a graphing calculator, and 
determine the zeros of the function. 

11. What is if xy — y 3 = sin .r ? 
f-w> dx 


12. What is f'(x) if [/(x)] 2 — 2 x f(x) = e x 2(Hint: Replace fix) withy.) 


13. What is — if * 3 - y 3 = 
uv dt 


Sketch the graphs of the functions 

14. y = V-r 3 


e‘7 Assume x and y are functions of/. 

given in problems 14—16. 

15. y = col x (0 < -X < 2 Jt) 

tJO) 


16. y 


(2 - *)(.x + 1)(.t — 4) 

(.r - 4)(.x - 3)(x - l)(.x -t- 2) 


17. 

ISO) 


18. 

116 ) 


19. 

I IS) 


20 . 

( 7 ) 


21 . 

<R> 


Let fix) = sinjx and g(x) = 


1 


fix) 


. Sketch the graphs of / and g on the same coordinate plane. 


Find the values of x that makes the equation 49 


J + i = ? 3*--6 true 


Let fix) = jr(.r + 2)(.r — 3)(x + 1). On a number line, indicate the intervals on which / is 
positive and the intervals on which f is negative. 

Determine the equation of the centerline, the period, and the amplitude of the function 
y — —2 + 3 sin (4,r — 3). 


What is the sum of the first forty positive integers? 


22. Determine the numerical value of tan 2 —- 
<« 15 


sec 2 


K 

15 


. Do not use a calculator. 


23. 

(Hi 


Simplify: 




(tan 0)(sin — 0) 


24. Find the area of an equilateral triangle whose sides are 6 units long. 

25. Assuming .r — y = 3, compare the following: A. .r 2 + v 2 B. 9 + Zry 


l^ESSON 39 Area Under a Curve (Upper and Lower Sums) • 

Left, Right, and Midpoint Sums 


_ 39.A 

area under a 
curve (upper 
and lower 
sums) 


To describe the size of a surface in everyday life, we use the word area. Thus we might say “The 
area of this table is 1450 square centimeters.” In the applied problems in this book, areas can also 
be used to represent distance, work, and total force. In mathematics it is helpful to strip away the 
units and consider area to be a real number that can be used to numerically describe an abstract 
quality associated with every closed planar geometric figure. This allows us to study the 
numerical aspect of area without having to consider the myriad units that can cause confusion. 
For our basic definition of area, we define the area of a rectangle to be its length times its width! 
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A few comments are in order here. Notice that .v = 1 is not used as an endpoint. If a careful drawing 
is not made, details such as this are often missed. Also, be aware of situations such as this, where two 
of the rectangles are degenerate rectangles—they have a height of zero, and therefore no area. Most 
importantly, you must remember that this method only estimates the area under the curve. 

But what are some ways to make more accurate estimations? The number of subintervals could 
be increased. It seems that this decreases the amount of error in either the upper or lower sum. Since 
the upper sum is too large and the lower sum is too small, perhaps a better approximation of the actual 
area under the curve would be the average of the two. Using trapezoids instead of rectangles often 
drastically reduces the error. (This will be the topic of Lesson 95.) 


39.B 


left, right, and 
midpoint sums 


Until recent years, usually only upper and lower rectangles were studied to estimate the area under a 
curve. Now, with the availability of desktop computers and programmable graphing calculators, the 
study can be expanded. It would be a fairly simple task to write a program to make the calculation in 
example 39.1. The situation in example 39.3, in which the endpoints used switched from the left-hand 
end to the right-hand end, would be considerably more difficult to program. Because of situations such 
as these, the discussion of approximating the area under a curve usually includes left sums, right sums, 
and midpoint sums. As their names suggest, left sums always use the left-hand endpoint, right sums 
always use the right-hand endpoint, and midpoint sums always use the midpoint of each subinterval- 

In example 39.1 lower rectangles were used. If this problem were to be repeated using left 
rectangles, the solution would be exactly the same. Example 39.2 called for upper rectangles. Again, 
this would be exactly the same as using left rectangles. 

example 39.4 Repeat example 39.2, but use right rectangles instead of upper rectangles. 

solution As always, we begin with a drawing. y 

The drawing should make it obvious that 
whether lower rectangles or right rectangles are 
used, the problem is exactly the same. 


Ax = 


2 - 1 


= 0.2 



— x 


The right-hand endpoints of the subintervals, along with their corresponding y-values, are as follows: 


x, = 1.2 
= 7.56 


A-, = 1.4 
>C = 7.04 


a 3 = 1.6 
y, = 6.44 


x 4 = 1.8 

v. = 5.76 

' 4 


x 5 = 2 

y 5 = 5 


Therefore, S R = (0.2)(7.56 + 7 04 + 6.44 + 5.76 + 5) = 636. 
example 39.5 Repeat example 39.3, but use left rectangles instead of lower rectangles 



Solution We begin with a drawing. 

The drawing indicates that using left rectangles 
is really a combinauon of using upper and low er 
rectangles. 

2-0 I 
Ax = —— = 3 



; 



. 

w 


i 
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example 39.6 

solution 


problem set 

39 


The left-hand endpoints and their y-values ore as follows: 



Therefore, 



Notice that in contrast to example 39 3 there is no ambiguity over which endpoints to choose here, we 
always use the left-hand endpoint This is definitely an advantage However, because some of the 

rectangles are completely below the graph while others go above the graph, we cannot state whether 
5^ is greater than or less than the exact area. This Is certainly a drawback. 

Use midpoint rectangles with n = 4 subintervals to estimate the area under y = cos a: on the 
interval [0, §]. 


We begin with a picture. 

Here, the width of each of our rectangles is - 


o 





X 


We are using the midpoints of each subinterval to determine the height of each rectangle. These 
midpoints are 





Ik 

16 


The height of each rectangle is the cosine of each of these x-values: 


y Q = 0.9808 y, *= 0.8315 y 2 » 0.5556 y 2 = 0.1951 
(These approximations are simply found using a calculator.) Therefore the approximate area is 

S Mia “ (y/ 0 9808 + 0.8315 + 0.5556 + 0.1951) 

S MU “ »<>065 

The exact area under the curve v = cos v between x — 0 and x = f is 1. So 5 ., with four 
subintcrvals is a fairly good approximation of the area here. MU 


th] ^ctch S ra ph of y — x ~ + 1. Fund a lower sum to estimate the area under the curve on the 
interval fO, 4] divided into n = 4 subintervals. 

( Estimate the area under the function described in problem 1 by using upper rectangles with 
n = 4 subintervals on the interval {2. 4J. 

3. Estimate the area under the function described in problem 1 by using n - 4 midpoint rectangles 
on the interval [1. 3]. 
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Integrate in problems 4 and 5. 

A J ( 4tf ' - + 6 ) * 

5. f f 3e ' - - 

J ^ x 


+ sin -v — cos x — 



+ 2.x* 1 dx 


x 


6. Find f'(x) given /(.v) = e COiX . 

t J7t 

lly 

7. Find —— given v = sin (.v 3 — 4x 2 

<J7l dx 


+ 2a - 5) 


8. If v = sin 3 x, what is i^-? 

< 37 > dx 

9. (a) Find all the critical numbers of v = —r 4 4 - —v 3 _— v 2 _ 2r + 5 

ti&! - 4* 3 a 

Cb) Use a rough sketch of the graph of the function to determine the local maximum and 
minimum values of v and where they occur. 

10. Let x and y be functions of t . Differentiate implicitly to find given x 2 + y~ = 9. 


11. Approximate the slope of the line tangent to the graph of y = In |x| + e* at x = —2. 

12. Approximate the value of /"'(3) where fix) = -3 cos x. 

C27l 

13. Let /(x) = 12 In Ixl sin x. Determine f'(0.5). 

(?6Jn 


14. 

f 19.26} 


Shown below is the graph of /(x) — In x with the point (2, In 2) marked on the graph as well 
as an arbitrary point (x. In x). A line is drawn through these two points. As x approaches the value 
2. the line drawn through the two points better and better approximates the line tangent to the 
graph of / at x = 2. The slope of the line through the two points is s = ,n x “ ,n 2 


x — ^ 



(a) Use the trace or tabic feature on the graphing calculator to determine the limit of the 
function s as x approaches 2. 

(b) Determine the exact value of f'(2) where f(x) = In t 


Evaluate the limits in problems 15—17 


3 n~ 

15. hm -—- - 

(I7l n —»•» IOOO/i + n ' 


16. 


lim 

i —.o 


x -+- 1 


17. 

r/~j 


lim 


3/» 1 — 4/i 2 
n 2 - 5/i 


18. Indicate whether the following statement is true or false and justify your answer 
lU> If/ is a function such that lirn^ fix) = hm fix) = 3. then /(1) = 


,t -»i 


•j 
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19. Lei f(x) = \Cx and gfr) = —I + f(x — 2). Graph / and g on the same coordinate plane. 

20. Find the values of a, b, and c in f(jc) = ax 2 + bx + c for which the graph of f will intersect 
( 10 } . 

the .v-axis at — I and 2 and the y-axis at —4. 

21. Describe both the domain and the range of the function y = arcsin x. 

tut 

22. The sum of the squares of the first n positive integers is ** 2 " * 11 „ Verify this formula for the 

sum of the squares of the first four positive integers. Apply this formula to find the sum of the 
squares of the first 40 positive integers. 

23. Evaluate: y —^ 


24. 


Show that 



for all values of ,r. 


25. A unit circle is centered at the origin. The center of the circle is the point O. If P is the point on 
the unit circle with coordinates (v, ^)* what is the angle 6 that OP makes with the 
positive .r-axis. 


LESSON 40 Units for the Derivative • Normal Lines • 

Maximums and Minimums on a Graphing Calculator 

_ 40.A 

units for the For physical applications of calculus, it is necessary to consider the units of the independent variable 

derivative and ihe units of the dependent variable. When these units are considered, we find that the derivative 

of a function also has units. Consider the graph of V(t), where Vis volume in cubic centimeters and t 
is time in seconds. 


V(t) 



^"1 Rise 
Run 


The graph shows that when t — c the slope of V equals 1 cubic centimeter divided by 2 seconds, or 

V'(c) = 1 cm3 _ 1 c *n 3 

2 s 2 s 

As demonstrated, the unit of the derisatlve of a function Is the unit of the dependent variable 
(unit on the vertical avis) divided by the unit or the independent variable (unit on the 
horizontal axis). 
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Calculus Lesson 40 


_ 40. C 

maximums 
and minimums 
on a graphing 
calculator 

example 40.5 

solution 


example 40.6 
solution 


This is.the slope of the tangent line through the point (2.7, 1.5332). The slope of the normal line is 

-~ 0.7214 

-1.3862 

If we use 2.7 for x, 1.5332 lor y, and 0.7214 for /ri, we can solve for b. 

y — nix +• b equation 

1.5332 « (0.7214)(2.7) + b substituted 

b =* —0.4146 solved 

So the equation that approximates the normal line is 

y = 0.7214x - 0.4146 


There are occasions when a quick approximation of a relative maximum or minimum of a function in 
a certain closed interval is needed. Rather than taking the derivative and finding critical numbers, such 
approximations can be accomplished on a TI-83. 


Approximate the value of the relative maximum of y = sin x on the interval [0, 7 T]. 


It is often wise to try a new procedure on a 
problem that can be verified another way Here 
we know the maximum is 1 , which occurs 
when .r = §. To find the maximum with the 
calculator, we define Vi Using 

the ZTf*!*? settings in the ZOOM menu yields 
the graph to the right. 


CALC 

After pressing to access the 

CRLCULRTE menu, we choose the option 
4-5 maximum The calculator awaits a left 
bound for the max. Using the Q and 0 buttons, 
we place the cursor to the left of the max and press 
^3 Then we place the cursor somewhere to the 
right of the max and press G£9 again Finally, wc 
place the cursor near the max and press ££)• The 
calculator returns a screen such as the one at right 




Maximum 

X=i.5?0?3fi3 


Y=± 


The calculator has found the maximum of 1 at x = 1 5707963. The jr-value found by the graphing 
calculator is a decimal approximation for the exact input x = f. 


Estimate the minimum of y - x 3 + 4x 2 - lx - 5 over the interval [0. 4]. 


Using the ZS'tandar'd settings, we see the 
graph of the function as follows: 
























problem set 


40 


215 


problem set 

40 


Although a portion of (lie graph is off the screen, 
the relevant portion over the interval (0, 4) is in 
plain view, so we are ready to go to the 
CALCULATE menu to obtain our estimate 
Alter doing so. the calculator returns a minimum 
value of approximately —7.5972. 



I \ 

» 1 

. - . * A. . .. m m 

Hinimum 

K=.6942552 

* ^ 

“7.597201 


As we have stated, this is only an approximate value To obtain the exact local minimum, you 
must algebraically determine the derivative, find the critical values, and evaluate the original function 
at these values. You should primarily use the calculator to give you the approximate maximums or 
minimunis; exact answers should be found by hand 


1. The volume V (in cubic centimeters) of the balloon at time t (in seconds) is given by the equation 
( * V{t) = 20e‘. Find the rate of change of the volume when r — 3 seconds. 


2. A particle is moving along the number line so that its distance from the origin at any time r (in 
<40> seconds) is given by j(r) = —2r 2 + r 3 . Find the velocity of the particle when / = 1 second. 


3. Find the equation of the line normal to the graph of y = —3 In x at x = —3. 

( 40 ) 

3 

4. (a) Find the critical numbers of / where f(x) = x 3 + —x 2 — 6x + 2. 

on 2 

(b) Use this equation and a rough sketch of the graph of the function to determine where the 
local maximums and minimums of f occur and what their values are. 


5. Sketch the graph of y = —x 2 1 and partition the interval [0, 1] into four subintervals of 

1 1 equal length. Estimate the area between the curve and the .x-axis over the interval [0, 1] by 
calculating the upper sum. 


^ 6 . 

09 ) 


Use a left sum to estimate the area under y 
subintervals. 



4 on the interval [—1,2] with n = 6 


7. Use a right sum to estimate the area under y — —x 2 + 4 on the interval [-1,2] with n = 6 
subintervals. 


8. Using a graphing calculator, graph y = .r 3 - 4.x 2 + 2x - I. Find the approximate 
coordinates of the local minimum point and the local maximum point on the graph by using the 
CALCULATE menu on the calculator. 

9- Use a graphing calculator to approximate the value of the derivative of y = .r 3 at .x = 2. Test 
the calculator s answer directly by computing the derivative of v = .x 3 and evaluating it 
at -x = 2. 


Antidifferentiate in problems 10—12. 


10 . 

OX) 


J ( 2 


sin x 


— 4.x — — 3^ dx 


11 . 

OS) 


!(* 


+ 3 cos / + 1 



12. J (±±i) dx {Hint: Rewrite the integrand as the sum of two terms.) 


Differentiate the functions in problems 13—15 with respect tox. 

f 


13. v = \ x 2 + 5 
1 


14. s = In I sin x\ 


15. y = — sin 4 * 
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d\ 

16. Find —— where sin .v + cos v = ,vy. 

m dx 

17. Find —— where A — — rtr 3 and both the area A and the radius rare functions of time i. 

dr 3 


18. Let f(x ) = 2 In |.v|. Evaluate 2). 

19. Pind where y = e x In l.vl. 

(JO dx 11 


20. Sketch the graph of g where f(x ) = x 2 + x - 2 and g(x) = 


1 


fix) 


21L Determine the approximate value of log 3 5 


22. Evaluate: lim 

(I7t X-*mm 


x 3 — 4x + 5 
1 - 2x 3 


23. Simplify: 
w 


1 — sin 2 6 


cos 


■(§-•) 


24. 


The sum of the cubes of the first n positive integers is ( ntn f 11 J . Verify this formula for the sum 
of the cubes of the first three positive integers. Apply this formula to find the sum of the cubes 
of the first 40 positive integers. 


25. Assuming -t = 2>\ compare the following: A. y 2 B. 0.25x 2 


<n 



LESSON 41 Graphs of Rational Functions III • 


Repeated Factors 


_ 41 .A 

graphs of 
rational 
functions III 


To review the properties of factors of polynomials, consider fix ) = x~ — 4 and g(x) = x~ -+- 4. 
Note that if x equals 2 or —2, fix) has a value of zero. However, no real value of \ causes the 
polynomial gix) to equal zero. If.r equals zero, the value of g(x) is 4, and if.r is any other real number, 
x~ is a positive number and x 2 + 4 is a positive number greater than 4. The polynomial fix) can be 
factored into two linear real factors. The polynomial g(x) cannot be factored into linear real factors, 
and we remember that this polynomial is called an irreducible quadratic polynomial. Since irreducible 
quadratic factors never equal zero for any real number value of .r. the vertical asymptotes and 
x -intercepts of rational functions are not affected by irreducible quadratic factors They do cause 
“bends** in the graphs but do not affect our rough sketches. 


example 41.1 


Graph: y = — 


_ (x 2 + 2)(.t - 1) _ 

(x -4- 3)(x - 2)(x - 3)(.r -+- 2) 


VVe ignore the irreducible quadratic factor in the numerator, plot the zeros and vertical asymptotes, 
and graph the function. The ratio of the dominant terms in the two polynomials is 



solution 
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so the graph will begin on the right-hand side os a small negntive value ofy. 




Such graphs were drawn in this righi-io-Ieft fashion in Lesson 28 Note thjt all portions of this graph 
continue indefinitely, getting close to the asymptotes but never crossing them Arrowheads are placed 
on their ends to indicate this. The complete solution is the graph shown below. 



This graph could also be drawn with a graphing calculator However the calculator must be used 
carefully * For example, the graph of this function with ZStandard settings is 



This is certainly not an optimal rendition of the graph. 


41. B 



If a linear real factor is repeated an even number ol tunes in the numerator or in the denominator of a 
rational function, the graph of the function is changed. If a factor in the numerator is raised to an even 
power, the factor can eijual zero, but it can never have a negative value Thus the graph of a rational 
function does not cross tlie ar-axis at a zero caused by a factor raised to an even power. It touches 
the x-axis at this zero and goes back in the \ertical direction from whence it came In the same way, 
even-powered linear factors in the denominator still cause vertical asymptotes, but the graph does not 
“jump" across the .v-axis at the vertical asymptotes. 


example 41.2 Graph: (a) V = 


(x - 3)~ 


(b) y = — 


(X - 3) 


Solution The number 3 makes the denominator zero in both functions, so there is a vertical asymptote at x = 3 

in each graph. However, the value of (.r - 3) 2 is never negative, so this factor does not change sign 
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Calculus Lesson 41 


example 41.3 
solution 


when .v goes from n value less thnn 3 to a value greater than 3. The graph “jumps” across the vertical 
asymptote, but not across the x-nxis. 

y y 




The graph on the left-hand side resembles a volcano, and the graph on the right-hand side 
resembles a volcano that is upside down. Whenever there is a “volcano” in the graph of a rational 
function, we know that the denominator of the function contains a linear real factor raised to an 
even power. 


Graph: y 


(a - 1)~ (-v 2 + 1) 

(a- 4- 2)(x - 3) 2 (x - 6) 2 


Note that the ratio of the lead terms of the numerator and denominator polynomials is x 4 over x 5 . Thus, 
when x is a large positive number, the function has a small positive value, which gives us a starting 
point for the graph. We ignore the irreducible quadratic factor in the numerator and locate the zeros 
and vertical asymptotes. 


y 



The (x — 3) 2 and (x — 6) 2 in the denominator cause “volcanos" in the graph around the 
asymptotes at +3 and +6. and the (x — I) 2 in the numerator causes the graph to touch but not cross 
the x-axis at the zero of +1 

Therefore the final solution is the graph shown below. 


y 
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problem set 1. The volume of liquid decreased exponentially. At midnight there were 3 liters of liquid, and 

41 tMl l hour later there was only 1 liter of liquid. How many liters of liquid were there at 7 a.m.? 

Sketch the functions whose equations are given in problems 2 and 3. Clearly show the asymptotes and 
x-intercepls of the graphs. Other than these features, the graphs need not be precise. 

2 v = (* + ± 0 3 _ (j 2 + l)(x - 1 ) 

wJ y (x - 3 )(x - l) 2 (x - 5) 2 <"> > x(x + l) 2 (x - 2 ) 

4. The population P at any time / is given by the equation Pit) = 20,000e / . Find the rate of change 
l40> of the population when t — 3. 

5. Find the equation for the rate of change of the volume j if V = § trr 3 and both V and r are 
(34> functions of time /. 

6 . Write the equation of the line normal to the graph of y = x + In x at x — I. 

(40) 

7. (a) Find all the critical numbers of y = — x 4 + —x 3 — —-x 2 — 4x + 9. 

(}6i 4 3 2 

(b) Use this equation and a rough sketch of the graph of the function to determine the local 
maximum and minimum values of y and where they occur. 

8 . Sketch the graph of y = sin .r where 0 < x < tr. Partition the interval [0, it) into four equal 

( 39 ) ^ 

subintervals, and estimate the area between the graph of y = sin x and the x-axis on the 
interval [0, /r] by computing a lower sum. (No calculator is necessary.) 

9. Use four midpoint rectangles of equal width to estimate the area under y = sinx on the 
U9> interval [ 0 , tt \. 

10. Use upper rectangles to estimate the area under y = -x 2 4* 9 on the interval [-3, 3] with 
<J9> n = 6 subintervals. 

11. Approximate the value of the derivative of 3 ' = sin ~ at x = 0.2 by using a graphing 
<29> calculator. 


12. Let fix) = I + xsinx + (In x)(cos x) where 1 < x < 10. 

(40) 

(a) Graph / on a graphing calculator. 

(b) Approximate the coordinates of all local minimum and maximum points, excluding 
endpoints. 

(c) Approximate the zero of / that lies in the interval [2. 4]. 


Integrate in problems 13—15. 

13. f (2 sin u - -^-1 du 14. f -1 dt 

(M) J V I/ 3 ) I33t J j 

Differentiate the functions given in problems 16-20 with respect to.t 


15. 

(J*> 



\ 




/ 


16. 

lJ7f 


19. 

ijn 


21 . 

tj/t 


/(x) = 


1 


fZ 2 


I 


17. y = In |x 2 + 1 1 


(37) 


2 x 

V = X € 


Let fix) = |x| and g(x) 
coordinate plane. 


20 . y = x In I jc | 

an 

— I + f{x — 3). Sketch the 


18. v = In |sinx| 

r JTt 


graphs of / and g on the same 
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22 . 

(Ml 


Lei f(x) = ln.v and g(.v) — —. Write the equation of fs nnd determine the domain of fg. 

X 


23. Evaluate lim fix) and lim /(.v) where /(.v) 


{ ,x when .r £ 1 

—.v 4* I when x < 1. 





Solve for r in terms of h in the 
figure shown. 



6 



2o. What is the sum of the first 200 positive integers? 


LESSON 42 The Derivative of a Quotient • Proof of the 


42.A 


the derivative 
of a quotient 


Quotient Rule 


We remember the rule for the derivative of a product by saying 

first dee second plus second dee first 

The rule for the derivative of the quotient of two functions is a little more complicated . The derivative 
of a quotient of two functions equals the denominator times the derivative of the numerator, 
minus the numerator times the derivative of the denominator, all divided by the square of the 
denominator. Symbolically, this can be represented as in the following box: 


d \ 

fill 

v du — u dv 

UJ 

~ v 2 


A mnemonic can also be used to remember the derivative of a quotient. 



example 42.1 Let fix) — 7 


In x 


2x + 3 


. Find f\x). 


solution We remember “low dee high minus high dee low. over the square of what’s below” and write 


Sc, 




low 


dee 

high 


dee 
high low 



(2x + 3) 


GH 


(In .r)(2) 


Wc rearrange 


f\x) = - 

(2x + 3) 

this result by multiplying both top and bottom by x 

(2r + 3) - 2x In x 



/'<*) = 


x(2 


+ 3) 2 
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example 42.2 
solution 

example 42.3 
solution 

example 42.4 
solution 

_ 42. B 

proof of the 
quotient rule 


Find D 

X 


X 


3 


- 2x + 2 
sin x 


Writing the denominator times the derivative of the numerator minus the numerator times the 
derivative of the denominator, all divided by the square of the denominator gives us 

.V 3 - 2x + 2 _ (sin x)(3x 2 - 2) - (x 3 - 2x + 2)(cos x) 

* sin x sin 2 x 

There are many ways this derivative can be written, and all are rather complicated. Therefore, we 
leave it as it is. 


Let y 


COS .T 

e* + x 


. Find 


dy 

dx 


Using the rule for the derivative of a quotient lets us write 

dy _ (g* -i- x)(—sin x) — (cos x)(e* 4- 1) 
dx (e* + x) 2 

The derivative could be left in this form, but we decide to rearrange the expression and write 


dy _ (—sin x)(e x + x) — (cos x)(e x •+• 1) 
dx ~ (e x + x) 2 


Find the differential dy of y = — 1 - 

cos x 



1 \ ck? ■» <A.»j botfon 


We use low dee high, etc., but with differentials instead of derivatives. 



(cos x)(4r) — (x)(—sin x dx) 

(cos x) 2 


cos x + x sin x 
cos 2 x 




J 



The derivatives of two functions, / and g. are defined as follows: 


/' (.r) = lim 

ax— »o 


/(x + Ax) - /(x) 
Ax 


g'ix ) = lim 

Ax—»0 


g(x + Ax) - g(x) 
A.r 


If /i(.r) is equal to f(x) over g(x), we need to show that 


/*'(■*) = 


!W lim £± X + Ar) ~ /<<) - , im + - «<*> 

Ax—>0 Ax Ax->0 A.r 


[sW] : 


By definition, the derivative of the function h is 


fix + Ax) __ /(.t) 

h '(.r) = lim " (T + A *> ~ jl(t) = lim «<* + A.r) gM 

Ax—*0 


Ax 


Ax—»0 


A.r 


Adding the two terms in the numerator and then dividing by Ax as indicated, we gel 

/(x Ax) ■ g(x) — fix) • g(x + Ax) 

Ax • g(x) * £(x + Ax) 

To get the desired form, an algebraic trick is needed. We subtract and add /(.r) 
numerator to get 


lim 


g{x) in the 


/T(.r) = lim 


/(x + Ax) g(x) - f{x) g(x) - f(x) • g(x + Ax) + /(x) gjx) 

Ax • g(x) • g(x + Ax) 
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Now the numerator can be factored and rewritten as 


/i'(.v) = lim 

Ax-«o 


g(»v)C/(»v + Aa) — f(x)] - /(.v)[g(A- + A.v) — g(.v>] 


A a • g (.v) • g( x + A a) 

Because the limit of a sum or product or quotient equals the sum or product or quotient of the 
respective individual limits, this can be rearranged as 


lim 5 (a) 


lim 

Ax—»o 


/(a- -t- Aa*) 


Ax 


- lim f(x) - lim 

Ai-+0 Ax—»0 


A A-) — six) 


Ax 


lim g(.r) 

A jt—»0 


lim gix + A a) 

Ax—*0 


(The properties of limits that are applied here are discussed in greater detail in Lesson 70.) The limits 
of gW and /(;r) as Ax approaches zero are g(x) and /(x) t because these expressions are independent 
of Ax. Also, as A.v approaches zero, the value of g(.r + A.v) in the denominator approaches g(-v). So 
the denominator approaches Lg(A*)] 2 . Thus the proof is complete. 


problem set 1. Squares are cut from the corners of a sheet of metal that is 8 inches wide and 10 inches long- the 

42 ' 1 resulting flaps are folded up to form a box that has no top. 

(a) Express the volume of the box formed in terms of the variable x, which represents the 
lengths of the sides of the squares that are cut away. 

(b) Graph the equation you found in (a) on a graphing calculator. Choose window settings that 
show the local maximum and minimum of this volume function. 

(c) Use the CRLCULRTE menu to approximate the local maximum of the volume function. 
For what value of x is the volume a maximum? What is the corresponding value of 
the volume? 

(d) What are the values of x that make sense for this problem? In other words, what is the 
domain of this real-world problem? 


Differentiate the functions in problems 2 and 3 with respect to x. 


2 . 

(■nt 



sin x 
e x — x 


3. 

(J2t 


fix) 


sin x 
cos x 


4. Write the differential dy in terms of u. v, dtt, and dv given y = —. 

HZ) 1' 

5. Sketch the graph of y = 3 ^- 77 ^ 777 - 7 ^ 7 - Do not use a graphing calculator. Clearly indicate all 
t4,t zeros and asymptotes. 

6. Use implicit differentiation to find the equation for the rate of change of volume V, where 
iJ4> v — \nr~h and the radius r and the height h are both functions of time t. 

7. Use five left rectangles to estimate the area under y = e' on the interval [— 1, 1J. 

(J9t 

8. Sketch a graph of y = x where 0 < x < 5. Partition the interval [0, 5] into five subintervals 
tS9> of equal length. 

(a) Estimate the area under the graph of y = x by computing an upper sum. 

(b) Estimate the area under the graph of y = .v by computing a lower sum. 

(c) Use geometry to compute the actual area of the described region. 

(d) Suppose the interval [0, 5] is divided into n equally long subintcrvals Estimate the area 

under the graph of y = x by computing an upper sum ( Note : The answer should be given 

in terms of n .) 

9. Find the equation of the line normal to the graph of y = cos x at x = tt 
ho] 













10 . (a) Find the criticul numbers of the function fix ) = — -x 4 + —x~ — 3. 

fJAi 4 2 

(b) Use this equation and a rough sketch of the graph of / to determine the local maximum and 
minimum values of / and where they occur. 


Integrate in problems 11 and 12. 


11 . 

rJ*l 


f l 2 '** V7 


+ e x + 


i 

-sin x 

* ) 


dx 


J 4 u 

— 1 = du {Hint: First simplify the integrand.) 

-Jit 

Differentiate the functions in problems 13 and 14 with respect to.v. 
13. y = In |.r 2 + sinjr| 


I 


14. y = ,- 

,S7 > % /.r 3 + 3 

-4r 


15. The pressure P at any time t is given by P{t ) = 1 6e . Find the rate of change of P when / = 4. 


HO) 


16. Find s'(t ) where s(t) = — 7 =- + In Irl 
(26> ^j t 


17. Let 3 ' = 2i/ 3 e“. Find —-. 

du 

18. Let f{x) = sin (2.r) (0 < x < 2 tt). Use interval notation to indicate when / is increasing. 

19. The base of a right circular cone has a radius of 3 cm, and the height of the cone is 6 cm. What 


is the volume of the cone? 


20. Use the key trigonometric identities to develop identities for cos — and sin —. 

ini 2 2 

21 . Use interval notation to describe the values of x for which l.r — 11 < 0.01. 

lOl * ) 


(9f 


22. Graph /(.r) = [.v] and evaluate /(1.2), /(-l.5), and /^-2-^j. 

23. Find the radius of the circle shown. In the 


(2) 


figure, AB — S and OD = 3. 



24. 

IKI 


Calculate the sum of the first 300 positive integers. 


— ♦ \ > 


2^. Compute lim_ ~ - The numerator of this fraction is the sum of the first n natural 

numbers (also called the nth triangular number), while the denominator is obviously the nth 
square number. (The point of this problem is to relate the sum of die first n numbers to /r.) 
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LESSON 43 Area Under a Carve as an Infinite Summation 


The discussion in Lesson 39 on upper and lower sums contained the idea that, as the number of 
equal-width subintcrvals increases, the error in the approximation of the area under the curve 
diminishes. This reduction in error is pictured in the graphs below. The shaded areas indicate the 
errors in the lower sum of the area under the graph of y = ,v + 2 on the interval from 0 to 6. As the 
number of subintcrvals increases from 2 to 3 to 6, the error decreases from 9 to 6 to 3. 



Error = 9 


Error = 6 


Error = 3 


To write a general expression for the lower- or upper-sum estimate of the area under a curve on an 
interval [a. £>], we partition the interval into n nonoverlapping subintervals of equal width, 
A-t = b ~ a . A lower sum is computed using lower, or itiscribed, rectangles, while an upper sum is 
computed using upper, or circumscribed, rectangles. 

It is not known where minimum or maximum values are attained in the subintervals, so we say 
that represents the least value of /(x) on the first subinterval. Thus the area of the first rectangle 

in a lower sum is /(•*/_, )^x. Similarly, fix^) represents the minimum value of /(x) on the second 
subinterval, so the area of the second rectangle in a lower sum is /(x L 2 )Ax. Thus the lower sum of all 
n rectangles can be written as 

S L = /(x l ,)Ax + /(x^)Ax + /(.t u )At + - + /(x^)Ax or 

S L = Ax[/(x^,) + /(x 0 ) + /(x 0 ) + •• • + f{xj\ 

n 

We can use summation notation to write this sum as S L =■ A.rY f( x u )• 

i = i 

If /(x cl ) represents the greatest value of /(x) in the first subinterval and /(x^) represents the 
greatest value of f(x) in the second subinterval and so on, we can write a general expression for the 

upper sum. 

S u = f( x C i) Ax + f{x c 2 )A x + f(x C7 ) Ax + • + f(x Cn )Ax or 

Sy = Ax[/(x ci ) 4- /(x^) 4- /(.\' C3 ) 4- ••• 4* /(x Cn )] 

n 

This sum can also be written in summation notation as Sy tSx ^ ^ f ) - 


The actual area under the curve, A . is a number greater than or equal lo any lower sum and less 
than or equal to any upper sum. 

n n 

S L = - A ^ Ar S = S t- 

i=I <=I 

We define the area on the interval [a, b ] between the curve and the x-axis to be A, the number 
approached by both S L and S v as n approaches infinity. 

A = lim /(*/,) = lim ArJ /(.r r J 

n ~*~ ,-l n-*— ( _, 
































Area Under a Curve as an Infinite Summation 


In this text we simply assume that both of these limits exist and are equal. This is quite an 
assumption, but not a false one. However, the proof of the existence and equality of these limits 
is beyond the scope of this text. 

Now, look carefully at the two-limit definition above. Note that it makes no reference to a 
graph nor to area in the usual sense. The definition contains only the limits of the sums of 
products of a partitioned function. Rectangles are not mentioned. We have defined the area under 
the graph of / between a and b to be the limit of either of two sums and note that this definition 
of area has absolutely nothing to do with area as we normally think of it. We used a graph to get 
started, but this definition of area stands alone without any graph! 

So, is it actually possible to find an upper or lower sum as the number of rectangles 
approaches infinity? As we begin to investigate this idea, keep in mind that as n approaches 
infinity. Ax must approach zero because Ax = b . 

The following example uses continuous functions that are increasing and nonnegative on the 
interval. The result is also valid for continuous functions that are not everywhere increasing, and 
this is discussed in a later lesson. The discussion of the extension of this procedure to functions 
that are negative on the interval will lead to the development of a limit that is called the definite 
integral. 


example 43.1 Use inscribed rectangles to find the exact area under y' = 2x on the interval [0, 2] by allowing the 

number of rectangles to increase without bound. 


solution 


We partition the interval [0, 2] into n subintervals, each of length Ax = 



2 

n 


y 






i\ * 



i r. i nr. - ' * 

\ ■* 


s. 


The endpoints of the subintervals and the heights of the rectangles are easily found 



<w*- • V- 
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r 

— ** v 


. r 1 1 
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1 
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0 

0 

0 

1 

2 

4 !) 

n 

2 

<!) 

43 

3 


10 

• 

9 

• 

9 

4 

• 

n - 1 

{n - '>(!) 
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-(;) ■ • 

2(2) 






























Calculus Lesson 43 





♦ 


To calculate the exact area, we must find the limit of S v as n approaches «*». 



lim S,, 


- lim ±fHiiL-t-1«t-!2) 

n ~*“ 2 V. II 3 ) 

— \\ m If 2/i 3 4 - 3 n 2 + n ^ 

21 /i 3 J 


2.-2 


= —(2) = 9 units 


Therefore the exact area of this “oddly” shaped region is simply 9 units 2 . 


problem set 1. A window has the shape of a rectangle 

43 lopped by a semicircle, as shown. The 

perimeter of the entire window is 20, the 
length of one side of the rectangle is h, and 
the radius of the semicircular part is r. 

(a) Find h in terms of r. 

(b) Express the area of the entire window 
in terms of r. 



(c) Graph the function you found in (b) on a graphing calculator using settings that show the 
graph's maximum. 

(d) Use the appropriate features of the graphing calculator to find the maximum area of the 
window. What value of r maximizes the area? What is the maximum area? 


2. fund the exact area under y — 2.x on the interval [0,2] with an infinite number of 
circumscribed rectangles. Check your answer using geometry. 

3. Find the exact area under y — x 2 on the interval [0, 2] with an infinite number of inscribed 
J> rectangles. 


4. Sketch the graph of f(x) — 1 ■+■ sinx. Partition the interval [0, 1.2] into six subiniervals of 
equal width. Use a calculator as necessary to estimate the area under the curve on the interval by 
calculating a right sum. 


5. For f(x) = I + sin x, use summation notation to indicate a general lower sum for f(x) on the 
(J9> interval [0, 1.2] with a partition of 10 subintervals. 


Differentiate the functions in problems 6 and 7 with respect to x 


e* + x 

6. y = --- 

t-n> cos x 


7. 

U2t 



.t 2 + 3 
.t 3 - Zr 


8. Use the quotient rule to find d 

(S2J 

9. Sketch the graph of y = lA „ > o - Do not use a graphing calculator. Clearly 

(J,} indicate all zeros and asymptotes. 

10. A particle moves along the number line so that us distance from the origin at any time / 
i ' 0> (measured in seconds) is given by r(r) = sin t. Find the velocity of the particle when 

/ = ;r seconds. 

9 ^ 

11. (a) Find the critical numbers of /(.r) = .r 3 - —.r 2 + 6 lv + 2. 

tJ6i - 

(b) Use a rough sketch of the graph of / and its cquauon to determine the local maximum and 
minimum values of / and where they occur. 














Differentiate the functions in problems 12 and 13 with respect tox 

12. = yje* - I 


1 


13. /(x) = ~r- - 

tJ7f \jx 2 - 1 


Integrate in problems 14 and 15. 
3 


14 

(IS) 


; ll7, 



du 


15. f [ — + V2x 4/3 + cos x — 4e x 1 dx 
<m J \x ) 


16. Make a rough sketch of the graph of /(x) = (x — l)(x + 1)(2 — x). Do not use a graphing 


calculator. 


1 )(x + 1 )(2 — x). Sketch the graph of g without using a 


17. Let g(x) = jLj, where /(x) = (x - 
graphing calculator. 

18. Graph the function /(x) = (x — l)(x + 1)(2 — x) on a graphing calculator, and find the 
coordinates of all the relative maximum and minimum points. 

19. Graph: /(x) = In |xj 
(26) 

20. What is lim In Ixl? 

< l6 > x^O* 


21 . 

(S6.J0) 


(a) Express the area A of a rectangle whose perimeter is 50 in terms of the variable x, which 
represents the length of one side of the rectangle. 

(b) What is the domain of the function A ? (That is, what values of x yield possible rectangles? 
Include the “degenerate” rectangle of area 0 as a possibility.) 

(c) Use a graphing calculator to graph the function A. Set the viewing screen so the x-values 
range over the domain of A determined in (b) and the y ~values show the maximum value for 
the function. 


(d) Find the coordinates of the highest point on the curve. 

22. Find the equation of the quadratic function whose zeros 
graph has the y-intercept y = —4. 


are x = 1 and x = —2 and whose 


^23. (a) Identify the conic section determined by x 2 + y 2 = 4. 

(b) What two functions must be used to graph this equation on a graphing calculator? 


24. Show that sin — xjl(cos —x) 


+ 1 = sin 2 x for all x. 


25. Assuming a — b = 2, compare the following: A. a 2 B. b 2 + 4b + 3 
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Calculus Lesson 44 


LESSON 44 The Chain Rule • Alternate Definition of the 

Derivative • The Symmetric Derivative 


_44.A 

tl~)6 Cham rule If the first function machine shown here multiplies any input by 3 and the second function machine 

multiplies any input by 2, then the two machines linked together multiply any input of the first 
machine by 6. 




x 


3( ) 

I- [3( )] • 


u 


2 [ ] 

I - 6( ) 

--v-' 

y 


If we call the input of the first machine x, the output of the first machine «, and the output of the second 
machine y, then we can write the following equations and draw the graphs. 


u y 




The rate of change of u with respect to jc is the slope of the left-hand graph, which is 3 The rate of 
change of y with respect to u is the slope of the right-hand graph, which is 2. If x changes 1 unit, u will 
change 3 units But if u changes 3 units, then y will change 3 times 2, or 6, units Thus a change of 
1 unit in x causes a change of 6 units in y, and the rate of change of y with respect to x is 6, which is 
the product of the two rates of change. We used linear functions for this example, but the rule is true 
for any two functions if the denvati\es exist for the values of \ and u being considered This rule is 
called the chain rule- The chain rule contains a nuance that is not obvious. It states that the derivative 
of a composite function equals the product of the slope of the second machine evaluated at u times the 
slope of the first machine evaluated at x. 


The chain rule is easy to remember when written using Leibniz’s notation. 

dy dy du 

dx du dx 

The first part of the product is the rate of change of the second function, and the second part of the 
product is the rale of change of the first function. This product can be extended to define the derivative 
of any number of functions linked together in this fashion. If x is a function of s and s is a function of 
t, then this notation can be extended to write 

dy dy du dx ds 

dt du dx ds dt 


Each new dependence adds another link to the chain. The notation of Leibniz, which considers dy. du. 
dx, ds, and dt as infinitesimals, allows us to check our expression by canceling numerators and 


denominators. 



dy __ dy dC 

dt dti jtC dy dt 


















44.A the chain rule 
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example 44.1 
solution 


example 44.2 
solution 


example 44.3 
solution 


We can also state the chain rule using the modem variant of Newton’s notation. 

If h(x) = figCx)), then 
/»'(*) = f'(g(x?)g'(xy 

While this definition is less intuitive, it highlights the fact that the derivative of the second function in 
the composition must be evaluated at the output of the first function Then this result must be 
multiplied by the derivative of the first function in the composition evaluated alx 


Let y = <r 1 2 + 4 m and u = 5x 3 . Find 


dy_ 

dx 


The first step is to compute the individual derivatives. 


dy_ 

du 


= 2m 


du 

Hx 


= 15.v 2 


Then we use the notation of Leibniz to write the chain rule and substitute. 


dy dy du 


dx 


du dx 


= (2m + 4)(15x 2 ) 


Since m = 5.T 3 , we substitute 5X 3 for u and simplify. 


dy 

dx 


= [2(5x 3 ) + 4](l5x 2 ) 

= (lOx 3 4- 4)(l5x 2 ) 

+ 6 Ox 2 


We can also compute without using the chain rule. Notice that, in the above example, 
>• = (5x 3 ) 2 + 4(5 .t 3 ). or y = 25a 6 + 20.v 3 . Then =£ = 150r 5 + 60x 2 , which confirms the 
resulL While this is a nice way to check, our answer in this problem, it is not always possible to 
compute the derivative of a composition without using the chain rule. 


For y — 2 In v and v = m 2 , find 


dy 

du 


First the individual derivatives must be found 


dy 

dv 


2 

v 


Next we use the chain rule. 


dv 

du 


= 2m 


dy _ 

du d\ 

Since v = m 2 , we substitute m 2 for v. 


dv d\ 


dv (2\ „ 

ar = b> 2u) = 


4 m 


dy 

du 


4m 


m 


4_ 

u 


If v = sin t and i = 


1 u . • dv n 

,— . what is —— ? 

V .r dx 


Finding the individual derivatives is the first step. 


dy 

dr 


= cos i 


dr 

dx 


dx 


( 


- ,/2 > = 


1 *. — 3/2 
-.V 
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44. C 


the symmetric 
derivative 


One last form of the derivative is worth mentioning at this time. It is called the symmetric form of the 
derivative or the symmetric derivative. If /(,t) is a function, then its derivative f*(x) can be found as 

fix + h ) - /(x - /i) 

2/i 

f(x) 


/'(-v) = 


lim 

h -+0 



— X 


The idea is that, as h approaches 0, the secant line connecting (x + h, fix ■ 
(a ~ fix — *)) approaches the tangent line at (a, /(x)). So their slopes become equal, 
of the tangent line through (x, /(x)) is /'(x). while the slope of the secant line is 

Ay = /(x -H h) - fjx - /,) 

(x + h) — (x — h ) 

_ fix + A) - /(x — A) 


4- /0) 
The 


and 


Ax 


Hence 


/'(A) = 


lim 

A—»G 


2/j 


/(x A) — /(x - A) 

2/i 


example 44. T Use the symmetric derivative to find /'(x) where /(x) = x 2 + 15. 


solution 


f'ix) = lim 

A—>0 


Va\uz s t vV«x- 
oAvocmJ 1*^ .S = 

sow*- V 

= lim 

A -»0 


fix + ft) - /(x - A) 

2fi 

[(x + A) 2 + 15] - [(x - A) 2 + 15] 

2A 

x 2 ~t~ 2hx -f /i 2 — (a 2 — 2/ur + /i 2 ) 

2Jt 


problem set 

44 


. 4/lX . -w 

= lim - = lim 2x = 

h —*0 2/l h —tO 

So f'ix) = 2x, which is what we would expect. 

1. The number of troubles Dot experienced increased exponentially. On the first of the month. Dot 
,26> experienced 6 troubles, and on the fourth of the month Dot experienced 48 troubles. How many 
troubles would Dot experience on the fifteenth of the month? 


2 . 


A rectangular box with a square base has a volume of 27. The length of a side of the square base 

is x, and the height of the box is y. 

(a) Write an equation that expresses the volume of the box in terms of x and v. 

(b) Write an equation that expresses the surface area of the box in terms of x and v. 

(c) Use the equation in (a) to express the surface area in terms of x 

(d) What is the domain of the surface area function? (That is, for what values of x does this 
problem make sense' 7 ) 

(e) Graph the surface area function on a graphing calculator. Use the appropriate features of tbe 
calculator to find the value of x that minimizes the surface area. What are the values of x 
and the minimal surface area' 7 















c/y 

Find —- in problems 3 and 4. 
ax 

3. y = sin u. u = 5x 3 

f-MJ 


4- y 
<*•) 

5. Use the symmetric derivative to find/'(x) where /(x) 


= In |w|, u = 


= —3x + 2. 


x 3 + e* 


6 

l-ut 


. Use the definition f'(a) = lim - - ■ to find/'(l) where fix) = —x 

' x — a 


7. Find the exact area under y = 3x on the interval [0, 4] by using an infinite number of inscribed 
rectangles. Check your answer by using geometry. 

8. Find the exact area under y = x 2 on the interval [0, 3] by using an infinite number of 
circumscribed rectangles. 

Differentiate the functions in problems 9 and 10 with respect tox. 

sin x , _ In x 


9. fix) = 


i-at e x + x 2 


10 . 

t-t2i 


y - 


sin x -+- cos x 


11. Sketch the graph of y — - Do not use a graphing calculator. Clearly indicate all 

* zeros and asymptotes. * * 

12. A particle moves along the number line so that its position at any time t (in seconds) is given by 
sit) = —2 In it + I). Find the velocity of the particle at t = 2 seconds. 

13. Find the equation of the line normal to the graph of the function y = sin x at x = —. 

(JQ) 2 


Integrate in problems 14 and 15 

3 


14. 

<J3> 



V7 


+ 4 cos / 6/“ 


**• 


dt 


15. 

<3S) 




4 sin x •+■ 5e x + x -6 ^ dx 


J6. Find (fsY(x) where /(x) = 3e x and g(x) = 4sinx. 

dy 9 

17. Find — where y — - 1 - 3x In Ixl — 6. 

<261 dx X * ‘ 


18. Find /i'(x) where /i(x) = * 

- 4 


dL . . 10 


19. Suppose L and x are both functions of time. Find —- given that 
(i4) dt L 


— = — 
x L 


Evaluate the limits in problems 20 and 21. 

2r — t ^ 

20. lim -:-r 

,l?» /-»- 14/3 _ 4 f 4 

22. Sketch the graph of y = (x — 2) 2 . 

121) 


21 


lim 


2x 4- 2 


a? } -t—»— i x* + 2x + 1 


23. Use a graphing calculator to graph the functions y - ± and y = e*. Then approximate the 
coordinates of the point(s) of intersection of the two curves. 


24. Assuming 0 < y < 1. compare the following: A. —L 

I / i m % • 


B. 


y 


i .3 


25. Use the fact that 1 + 2 + • * + (n 1)'_ [— 2 ,u *J to find the sum of the cubes of the 


first 200 positive integers 
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LESSON 45 Using f' to Characterize / • Using f'to Find 

Maximums and Minimums 


45.A 


using /' to 
characterize / 


We know that a (unction is an increasing (decreasing) function on an interval I if every greater value 
of .vis paired with a greater (lesser) value of/(.v). 


A function / is increasing on an interval / if 

/(* j) < f(x 2 ) 

whenever .r, < x 2 in /. 

It is decreasing on I if 


/(*i) > f(x 2 ) 

whenever x, < x 2 in /. 


Often the derivative can be used to check 
whether or not a function is increasing or 
decreasing. If/'(x) is greater (less) than zero 
for every value of x on an interval /, then /is 
an increasing (decreasing) function on /. The 
graph shown below is the graph of 
/Cv) = x 3 + lx. The equation of /' is 
/'(x) = 3jc 2 + 2, and we see that for any 
real value of x, f' is positive because x 2 is at 
least zero and thus 3x 2 + 2 is always 
positive. Hence / is increasing on the entire 
interval (— «=>, <»). 



The converse of the statement in boldface above is not necessarily true. If / is increasing on an 
interval /, /'(x) does not have to be greater than zero (positive) for all values of x in /. An example of 
this is the function /(x) = x 3 . For this function, / is increasing for all real values of x,* yet /'(x) is not 
greater than zero for every value of x because the derivative 3x 2 equals zero when x = O. 


y 



The box below summarizes how derivatives can be used to characterize functions Only the final 
statement is reversible. The converses of the other two are not necessarily true 


If /'(x) > 0 for all .r on an interval I. then /Is increasing on /. 

If f'{x) < 0 for all x on an interval I, then /is decreasing on /. 

If /'(x) = 0 for all x on an interval /. then / is constant on /. 















45~A using /' to characterize / 


example 45.1 


solution 
example 45.2 
solution 


example 45.3 

solution 


Shown is the graph of a function /. From among the points labeled, choose those at which /' appears 
to be positive. 


y 



At points A and C, the slope of the graph of / is positive and hence f' is positive at the x-coordinates 
of A and C. 

If / is a function such that /'(x) > 0 for all x, then describe the graph of /. Sketch how / could 
possibly look. 

If /*(*) is positive (greater than zero) for all values of x, then / must have positive slope for all values 
of x. Thus the graph of / could look like one of the graphs shown below. 



Of course, this list is not exhaustive. 

Shown is the graph of some quadratic function /. Sketch the graph of/'. 


y 



We see that the slope of the graph of / is negative for all x < 1 and that the slope of the graph of / 

is positive for all x > 1. At x = 1 the slope of the graph is 0. Since / is a quadratic function, f* must 

be a linear function. Thus the graph of / must be a line that passes through (1,0) and lies below the 
x-axis when x < 1 and above the x-axis when x > I. 


y 



f > 0 if x > 1 
/'(x) \ < 0 if x < 1 
1= 0 if x = 1 


The slope of the line cannot be determined, since wc are unable to determine the value of f* at any 
other value of x. If /<x) = x 2 - 2x + 1, then /'(x) = 2x - 2; while if /(.r) = 7x 2 - 14.r + 8. 
then f'(.x) = 14x — 14. which is a much different derivative. 
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example 45.7 
solution 

problem set 

45 


Use ihe first derivative to demonstrate that the function f(x ) = x 2 + 2x + 3 attains a relative 
minimum nl x = —1. 

First we find the derivative. 


/(.v) — x“ + 2x + 3 equation for / 

/ W = 2x + 2 differentiated 

Setting /'(x) = 0 gives 2x + 2 = 0. Solving for x yields x = -1. Thus, f = 0 at x * -1* 

From the equation of /' above, we see that /'(x) > 0 for all x greater than -1, and f'(x) < 0 for all 

x less than-1. Thus the graph of /is rising for all x > -I and falling for all x < -1. Since the slope 

of the graph of f is zero precisely at x — —1, the function f must attain a relative minimum 
at x = -l. 


1. A 10-foot-long ladder leans against a vertical wall. If the base of the ladder is x feet away from 
the wall, how high above the ground is the lop of the ladder? 

2. Shown is the graph of a function /. At which of the points A, B, C, and D is /' positive? 

y 



3. 

1 * 5 ) 


Assuming /'(x) exists for all real values of x, sketch the basic shape of the graph of f where 


/'(x) 


< 




0 when x < 1 
0 when x = 1 
0 when 1 < x < 2 
0 when x = 2 
0 when x > 2 


4. Suppose / is a funcuon such that /'(— 1) = 0. /' is negative on the interval (—3, —1). and f* is 
4i) positive on the interval (—1, 2). Sketch the graph of / for values of x near x — — I- Indicate 
where / attains a local maximum value or a local minimum value. 


Determine - in problems 5 and 6. 

dx 

5. v = sin r, t = Vx 6. y = —, u = x 2 + I 

!**) (**> u 

7. Use the symmetric derivative to find /'(x) where /(x) = x 2 + 3x. 

8. Use the definition f'(a) = Iim - ^ to Find /'(l) where /(x) = x 3 . 

( 4 J) x — a 

9. Sketch the graph of y = sin x (0 < x < 7i). Partition the interval [0. /r] into four equal 

subintcrvals, and estimate the area between the graph of y = sin x and the x-axis on the 

interval [0, tz\ by computing a lower sum. 

10. Sketch the graph of y - sin x (0 < x < n). Partition the interval {0, /r] into four equal 

,J9> subintervals, and estimate the area between the graph of y = sin x and the x-axis on the 

interval [0. x] by using rectangles whose heights are determined by sin (x ) where x is the 

midpoint of each subinterval. 

11. Find the exact area under y — x 3 on the interval [0. 4] by using an infinite number of lower 
<JJ> rectangles. 
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12. Let y = £?LfL. Find y'. 
142 * sin x 


13. Let /CO = • - , 

1 + x z 


Find f'(x) 


00 Find the critical numbers off where fix) = —x 3 + —x 2 + 2x + 2. 

(361 * 3 2 


15. 

(2. JO) 


(b) Use the equation of / and a rough sketch of the graph of / to determine the local maximum 
and minimum values of f and where they occur. 

1 3 

Use a graphing calculator to graph /(x) = —x 3 + —x 2 + 2x 4- 2. 

3 *2* 

(a) Find all the real roots of f. 

(b) Approximate the x- and y-coordinates of all the local maximum and minimum points. 

(c) How do these answers compare to those in problem 14? 

Differentiate the functions in problems 16—18 with respect to the independent variable. 

1 


16. y = -- 


17. fix) = x — x In |x| 

(JO 


18- = s Q + v 0 r + C* 0 , v 0 . and g are constants) 


Integrate in problems 19 and 20. 


19. 

(JM 

21 . 

(IS) 

22 . 

oat 

23. 

U7) 


J (jre 1 — 2 sin t + I) dt 


20 . 

(38) 




3 u 


-is 


) 


du 


Let fix) — Vx and g(x) = x 2 — 1. Write the equation of f ° g. 

Find the domain and range of f ° g where / and g are as defined in problem 21. 


Evaluate: lim 


x 3 + 1 


*—*—■! X + 1 


Find the sum of the first twenty terms of the arithmetic sequence whose first three terms 


—2. 1, and 4. 


are 


25. Find the radius of the circle that can be circumscribed about a rectangle whose length is 3 units 
and whose width is 4 units. 


l^ESSON 46 Related-Rates Problems 


A related-rates problem is a problem that presents a situation where one or more related quantities 
arc changing and asks for the rate at which one of the quantities is changing. The first step to solving 
such a problem is writing an equation that relates the variable quantities of the problem. This equation 
is called the relating equation. Dit terentiating the relating equation produces an equation that tells 
how the rates of change of all the variable quantities relate to each other. Specific information given 
in the problem can be substituted into the differentiated equation to solve for the desired quantities. A 
general principle applies for related-rates problems. 


The sum of the number of rates given and sought should equal the 

number of variables in the relating equation before differentiation is 
performed. 
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Calculus Lesson 46 


example 46.4 
solution 


K 


In (his equation we have V ' as a I unction of both r and h. Note that the relating equation has 
\ariubles. However, the total number ot rates given and sought only equals two (.given and seeking 
**" Itieh means we should work to eliminate one of the variables in the relating equation, 
shape ot the cone is known, the similar triangles found in a side view of the cone can be used to 
the relationship between r and h We do this oil the left-hand side below. On Lhc right-hand 1 
substitute to get the desired relating equation. 


the 
write 
wc 



£ 

r 


£ 

h 


r = A 
3 


V — ~Kr 2 h 

' ■ Hi) 


volume 


V = 


ah 3 

27 


simplified 


The sum of the nuixiberof rates given and the number of rates sought now equals the number ot variables 
in the relating equation. We take the differential of both sides, divide every' term by clt, and then solve 


dV = ^-dh 

9 

7lh 2 dh 


dV 

dt 

dh 

dt 

dV 


9 dt 
9 dV 


differentials 

divided by dt 

dh 


7th- dt 


solved for 


dt 


As the last step, we use —1 for and 3 for h, which is information given in the problem. 


dh 

~dt 


-(- 1 ) = 


I 


* -03183 centimeter per second 


of" 


7r(3) ~ 71 

The negative sign indicates that- the water level is decreasing as time increases. 

Air is pumped into a spherical hot-air balloon at a rate of 25 cubic feet per minute. Find the 
change of the surface area of the sphere when the radius is 5 feet. 

First, we need ah equation relating the surface area of a sphere to the radius of the sphere. 

A = 470- 2 

We are asked to find and it is given that % = 25. (Here Vrepresents the volume of the sphere -) 
The relating equation has two variables, and the sum of the number of rates given and sought is also 
two. So we proceed with the differentiation of the relating equation'. 

dr dt 

To find-"^r,-both r and ^ sire needed. We know r — 5 in this problem, but — is still unknown This is 
where the fac t that = 25 can be utilized. We introduce another relating equation involving V and r 
to determine the value of when r is 5. 


V = —Jtr 3 
3 


dV 

dt 


= 47zr 2 


dr 

dt 


When r = 5 we have 


25 = 4t r(5) 2 


dr 


dt 


25 = IOOtt 


dr 

~dt 


dr 

dt 


I 


4tt 




















problem set 


46 


Wc can now determine 


dA 
tit ' 


dA 

tit 


8/tr 


dr_ 

dt 


8*(5) 



= 10 

So the surface area is increasing at a rate of 10 fl 2 /min when the radius is 5 Feet. 


problem set 

46 


1. The number of people listening attentively varied inversely as the indifference index. If P people 
listened attentively when the indifference index was /. how many people would have been 
listening attentively if the indifference index had been J? 


^ 10-meter-Iong ladder leans against a vertical wall. The base of the ladder is pulled away from 
the wall at a rate of 1 meter per second. How fast is the top of the ladder sliding down the wall 
when the base of the ladder is 4 meters away from the wall? 

f ^ 5-foot-tall man walks straight away from a lamppost that is 35 feet tall. How fast is the length 

of his shadow changing when he is 12 feel away from the lamppost if he walks at a rate of 3 feet 
per second? 


4. 


Let /'(.r) exist for all real values of a. Sketch the basic shape of the graph of / where 


f(-t) 


r 

0 

when 

x 

< 

2 

— 

0 

when 

X 

— 

2 

< > 

0 

when 

2 

< 

x < 

= 

0 

when 

X 


3 

< 

0 

when 

X 

> 

3 


5. Let /(x) = x- + 6 x — 4. Use the first derivative to find the critical number(s) of/. Then use 

the first derivative to determine whether / attains a maximum or minimum value at the critical 
number(s) found. 


Find — in problems 6 and 7. 
ax 

6 . y ~ Vu, u — x 2 + 1 
8 . Use the faet that f'(a) = lim 

(+t) Jt 

denominator.) 


/(■*> - /la) 

x — a 


7. y — e u . u — sin x 

to find f*{ I) where /(.r) = -Jx . {Hint: Factor the 


9. Use the symmetric derivative to find f\x) where /(.r) = x 2 + 3 . 

10 . Find the area under y = a 3 on the interval [0, 3] by using inscribed rectangles and letting the 
number of rectangles increase without bound. 


Differentiate the functions in problems 11—14 with respect to x. 

sin x 


11 . 

t-ai 


fix) = 


cos a ■+■ sin .r 


12 . v = 2 a In Ixj 

f 31} 1 1 


13. 

ij:> 



* 

v = x + 1 14 ^ v — 

IS7) ~ 

Use the graphing calculator to graph the conic section given by a 2 + 2v 2 + 6 y — 8 = 0 
Determine the center of this conic section. 


16. (a) Find the critical numbers of /(a) = 3a 4 + 4x 3 — 12x 2 + 5 . 

I 

(b) Use this equation and a sketch of the graph of / to determine where / attains a local 
maximum or minimum. 
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Integrate in problems 17 and 18. 

S ^ + ' V7 + l) ** ft j(< + i -3 + r’ + r- 5 -sinr)A 

Sketch the graph of y = tan x (0 < .v ^ 2 a:). 

20* Let f(x) = 2 sin .v. Approximate /"'( 2 ). 

beginning with the key trigonometric identities, develop an identity for tan (2A). 

22- (a) Use a graphing calculator to approximate the value of /'(2) where fix') = a** 1 * and 

g(.r) = x 2 . 

(b) Evaluate /( 2 ) and g'( 2 ). Approximate the value of /( 2 ) • g\ 2 ). 

(c) How do the answers to (a) and (b) compare? 

when x > 0 
when x < 0 . 

24. For f as defined in problem 23, evaluate the following limits: 

(a) lim f(x) (b) lim f( x ) 

*~* 0 + j: —> 0 — 

25. Suppose a — b — 2. Compare: A. a 2 + b 2 B. 4 + lab 


23. Graph f where /(.t) 


(9) 



LESSON 47 Fundamental Theorem of Calculus, Part 1 • 

Riemann Sums • The Definite Integral 



47-A 

fundamental 
theorem of 
calculus, 

part 1 


We have defined the area between the jc-axis and the graph of a continuous, nonnegative function f 
on the interval [a, b\ to be the limit of the sum of the areas of the rectangles on a partition of [u. b] 
between die a- axis and the graph of / as the number of rectangles increases without bound. On the 
left-hand side below, we show the area under the graph of the function / between jc-values of a and b . 
The width of each rectangle is A.t and the height of each rectangle is the least value of fix) on each 
interval, so the sum of the areas of these rectangles is a lower sum. (We could have used an upper 
sum.) On the right-hand side we take the limit of this sum as the number of rectangles goes to infinity - 
We have defined the limit of this sum to be the area under the curve, which we designate as A.. 


y 



A 

A 


n 


Jim X /(*,) 

1=1 



a 



dx 






















fundamental theorem of calculus, part 1 


example 47.1 
solution 


Underneath the summation notation we have written the integral notation for the same sum. We read 
this as “the area A equals the integral from a to b of / of x dec x." 

The expression £ f(x) dx is called a definite integral. Definite integrals will be formally 

defined in the next section. We introduce it in this section to highlight an extremely important 
property. 


Fundamental Theorem of Calculus. Part 1 

Suppose / is a continuous function on the closed 
interval [a, />]. If F is any antiderivative of /, then 

f /(.c) dx = F(b) - F(n) 

Ja 


The statement in the box is a remarkable mathematical fact. It ties together the area under a curve 
(which is a sum of the areas of an infinite number of rectangles) with antiderivatives. What the 
statement says is that the area under the graph of a continuous function / can be computed using an 
antiderivative of /. 


Find the area under the graph of /(x) = 4 sin x between 0 and it. 


On the left-hand side the graph of the equation f(x) = 4 sin x is shown with the area that we want 
to find shaded. On the right-hand side we show the graph of F(x) = -4 cos x + 0, which is an 

antiderivative of 4 sin x. Arrows in the second figure indicate the distance from the x-axis to the graph 
when x = 0 and when x = k . 


y 



We can see that F(0) = —4 and F(/r) = 4 
area must be 


y 



the Fundamental Theorem of Calculus, the 



4 .sin 


x dx - 4 - (—4) = 8 


Rather than drawing pictures, it is customary to proceed as follows: 


A = J 0 4 sin * v = 4[-cos x]£ = —4[cos jcJJ 

The notation to the right-hand side is used to indicate that the value of .r at the left end of the interval 

,s zero - and zero is called lhe I° w er limit of integration. The value of x at the right end of the interval 
is the upper limit of integration, which is n in this example. We note that here the word limit has a 
different meaning than it does in the phrase limit of a function. Here the word limit is used to designate 
the values of x at the ends of the interval [0. *]. We always evaluate the antiderivative at the upper 
limit first and subtract from it the value of the same antiderivative evaluated at the lower limit. 

—4[cos x]* = —4(cos K — cos 0) 

= —4[(—1) — (I)] = —4(—2) — 8 units 2 
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Calculus Lesson 47 


example 47.5 
solution 


example 47.6 
solution 


Note that the definite integral simply describes a number that is the limit of a sum of products 
thpt Involve values of a function. Thus it Is applicable to functions that are negative for some 
portion of .an interval as well. For negative-valued functions, the definite integral no longer 
describes the area between the graph of the function and thc.v-axis. Rather, if f is negative-valued on 
the interval [a, b ] (meaning the gra^h of / is below lhe.v-axis on the interval [a, £>]), then J m fix) dx is 

negative. In fact, the negative of £ fix) dx is the area of the region between the graph of f and the 
-xr- ax is on the interval [a. b]. 

In the following exercises we explore the geometric interpretations of the definite integral 


Find 



sin .r dx geometrically. 


We begin by graphing the function and shading the region described. 


y 



The geometric interpretation of this definite integral is that it equals A. — A ,, as denoted in the 
graphic above. So it does not represent the shaded area, but the difference of the two areas (since one 
is above the jc-axis and the other is below). 

By symmetry, we see that A f = A ,, which means 

f2/r 

f sin x dx = A. — A. = 0 
Jo 1 2 

Obviously. J Q * sin jc dx cannot represent the shaded area if its value is 0. To compute the area of the 
shaded region, we would have to find A + A 

Evaluate: f (8 — 2x) dx 

Jo 


We consider the graph of y — 8 — 2x over the interval [0,4). 

y 



Since the graph of y — 8 — 2x is completely above the .r-axis, the integral f* (8 — 2.r) dx actually 
does yield the area between the .r-axis and the diagonal line This is obviously the area of a triangle 
with height 8 and base 4. So the area is 16. Therefore, 

f (8 — Zr) dx = 16 
Jo 











T* ■ • A ■ fv fc.M • r --w j r 










problem set 47 


^ 13-metcr-long ladder leans against a vertical wall. The base of the ladder is pulled away from 
the wall at a rale of 2 meters per second. How fast is the top of the ladder moving when the base 
of the ladder is 5 meters away from the wall? 


problem set 

47 


2 . 

(46i 


The volume of a spherical ball is increasing at a rate of 1 cubic centimeter per second. At what 
rate is the radius increasing when the radius of the ball is 10 centimeters? 


Use the Fundamental Theorem of Calculus to compute the areas of the shaded regions shown in 
problems 3—6. 



7. (a) Find all the critical numbers of / where /(.r) = —2.x 3 — 3. r 2 — 4. 

(b) Use the equation and a rough sketch of the graph of / to find the values of .r at which / 
attains local maximum or minimum values. 


8 . 

US) 

Find 


Use the first derivative to justify your answers to problem 7. 


dy 

— in problems 9 and 10. 
dx 


9. y = e u % u = x + cos x 

tut 


11 . 


Use the definition f*{a) = lim - £1 £2 

x — a 


10. y 


1 


VS" 


, U — e* 4- I 


to compute/'(2) where /(.r) = .x- 2 + 1 . 


12. Use the symmetric derivative to find f'(x) where /(.r) = 2 _t 2 + 3.r + 2 


Differentiate the functions in problems 13—16 with 
13. v = 3e , + i,n * 

15. v = 6 m- - 

i2S J ' . 


resfject to the independent x'ariable. 
14. v = 4r 3 In t 

tu> 


16. v 


sin x 





1 


!7. Find the area under v = 4 v on the interval [1,5] by using circumscribed rectangles and letting 
the number of rectangles increase without bound. Check your answer using geometry. 
























Calculus Lesson 4A 


|JjJ Approximate the coordinates of the relative maximum and relative minimum points of the graph 
of the function y — , You may assume that the only portion of the graph you need to 

examine lies in the interval -5 < .x < 5. 


Sketch the graphs of the equations given in problems 19 and 20. Clearly indicate all x-intercepts and 
asymptotes of the graphs. 


19. 

Hit 




24. 

tit 


tRl 


V = 


(.V - 2) 2 


20. y = x 2 (x — I)(.r + 1) 

<3S) 


Determine the domain and range of die inverse trigonometric function y — arccos x. 




22. Express sin~ ,v in terms of cos (2x). 


23. Integrate: j* + 2 


COS X + X -! 


— + Vx 1 dx 


Assuming x and y are real numbers, compare the following: A. (x + y) 2 


B. x 


y 2 


Let /(a) = *— a! + + “ 717 + 7? • Use a calculator to approximate /(1) to 

ten decimal places. Also, evaluate sin (1) where 1 is a radian measure. How do the two answers 
comDare? 



LESSON 48 


Derivatives of Trigonometric Functions • Summary 
of Rules for Derivatives and Differentials 


_48.A 

derivatives of 
trigonometric 
functions 


When we try to use the definition of the derivative to find the derivatives of sin x, cos x, tan x r and 
other trigonometric functions, we encounter limits of expressions that cannot be evaluated by using 
elementary algebraic manipulations. There is a way to prove that the derivative of sin x with respect 
to x is cos x using the limits of geometric areas as a part of the proof. This proof is presented in 
Lesson 101. 


We can use the fact that the derivative of sin x with respect to x is cos x to find the derivatives 
of other trigonometric functions. We begin by using this fact to find the derivative of cos x with 
respect to x. To find the derivative of cos x. all we have to do is remember that cos x is the cosine of 
x. which means that cos x is the sine of the other angle. From the diagram we see that the other angle 




It is also useful to note that sin x 




. We can sec this from the 


figure above. 


cos 




a 


sin x 


c 


c 









48.A derivatives of trigonometric functions 


example 48.1 
solution 


example 48.2 
solution 


Use ihe fact that the derivative of sin x with respect to x is cos x to find the derivative of cosx with 
respect to x. 

We know how to differentiate the sine function, so we will subsuiutc sin (f — x) for cos x. Then we 
will use u substitution to differentiate this function. We begin by writing 


y — cosx 


1 




-V JL 


Next we replace cos x with its cofunclion, sin 


(f - 4 


1 ^ ^ - 
•-'f’ t> { 


y = sin [v - 


-u 


^ '-bz-A i 4^ Vr <, v 


i « 


cofunction 


We note that this expression has the form y = sin u. We can find the differential of this form. 


dy — cos ii du 



Now we use the box to substitute again. We simplify the expression and divide both sides by dx to 
find the derivative. 


dy = cos 


dy = —cos 


dy 

dx 


= —cos 


({-')■- 
(I-*) 


1) dx 


substituted 


simplified 


divided by dx 


We began by replacing cos x with its cofunction, sin (f — x). We finish by replacing cos (f - x) 
with its cofunction, sin x. 


dy 

dx 


= —sin x 


Therefore —(cos x) = —sin x. 

dx 

Use the quotient rule and the derivatives of sin x and cos x to find the derivative of tan x with 
respect to x. 

We begin by writing the derivatives (with respect to x) of sin x and cos x. 


dx 


sin x = cos x 


dx 


cos x = —sin x 


Then we write tan x as a quotient 


tan x = 


sin x 
cos x 


Next we use the quotient rule to find the derivative. 


dx 


(tan x) = < cos -t)(cos x) — (sin x)(-sin x) 


cos 2 x 


cos 2 x -4- sin 2 x 


cos 2 x 


Since sin 2 x + cos 2 x = 1 and the reciprocal of cos 2 x is sec 2 x. 


dx 


(tan x) = 


cos* x 










Calculus Lesson 48 


problem set 

48 




H#» ,?. ra . lu * ° l ^ c ^ as p °f a right circular cone increases nt n rate of 1 centimeter per second 

* ^*8^ remains constant nt 10 centimeters. Find the rate at which the volume of the 

cone is changing at the instant the base of the cone has a radius of 24 centimeters. 

mi Em is using the faucet to force water into her balloon at a rate of 2 cubic centimeters per 
sccon . Assuming the balloon’s shape remains spherical, find the rate of change of the 
surface area of the balloon when its radius is 7 centimeters. 

mi ^ sc *he fact that the derivative of sin x with respect to x is cos x to develop the derivative of 
cos .r with respect to x 

^? e *h e Quotient rule and the derivatives of sin x and cos x to develop the derivative of cot x 
with respect to x 


5. 

H»| 


Use the fact that esc x is the reciprocal of sin x to develop the derivative of esc x with respect to x 


the derivatives of the functions in problems 6 and 7 with respect to x. 


6. y = e x esc x 
(■**> 


7. 

H9I 


v = x 2 sec x 


Use the Fundamental Theorem of Calculus to compute the exact areas of the shaded regions 
problems 8—11. 



in 


12. Suppose /(jc) = x 2 + bx + c where b and c are real numbers. Use the first derivative to 
(4S> determine where the minimum value of / occurs. Use a rough sketch of / to justify 

the answer. 

13. Let g be a function such that g'( 2) = 0, g" < 0 when x lies in the interval (O. 2). 
,4S> an d g' > 0 when x lies in the interval (2, 4). Determine whether g attains a local maximum 

or minimum value at x = 2. 


Pind in problems 14 and 15. 
dx 


14, y = 4 sin u, u = x 


15. v 

1*4} 



\ u 

























problem *ot 4B 


16* A particle moves along the number line so that its position at time t is given by the equation 


*(0 = t 3 — r 2 — 12. Find the velocity of the particle at f = 3. 


17. Determine 

(SB! 


in=: Jhk 


2u 2 - 1 


3 -yfu + 2 sin u — cos u + u~ 5 — 4e" J 


du 


+ JC + *1 

--<£r (Hint: First rewrite the integrand as a sum.) 


19. Solve: log 3 = 5 

i9 > * 


20. Rewrite y = log 2 jc entirely in terms of the natural logarithm function. 


21. Let /(or) = x 3 and g(/i) = -— 


2h 


(a) 

(b) 

(c) 


Use the appropriate features of a graphing calculator to find g(h) for values of h nearO. What 
do you think g(h) approaches as h approaches 07 

Use calculus to determine the value of /'(l). 

How do the answers to (a) and (b) compare? 


22. Let /( jc) = 

(401 


x 1 ♦ x ♦ I 


where x < 0. Use a graphing calculator to determine the coordinates of 


the relative maximum point of the graph of/. 


23. 


(a) Use a graphing calculator to determine the value of f*( 2) where f{x) = 


2x + 1 
or 2 + 1 


(b) 

(c) 


Suppose g(x) = 2x + 1 and h(x) = jc 2 + 
How do the answers to (a) and (b) compare? 


1. Determine the value of 


24. Graph the set {.re 1R | |2x - 3| <4} on a number line. 


25. Assuming xy — 1, compare the following: A. — jc B. 


at 


l 

y 








Calculus Less on 49 


LESSON 49 Concavity and Inflection Points • 

Geometric Cleaning of the Second Derivative • 
First and Second Derivative Tests 

49.A 


concavity and 
inflection 
points 


We begin with a continuous function f that has a derivative at x 
If we can draw a line tangent to the graph of the function / at x 
the behavior of the graph near the point of tangency P. 



c as shown in the figures below, 
c, there are three possibilities for 

y 



^ points on the graph near the point of tangency P lie above the tangent line. In this case the 
graph moves up and away from the tangent line on both sides of P, and we say that the graph of 
/ is concave upward at x = c. 


(b) All points on the graph near the point of tangency P lie below the tangent line. In this case the 
graph moves down and away from the tangent line on both sides of P, and we say that the graph 
of / is concave downward at x — c. 


(c) The points on the graph near the point of tangency P are above the tangent line on one side of F* 
and below the tangent line on the other side of P. Thus the curve moves up and away (concave 
upward) on one side and down and away (concave downward) on the other side. In this case we 
call the point P an inflection point and say that / has an inflection point at x = c. 


example 49.1 Shown at right is the graph of /. 

Indicate if the graph appears to be concave 
upward, to be concave downward, or to have an 
inflection point at the points labeled. 


y 



x 


Solution A: Concave downward B: Concave downward C: Inflection point 

£): Concave upward E: Inflection point F~ Concave downward 

Notice that the graph is concave upward on one side of both inflection points and is concave 
downward on the other side. 


_ 49.B 

geometric 
meaning of the 

second 

derivative 


The derivative of a function is another function called the first derivative, which describes the rate 
of change of the original function with respect to x. The value of the first derivative where 
x = c equals the slope of the line tangent to the graph when .t = c. 

If we differentiate the first derivative of a function, we get another function called the second 
derivative of the function. The second derivative describes the rate ol change of the first derivative. 
Thus the value of the second derivative when x — c is the rate of change of the slope of the graph of 
the original function at .r = c. If the second derivative is positive when x = c, the slope of the 
graph of the function is increasing as the x-coordinnte increases, and the graph is concave 














geometric meaning of the second derivative 


upward at that point. In the figure below, we show the graph of a function that is concave upward 
at every value of jr. The numbers near the curve indicate the slope of the tangent line at that point. 


y 



The slope of the curve increases 
from left to right. 


As x increases, we see that the slope goes from —2 to —I to 0 to +1 to +2. Each value of the slope Is 
greater than the value to its left, and thus the rate of change of the slope is positive. 

If the second derivative is negative when x = c, the slope of the graph of the function Is 
decreasing as the coordinate increases, and the graph is concave downward at that point. In 
the figure below, we show the graph of a function that is concave downward at every value of x. 

y 



x 


In this graph of a function, as x increases the indicated values of the slope go from +2 to +1 to 0 to 

-1 to -2. Each value of the slope is less than the one to its left, and thus the rate of change of the slope 
is negative. 


We can remember the connection between values of the second derivative and concavity by 
using these faces as a mnemonic. 



f" positive means 
concave upward 



f" negative means 
concave downward 


The first derivative tells us whether the slope is positive, negative, or zero and tells us how 
steep the slope is if the slope is not zero. To illustrate, we show the graphs of the following! 



Slope = 


Slope = —2 















Calculus Lesson 49 


example 49.5 


example 49.6 


solution 


Given fix) .x , use f* and f" io describe ihc graph of / near x = 0. 

Wc begin by finding the equations of f* and /". 

f(x) = x A 

rex) = 4.x 3 - /'(0) = 4(0) 3 - 0 

fix) = IZv 2 - /"( 0) = 12(0) 2 = 0 

X ~ °* {' a I' d < *4 u,d 0* The fact that /'(0) = 0 tells us that / has a stationary point at (O, /(O)). 
1 ne second derivative test cannot be used because /"(0) = 0. Using the first derivative test, we see 

that / is negative when * is negative and f* is positive when x is positive. Thus /(0) is a local 
minimum value of/. 


{ < 0 when x < 0 
= 0 when x = 0 
> 0 when .t > 0 


The graph at right represents /", the second 
derivative of /. 

Discuss the basic shape of the graph of/. 


y 



We first notice that / (—2) — 0 and /"(2) — 0. So the graph of / has possible inflection points 
at x = -2 and x = 2. Next we see that f"(x) > 0 for x < -2. Therefore, when x < —2. the 
graph of / must be concave up. Similarly, the graph of / must be concave up when jc > 2. Finally, 
we see that f"ix) < 0 when -2 < jc < 2. So over this interval, the graph of / must be concave 
down. Therefore, the basic shape of the graph of / must be the following: 



Note that we lack a great deal of information about /. This is only one of the numerous possibilities 
for the shape of /. 


1. An inverted right circular cone whose 
depth is 10 cm and whose base has a radius 
of 5 cm is dripping liquid at a rate of 
1 cm 3 /s. How fast is the depth of the liquid 
changing when the depth of the liquid 
is 5 cm? 



problem set 

49 












problem set 


49 


2 . 

(49) 


Skclch the basic shape of the graph of / where /"(x) 


0 when x > 1 
0 when x = I 
0 when x < 1. 


3. (a) Find all the critical numbers of fix .) = x 4 — 2x 2 . 

(45) 

(b) Use the equation off arid its graph to determine where the extrema of / occur and what their 
values are. 


4. For fix) — x 4 — 2x 2 use the second derivative test to determine whether the graph of / has a 
<49> local maximum, a local minimum, or an inflection point at each of the critical numbers of /. 

Use the Fundamental Theorem of Calculus to compute the areas of the shaded regions shown in 
problems 5-8. 


5. y 6. y 



9. Shown is the graph of f*. Make a rough sketch of the graph of/. 

y 



Differentiate the functions in problems 10—12 with respect to 


10. v = 4x esc x 

(45) 

12. v = 13(sinx 4- cosx) 

(4S) 


dy 


11* S(x) 

(48) 


= x In |.r| — x tan x 


13. Find where y — 6u 4 and u = sinx + cosx 

(44) dx 


14. Evaluate 2) where fix) = 2 In |xj + 3 


(27) 


Sketch the graphs of the equations given in problems 15 and 16. 

(1 - x)ix 2 + l)(x - 4) 


m/’ ' (x 2 + 2)(x — 2)(x — 4)x 


16. v — x(x 

f IS) 


- l)(x + l) 3 
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17. Use ihc fact that the derivative of sin a with respect to a is cos a to prove that the derivative of 

. * » 
cos a* with respect to x is -sin x. 

18. Find v'where v = 2e x — cos a + 14 sin a - . 

i?rti 

19. Let f(x) - sin a and g(x) = fix- 4 ]. Sketch the graph of g. 

i:n \ 4 J 


20. Evaluate: lim 

tut a —♦ o 


3a7i — 4/j- 


21 . 

MJJ 


(a) 

(b) 

(c) 

(d) 


Sketch a graph of the region bounded by y — x and the .r-axis on the interval [O, 1 ]. 

Divide the region into n upper rectangles. What is the width of each rectangle? 

What is the height of the first rectangle? The third rectangle? The sixth rectangle? The /ith 
rectangle? 

Write an expression using limit notation that represents the area of the n rectangles as n 
approaches infinity. Use your answers from (b) and (c) to indicate the width and height of 
each rectangle. 


22. Integrate: f [ ~=^ — 

J IV7 



a — x x + x * — 3 sin a + cos a — 2e x 


dx 


J 


23. Use the derivatives of sin a and cos x to prove that the derivative of tan x with respect to 


is sec* x. 


24. Graph the set {a € OR J |.r — 3| < 4 } on a number line. 


25. Suppose h(x) = 

U2l 


fix) 

gi A) 


where /(a) = .r + In .r and g(x) = sin a + cos a. 


(4) Use the graphing calculator to determine the value of /i'( 1). 

(b) Determine the values of/(l) and g(l). 

(c) Differentiate to find f'(x) and g'(x). 

(d) Use the equations found in (c) to determine the values of f'(l ) and g'( 1). 

(e) Find the value of — ■ n ^ tn p nK - by substituting the values for g( 1). /(1). /'(1). and g'i I) 

found in (b) and (d) J J 

(f) How do the answers to (a) and (e) compare? 


i 


f 






LESSON 50 Derivatives of Composite Functions • Derivatives of 


50.A 


derivatives of 
composite 
functions 


Products and Quotients of Composite Functions 


We have been using two methods to finrf ih/» 

use u substitution, and then we learned to^eft the e! an ,^* C ° mp ° si,e funclion - First we learncdto 

quations separately and use the chain rule The 


function 


>• = e 


is a composite function formed by composing two function 


machines into one as we show here 


2 < ) 



u = 


y = e° 


2 Jr 


£ 


\ 


















50.A derivatives of composite functions 








WO 


„"V C 




v 


££*-* 




VH> I 


example 50.1 
solution 


example 50.2 
solution 


The derivative of this composite function is the same whether we use u substitution or the chain rule. 

d 2t 2 x d / -» \ ^ zi 

— e = e —(2x) so —e = 2e 

dx dx dx 

We need to differentiate composite functions often, and it is helpful to realize that a shortcut can be used. 
We treat the argument of the composite function as if it were a single entity and multiply the derivative 
of this funcuon by the derivative of the argument. Thus if ( > is the argument of the function, we have: 

— ( )" = n( )""■ -j-( ) 
dx dx 

rt I d 

( ) 


dx 

d 


) 


= c £< > 


dx 


,< ) _ e < ) 


dx 


( ) 


sin ( ) = cos ( ) -—( ) 

dx 

tan ( ) — sec 2 ( ) ) 

dx 

sec ( ) = sec ( ) tan ( ) -^-( ) 

dx 

If fix) — sin (2x 2 + 4x + 6), what is fix)? 


dx 

d_ 

dx 

d 

dx 


dx 

d 

dx 
d 

dx 
d 


In ( ) = 


( ) dx 


dx 


cos ( ) = -sin ( ) —( ) 

dx 

cot ( ) = —esc 2 ( ) ~-i ) 

dx 

esc ( ) = -esc ( ) cot ( ) -t~( ) 

dx 


We remember that 


sin ( ) = 


Next we write 2x 2 + Ax + 


dx 

6 in each of the 


cos ( ) —( ) 
dx 


—sin (2x 2 + 4x + 6) = cos (2x 2 + 4x + 6) — (2.r 2 + 4x + 6) 
dx dx 

We finish by taking the derivative of the argument and writing either 

fix) - [cos (2x 2 + 4x + 6)](4x + 4) or fix) = (4x + 4) cos (2x 2 + 4x + 6) 
Let g(x) = In (sin x). Find g'(x). 


We remember that 


—-In ( ) = — —( ) 
dx ( ) <tr ' 


Next we write sin x in each of the parentheses. 

d Id 

——In (sin x) = —-(sin x) 

dx sin x dx 

Then we take the derivative of the argument and simplify. 

1 


S'ix) = 


sin x 


cos x = cot x 


However, this is not true for all x. The derivative is not defined where the function is not defined. So 
the derivative is not defined at x if sinx S 0. 


example 50.3 Let /i(x) = (x 2 + 4x) 100 . Find h'ix). 


solution We remember that 


-~i ) ,0 ° = 100( )" —( ) 

dx dx 


We write x + 4x in each set of parentheses, take the derivative of the argument, and simplify. 


dx 


(x 2 + 4x) ,0 ° = 100(x 2 + 4x) 


99 


dx 


(x 2 + 4x) 


= 100(x 2 + 4x)"(2x + 4) 
= 200(x + 2)(x 2 + 4v) w 
h'ix) = 200x 99 (x + 2 )(x + 4)” 
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_ 50.B 

derivatives of 
products and 
quotients of 
composite 
functions 

example 50.4 
solution 


example 50.5 
solution 


The process of finding the derivatives of products nnd quotients of composite functions can be a litlie 
confusing. It is helpful to write the individual derivatives as u first step. This lessens the chance of 
leaving out part of the answer, and it often saves tunc that might otherwise be spent on mental 
bookkeeping. 


If fix) = e T (.v 2 + l) 100 , what is /'(.v)? 


We need to find the derivative of a product, and one of die factors is a composite function. We write 
the derivatives of both factors of the product as the first step. 

— e x =e x — (x 2 + l) 100 = I00(.r 2 4- l)"(2x) 

tlx dx 

= [200x(x 2 4- I) 99 ] 

The derivative of a product is the first times the derivative of the second, plus the second times the 
derivative of the first. We have the functions and the derivatives, so we can write the result- 

/'(*> = e x [200x(x 2 + l) 99 ] + [t* 2 + 1 ) ,00 ](e*) 

We can simplify this expression a little. 

f'(x) = 200x* J (x 2 + l) 99 + e x (.r 2 + l) 100 

This answer is satisfactory, but some people prefer that answers be in a fully factored form. We note 
dial e ^ is a factor of both terms, and if we look closely, we can see that (.r 2 4- l) 1(W can be written 
as (.r 4- l)(.r~ 4- I) 99 . Since (x~ 4- I) 99 is a factor of both terms, we can write 

/'(*) = e x (* z + l)"(200x 4- x 2 4 - 1) 


It is wise and helpful to write all first derivatives in their fully factored form. It makes the task 

of finding stationary points rather easy. In the above example, /'(x) = 0 when 


e x = 0 or (x 2 4 - l) 99 

We know e x is never zero, and neither is x 2 4 - 
energy solving 200x 4 - x 2 4 - I =0. 


= 0 or 200.r 4 - x 2 4- 1 =0 
1. To find stationary points, we can spend all of our 


Suppose /(r) = 


sin (2r) 4 - In t 
0 3 + 3 1) 5 


Find /'(/). 


We write the derivatives of the numerator and denominator as the first step. 

^•[sin (2r) + In /] = 2 cos (2 1 ) + I 
* 31)5 = 5 < ( ’ + 3,) 4 01'- + 3) 


The quotient rule is the denominator times the derivative n r,u _„ 

the derivative of the denominator, all over the square ofihlT enumcrator ’ m,nus thc numerator umes 

and just have to write them. q th deno ™nator \V C have all the components 










problem set SO 


problem set 

50 


This expression can be simplified a liitle. 

(/ 3 + 3/)| 2 cos (2r) + -1 - 5[sin (2/) + In /](3/ 2 3) 

/'(/) = -L- LJ --- 

J 1 1 (f 3 + 3r) 6 

/(/ ? + 3)p cos (2/) + y] ” 5[sin (2/) + In /]3(r 2 + l) 

f 6 (r 2 + 3) 6 

0 2 + 3)[2/ cos (2/) + l] — 15[sin (2/) + In /](/ 2 + 1) 

/ 6 (/ 2 •+■ 3)® 


canceled common 
factor (f 3 + 3r) 4 


factored 


simplified 


1. 


A particle moves along the circular path determined by the equation x 2 + y 1 — 9. Find the rate 
at which the x-coordinate is changing the instant the particle passes through the point ( 2 V 2 , 1), 
assuming the y-coordinate is decreasing at a rate of 2 units per second at that instant. 


c 0 when x < 2 

2. Sketch the basic shape of the graph of / where /"(x) 0 when x — 2 

> 0 when x > 2. 


{*9 1 


3* (a) Find all the critical numbers of f(x) = — 12x 4 + 4x 3 + 12x 2 — 1. 

( 30 ) 

(b) Use the equation of / and its graph to determine the extremum values of / and where 
they occur. 


4. 

( 49 ) 


Suppose f(x) = — 12jc 4 + 4x 3 + 12x 2 — 1. 

(a) Find where the inflection points of the graph of / occur. 

(b) Identify the intervals on which the graph of / is concave upward and the intervals on which 
the graph of / is concave downward. 


Find the derivatives of the functions in problems 5—9 with respect to the independent variable. 

In (sec x) 

e J (x 2 -+• 4) 50 


5. 

/(*) = 

tan (3x 2 — 4x •+■ 1) 

6. 

(SO) 

(SO) 

7. 

*(x) = 

(X 2 - 4)5° 

8. 

(SO) 


(50) 

9. 

(SO) 

5(0 = 

sin (20 
cos 2 / 



y = 


y - 


Use the Fundamental Theorem of Calculus to compute the areas of the shaded regions in 
problems 10—12. 


10 . 

( 47 ) 


I 


11 



y = —x 2 + x 




Anudtfferentiate in problems 13 and 14. 

13. f % x (x — 2) dx 

tisi J 

15. Use implicit differentiation as required to find the equation of the line tangent to the graph of 
127341 x 2 + y 2 = 9 at(2v2. 1). 


14. f (x — 2) 2 dr 

J2JI J 
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16. Approximate 


129/ 


d 2 y 


dx 


where y - -2cos.v. 




17. Evaluate: lim 

117.3*1 h —*0 


— e 


+ lim — 
1 


1 


— n 


18. Antidiffcrentiate 
o*i 


i J( 3 ^- 




+ sin x 


- 2x ~ 4 - 7 - 3c *) 


dx 


Sketch the graphs of the functions given in problems 19 and 20. Clearly indicate all 
asymptotes. 


and 


19 y — _ -X ^' r 

C*I x(x 2 + 2)(x + 1) 


20. y = -x(x + l) 2 (x - l) 3 

(1H 


21. (a) Write a definite integral that equals lim —| — + — 4- — 
( 43 . 47 / n— »— n\_rt n n 


1 


]• 


(b) Evaluate the expression in (a) by computing the definite integral. 


Use a calculator as necessary to solve the equations in problems 22 and 23 forx. 


e x = 21 


19/ 


23. log (4x) = 2 

19/ x 


24. Suppose that the function / is differentiable at 0, g(x) = [/(- r )] 2 « /(0) = —1» and /'(0) 
t * t> Evaluate g'(0). 


= -1 


25. In this exercise you will use a graphing calculator to approximate the graph of the 
* function fix) = e* by using polynomials. Enter all of the following equations into your 
graphing calculator 





2 

Y, = l + x Y a - 1 + x + 

3 4 


+ X + 




+ X 




X 


4 



(a) Graph only K,, K,. Y y and Y 4 . 

(b) Graph only and Y s , 

(c) Graph only Y and K. 


As you can see from the graphs. Y 2 is not a good approximation of fix) = e x , but each successive 
approximation improves upon the previous ones. Evidently, increasing the number of terms 

increases the accuracy of the approximation. A later lesson shows that the function fix) - e 1 can 

be easily written as an infinite series (called the Maclaurin series for e x ). 


€ 


JC 



1 + X + 




X 


5 



4! 


-f* • • * 
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LESSON 51 Integration by Guessing 


It can be shown that every continuous function has on antiderivative, and thus the indefinite integral 
exists for every’ continuous function Finding an explicit expression for many of these integrals is 
difficult, and for some it is impossible. But wc know that the integrals do exist Thus far we have 
concentrated on integrating carefully contrived expressions that have one of the following basic 
forms. An explicit expression for each of the following integrals can be written by inspection. 

J u n du J* — J e u du J* sin u du | cos u du 

We now extend our investigation to finding integrals of expressions that are differentials of composite 
functions. Remember that the basic technique for integrating is guessing the answer then 
checking that guess by differentiating it. If the differential of the guess is the expression we arc 
Uying to integrate, it is the answer. If not, we guess again and check the new guess. The ability to make 
good guesses improves with practice. 


example 51.1 Integrate: J 6(x + l) 5 dx 


solution 


We guess that (x + l) 5 is a factor of the differential of an expression whose basic form is u 6 , since 
differentiation of a monomial reduces the power by one. Notice that d(w 6 ) = 6a 5 du. The expression 
oh the right-hand side below closely resembles 6(x +- l) 5 dx. The substitution u = x + 1 makes 
them equivalent. 

djx + I) 6 = 6(x + l) 5 dx 
u n nu n ~ 1 du 

Since the differential of (x + l)' 1 is the expression on the right-hand side of the equals sign, the 
integral of that expression is (x + l) s plus a constant of integration. 


J 6(x + l) 5 dx = (x + l) 6 + C 


example 51.2 Integrate: J 7 sin 6 1 cos / dt 


solution 


Note the exponent 6 in sin 6 t. Because monomials lose a power in differentiation, it is very likely that our 
basic form u 6 is a result of differentiating u 7 . So we guess that « 7 = sin 7 / and check by differentiating. 

dsin 7 1 = 7 sin 6 / cos t dt 






u n nu” ~ 1 du 

Our guess was a good one. Since the differential of sin 7 / is the expression on the right-hand side 
of the equals sign, the integral of that expression is sin 7 / plus a constant of Integration. 


J 7 sin 6 / cos / dt = sin 7 t + C 


example 51.3 Integrate: J IVTTt' dx 


solution We begin by rewriting the expression as follows: 


J 


f (x + 7)>' 2 dx 


Noticing the exponent of 4. we guess that the indefinite integral contains the form 
which we check by finding the differential. 


- (x + 7)** 


d(x + 7) 3/2 = !(x 
- 2 


u 


7 ) i/2 dx 
du 


nu 


n — I 


So 


• jf 


v x + 7 dx — (x + 7) 


3/2 


c. 
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example 51.4 
solution 


example 51.5 
solution 


example 51.6 
solution 


problem set 

51 


Integrate: 


f 3Lv a dx 
2^-t 3 + 4 


We begin by rewriting the radical expression with a fractional exponent. 


J 


—x 2 (.r 3 + 4) 1/2 dx 
2 


Note the exponent -k on (\ + 4) _l/2 . It is likely a factor of the diftercntial of an expression whose 

basic form is /i 1 * 2 Wc guess that n ,/2 = (x 3 + 4) l/2 and check our guess by finding its differential- 

d(.r 3 + 4) ,/2 = — (x 3 + 4)~ ,/2 (3x 2 dx) 

- —• 2 ^—*-' 

—' du 


nu 


v 

n - 1 


We made a good guess because the expression on the right-hand side of the equals sign is a rearranged 
form of the expression we wish to integrate. Since the differential of (x 3 + 4) 1/2 is the expression 
on the right-hand side of the equals sign, the integral of that expression is (x 3 + 4) 1/2 plus a 
constant of integration. 


J 


2Lr 2 dx 


2-J~x* + 4 


= (x 3 + 4) 


1/2 


Integrate: f &r(e 4 * 2 ) dx 


4x* 


The presence of e " 1 is the key lo this problem We hope this expression is a factor of a 
whose basic form is e u dit . We guess that the inderiniie integral has the form e* x and check our guess 
by finding the differential. 

de Ax2 = e ’ 


(8.vdr) 
e" du 

The differential is a rearranged form of the expression we want, to integrate, so we can write the 
answer by inspection if we remember to include a constant of integration. 

2 ^ _ .^2 


J 


&c(e 4x 


) dx - e Al + C 


Integrate: f 20x(2x 2 + 4) 4 dx 


First note the exponent 4 on the factor- (2x 2 + 4) 4 . We guess an expression that has the basic form 
ir and check our guess by finding its differential. If this guess is correct we will be able to write the 
answer by inspection. For our first try we guess that w 5 is (2r 2 + 4)* Then we find us differential. 

d(2x 2 + 4) 5 = 5(2t 2 + 4Y(4x dri 

--- , •: ^ . 

nu n "* * du 

The expression on the right-hand^side of the equals sign is a rearranged form of the expression we wish 
to integrate. Since the differential of (2x 2 + 4) 5 is the expression on the right-hand side of die 
equals sign, the integral of that expression is (2x 2 + 4) 5 plus a constant of Integration. 

J 20xi2x 2 + 4) 4 dx = (2x 2 + 4) 5 + C 


I. A large sphcncal balloon is deflated at a rate of 3 cubic centtmc.cn, per second while retainin 

“» S P henCal S '? i,pe Hnd lhe mc al whieh of the sphere is chang,ng when the ntd.us . 

5 centimeters long b 


2 . 

(* 9 > 


Sketch the basic shape of the graph of /. where f "( x ) 
any points of inflection. 


> 0 nhcn * > 1 _ r 

■ ° <*»»» i - i Indicate on the graph oi j 

< 0 »hen x < i 



M. 


1 








* 


i 
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3. 

(JO) 


(a) Find all the critical numbers of the function fix) = 2x 3 — 3x 2 — 12x + 1. 

(b) Use the equation of / and its graph (as necessary) to determine the extremum values of f 
and where they occur. 


4. (a) Find all the inflection points of the graph of f(x ) = 2x 3 — 3x" — I2x + J. 


(49) 


(b) Use interval notation to describe the interval(s) on which the graph of / is concave upward. 


Integrate in problems 5—10. 

5. f 12x(x 2 + 4) s dx 
an J 


6. |6 sin 5 / cos / dt 

an J 


7. J 
1311 J 


x dx 




8. 

an 

J 4.re 2x2 dx 

_ r fir + 1 , 

9. —=- dx 

tsn J 3x z 4- x 

10. 

(SI) 

J R CQS x fa 

Differentiate each function in problems 11—16 with respect to x. 



11. 

(50) 

II 

+ 

© 

12. y - e x (x 2 - l) 30 

<50) 

13. 

(SO) 

y = sec 2 (x 2 + 3x) 

14. 

(50) 

fix) = sin * 

/w (x 2 + 1)‘° 

15. g(x) = 3 In |cosx| 

(SO) 

16. 

(SO) 

y = 

Use 

the Fundamental Theorem 

of Calculus to compute the 

area of 

each shaded region 


problems 17 and 18. 
17. 



18. 



€ — e 


19. Evaluate: lim 

(+0 x — ►1 jc — 1 


20. (a) Write the definite integral that is represented by lim —I — + — 

l4347> n 


21 . 

(R> 


10 15 

+ — + 

n 


+ sl 


(b) Evaluate the sum in (a) by computing the definite integral. 

We define a fixed point for a real-valued y 

function to be a real number x Q such 
that /(x Q ) = x Q . To find any fixed points 
for the function /(. x) = 3x — 2, we 
write 3x 0 — 2 = x Q . Upon solving this 
equation, we find that x Q = 1. Therefore, 

I is a fixed point for the function 
fix) = 3x — 2. We can illustrate this 
example more clearly by graphing the 
function f(x) = 3x — 2 and the line 
y = x in the first quadrant. 

In this example, the graphs of the two functions intersect at only one point, (1, 1). Therefore, the 
function fix) = 3.v - 2 has only one fixed point, x Q = 1. Calculate the fixed points for each 
function below. 



- x 


(a) fix ) = x 


(b) f(x) = 4x 2 + 4x - 1 


(c) fix) = 


x + 1 
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Use a graphing calculator to find the approximate values of the fixed points for the functions in 
problems 22 and 23. 

22. /(x) = 1 + sinx on [0,4] 23. /(x) - -1 + tanx on I Q, — I 


24. 


25. 

f 


Suppose J(x,) + /(x 2 ) = /(x 1 + x 2 ). where x, and x, are real numbers. Which of the 
following could be an equation of f? 

A. /(x) = e x B. f(x) - Inx 

C. fix) - 3x D. fix) = x 2 


Let /(x) = e* 1 * and g(x) = e“. Find the value of 6 in terms of a such that 


' /(*) T 

J 


rw 


LESSON 52 Maximization and Minimization Problems 


The critical numbers of a function of.v on an interval / are the values of .v for which the function could 
have a local maximum value or a local minimum value Local maximum values and local minimum 
values are often called local extrema Critical numbers can be values of .v at which the derivative 
equals zero For these values of x the tangent to the graph of the function is horizontal. Critical 
numbers can also be values of .v for which the derivative Joes not exist. The derivative does not exist 
at endpoints at values of.v for which the graph has a sharp point, oral points where the tangent line 
to the graph is vertical. Tins lesson includes applied problems that ask us -to find the absolute 
maximum (minimum) value of a function on a designated interval. The absolute maximum 
(minimum) value is sometimes called the global maximum (minimum) value The absolute 
maximum ( minimum) value must also be a local maximum (minimum) value. So our search for an 
absolute maximum (minimum) value of a function on an interval begins by finding all the 
critical numbers of the function on the interval. Then we find which of these numbers produces a 
local maximum ( minimum) \alue. We must also find the function values at the endpoints of the 
domain Then we choose the greatest (least) value as our answer. 

Suppose we are searching for the maximum area of some region where the area is described by 
the following equation: 

^(x) = —3x 2 + fix + 2 

W e already know that this is the equation ofa parabola that opens downward and that the jc-value of the 

vertex is —b over 2 a, which equals 1 


x = = , 

2 (— 3 ) 


Thus the maximum value of this funcuon occurs when x = 1. 

A(I) = -3(1) 2 + 6(1) + (2) = 5 

Since the parabola opens downward, any other value of x produces a lesser value of A. so 5 is the 
maximum value of the function. 



0.5) 



T-r»- > 

1 2 3 


X 













Maximization and Minimization Problems 


example 52.1 


solution 


We will pretend that we do not know that 5 is the maximum value, because wc are interested in using 
calculus to find the maximum and minimum values of functions. The first step is to locate the critical 
numbers of the function. 

1. No domain was specified, so we assume that the domain is as large as possible in 
the context of the problem. In this case, we want 

Area ^ 0 or —3.x 2 + 6x + 2 S 0 

This results in two endpoints, which occur at 

jc = 1 — " and x — 1 + 

3 3 

(These can be calculated from the quadratic formula.) But the area at both of these 
values is 0, which is clearly not the maximum area possible. 

2. The graph of a polynomial function is a smooth curve that has no comers and no 
vertical tangents, so there are no critical numbers for this function that are caused by 
the failure of the derivative to exist (excepL for the endpoints, which we already 

discussed). 

3. The only other critical numbers are those numbers for which the first derivative 
equals zero. Thus we find the first derivative and set it equal to zero. 


dA 

- = —6.x + 6 

first derivative 

dx 


0 = —6.r + 6 

set equal to 0 

x = 1 

solved 


Thus this function has only one critical number. The value of this function when x = 1 is 5. 

A( 1) = —3(1) 2 + 6(1) + 2 = 5 

At this point we do not know if 5 is a local maximum value, a local minimum value, or they-value of 
an inflection point. Checking .x-values on either side of a = 1 shows that these numbers produce 
values of f(x ) that are less than 5, so 5 must be a local maximum value of the function. The second 
derivative test confirms that 5 is a local maximum. 

A"(jc) = —6 second derivative 

A"(l) = —6 evaluated 

Since the second derivative is negative at the critical point x = 1, the value of A at 1 is a local 
maximum. 

In the applied problems we do not need to go through all the steps, because the functions are 
polynomial functions In these problems we just determine the critical numbers for which the 
derivative equals zero If the function is a i arm liar function, such as a second-, third-, or fourth-degree 
polynomial function, we can use our knowledge of the graph of the function to justify a claim for an 
absolute maximum or minimum value. Knowledge of the function and its graph can also be used to 
make a statement about endpoint values of the function. In Lesson 63 we will consider problems in 
which the endpoint values of the function produce the absolute maximum or minimum values of fix'). 



Mr. Wallen has 100 yards of fence. He wants to form a rectangular field enclosed on three sides by 
the fence and on one side by a river whose banks are straight. Find the greatest area that the fence can 
enclose. 


We begin by making a drawing of the problem. Let x be the width of the rectangle. 



x 


x 


River 
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problem set 

52 


Wc have found ihe \-values of the l\vo turning points. The box is only 12 inches wide, so x can be 
nn^ number between 0 and <>. The number 6.7913 is greater than 6 and has no meaning in this 
problem. The values 0 and 6 result in a volume of zero. Thus the maximum volume of the box is found 
at x •= 2.2087. 

V(2.2087) = 180(2.2087) - 54(2.2087) 2 + 4(2,2087) 3 = 177.2341 in. 3 

1. (a) Use the first derivative and a rough sketch of / to determine the location and the values of 

HVl the local maxima and minima of /(.r) = —.v 3 + 3.v — 2. Use the second derivative test as 

necessary to justify your answer. 

(b) Find the coordinates of any points of inflection. 

2. Find two positive numbers whose sum is 10 and whose product is a maximum. 

,S2> 

3. Detia wants to enclose a rectangular plot of land that adjoins a straight brick wall. If she has only 

' *’ 200 yards of fence, what should the dimensions of the rectangular plot be so that the area 

enclosed is a maximum? 

4. An open-top box is made by cutting squares from the comers of a rectangular piece of tin that 
* measures 10 cm by 20 cm and then folding up the edges. Find the dimensions of the box that 

maximize the volume. What is the maximum volume for this box? 


Integrate in problems 5—11 

5. I 5 cos x sin 4 x dx 
1 3/1 J 


7 

i si 


. J 


dx 


9- f 2 jc sin (x 2 + 3) dx 

i5l> J 

11. f (x~ 3 + l) 2 dx 
(JSl J 


e. 

8 . f — ■— 

,51, J x 2 - 1 

10. f {x - 1 )V7 dx 
(J5) J 


Differentiate with respect tox in problems 12—15 


12. y 

150, 


\ X + 1 

vx - 1 


13. 

,50, 


y = (.r 2 + 3) J sin x 


, _ + t 


14. y — xe 

(50, 


15. v = sec 2 .v 

(SO, ' 


Use the Fundamental Theorem of Calculus to compute the area of each shaded region in problems 
16 and 17. 



18. Evaluate: lim 

( 26 , h —*0 


17. y 



X 


h 














Numerical Integration of Positive-Valued Functions on a Graphing Calculator 


19. Polynomials can approximate many functions. Complete the following chart to begin to see how 
>7> this works. 


X 

. x 2 

1 + x + — 

2 


0.1 



0.2 



0.3 




20. Determine the domain of the function /(x) 

MJ 



x — 


1 


21. A cylindrical tin can must be designed to hold 300 cm 3 of liquid. What dimensions for the can 
,52> would require the minimum amount of tin, assuming no waste in construction? Begin by writing 
an equation for the volume. Then write the equation for the surface area of the can. Reduce the 
number of variables in the surface area equation by making a substitution from the volume 
equation. Finally, use the graphing calculator to graph the surface area equation in the first 
quadrant using an appropriate window. What value of r minimizes the surface area? What is the 
corresponding value for h? 


Find the fixed points of the equations given in problems 22 and 23. (Recall problem 21 in Problem 
Set 51.) 

22. /(.r) = x 3 + 2x — 1 on [0, 1] 23. /(x) = 3x 3 + sin x — 1 on [0, I] 

at «2i 

24. Suppose / is a function such that /(x,x,) = /(x,) /(x 2 ) for all x,, x, > 0. Which of the 

following could be the equation of f? 


A. /(x) = lnx 
C. /(x) = x 2 


B. /(x) = - 

x 

D. /(x) = sinx 


25. 

fl-U9t 


Suppose g is a function such that for all real values of x and h, g(x + h) - g{ r) = 3x/i + ±fr 
Find g'(.r). 


LESSON 53 Numerical Integration of Positive-Valued Functions 

on a Graphing Calculator 


Wc have seen many integration problems, including definite integrals and their evaluation using the 
Fundamental Theorem of Calculus. We have also seen that the area between the x-axis and the curve 
of a positive-valued function / on the interval [a, b ] is represented by 



It is crucial that you be able to calculate the exact values of such definite integrals with a high 
degree of proficiency. Sometimes, however, it is also useful to approximate such values, which can 
be done quite readily on a graphing calculator. The co mma nd needed to approximate such integrals 
numerically can be found on the TI-83 by pressing the |3S>~key and selecting the option. 

^ ^ nT r,i v. 










Calculus Lesson 53 


example 53.1 
solution 


example 53.2 
solution 


This stands for fund ion inn's ml, and it calculates the numerical integral of a function with respect to 
o variable over n certain interval defined by a and b. For example, 

•fnlntXX^ + l 9 X? 0? 1) 


returns a value of 1.333333333, which seems to be an approximation of the number § 
to the Fundamental Theorem of Calculus, we know that 


Indeed, thanks 


f (.v“ + 1) tLx = 

Jo 


.r 


+ x 


1 

= — 4 - 

3 


1 - (0 + 0 ) = - 


Using a graphing calculator, approximate 



.r + 7) cLx. 


We simply enter 


fnInt<X+7,X,2,3> 



A 




and the calculator returns 9J5. This answer can be checked by hand. The value of the integral in 
question is simply the area of the region pictured here. 


y 



This area can be broken into the area of a tn ingle and the area of a rectangle. The area of the triangle, 
whose base and height are length 1. is 0 5, w hile the area of the rectangle is 9 • 1, or 9 . The sum of 
these two is 9.5. which is the answer given by the calculator. 


Using a graphing calculator, approximate the area under the curve of v = sin x between -r — 
and ,r = f 


The region in question is completely above the jr-axis, so its area is given by ]*'“ sin .r dx. This is easily 
approximated by the calculator via 

fnIni<sin(X), X, 0, 


which yields 0.133975 (when the calculator is in RflDIRN mode) 

While it is nice to obtain accurate approximations with this technique, the disadvantage is that 
the exact value of this definite integral is simply not discernible from the calculator output- We close 
by finding the exact value of the integral here. 

sin .r dx = -cos x[* /6 
Jo 



(-cos 0) 



+ 1 




-> 


This value, according to the graphing calculator, is approximately 0.133974596"> 
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problem set 

53 


1. Farmer Yu-Heng wants a rectangular enclosure for 200 square yards of land. Find the amount 

<S2> of fencing required if the amount of fencing used is to be minimized. 

2. Lori snipped square pieces of metal from the comers of a 6- by 6-inch sheet of metal. She then 
folded up the flaps to form a box with no top. Find the dimensions of the box of maximum 
volume. What is the volume of the box? 

3. A square is being enlarged so that each of its sides increases at a rate of 2 cm/s. How fast is the 
area of the square increasing when the sides of the square are 6 cm? How fast is the perimeter 
of the square increasing at the same moment? 


Evaluate the integrals in problems 4—6. (Do not use numerical integration on a graphing calculator.) 

r 3 */ 2 r 3 C* 

4. cos x dx 5. I (x 3 — e x ) dx 6. I (sin x — cos x) dx 

(47) JO (-* 7 i Jt (47) ^X/2 

7. (a) Use a graphing calculator to find the area of the region bounded by the graph of y = j and 
<53> the x-axis on the interval [ 1„ 5]. 

(b) Use your calculator to evaluate In 5. 

(c) Compare the answers to (a) and (b). 

8. Let R be the region bounded by the graph of y = ~Jx and the x-axis on the interval [c, Jt]. 

(a) Find the area of R when c — 1 and Jt = 8. 

(b) Find the area of R when c = 1 and Jt = 3. 

(c) Find the area of R when c — 3 and Jt — 8. 

(d) Add the answers obtained in (b) and (c). Compare this result to the answer obtained in (a). 


Use a graphing calculator to approximate the integrals in problems 9 and 10. 



10 . 

(S3) 


f 9 - 5 

log x dx 


11. (a) 

(43.47) 


Write a definite integral that is equivalent in meaning to 



(b) Evaluate the definite integral written in (a). 


Integrate in problems 12—16. 


12. 1 8 sin 7 x cos .r dx 

13. 

tsn J 

f St) 

14. f Sx*? 4 ' 2 dx 

15. 

isn J 

(SI) 

16. f cos (sin 2 x) sin (2x) dx 


lSI> J 



J (4* 3 )(i)(x J - 3)-'« dx 

J* 4x 3 dx 
J x 4 - 42 


Differentiate with respect to x in problems 17—19. 


17. 

y = 2x In (x 2 + 1) •+• 4 tan x 

18. 

f5<>J 


tio) 

19. 

tSo* 

> = sec (tan x 2 ) 



cot~ x 


x 
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20. The graph of / is given below. 

y 



Which of ihe following graphs most resembles the graph of /'? 



21. Sketch the graph of y = —-—-— -— . Clearly indicate all zeros and asymptotes- 

&*> - 3)(x - l)(.x + 1) 

22. Complete the following table to compare polynomial approximations of values of cosine x to the 
,4> actual values of cosine x. 


.r 

2 4 

i 

21 4» 

COS X 

0.1 



0.2 



0.3 




f(x) — /(2) 

23. Evaluate lim --- where /(_r) = x 2 ~ 2 

(*4t x—*i x — 2 

24. Which of the following represents the slope of the line joining the points (sin 26°. O) a« d 

t4t (0.-cos 26°)? * 

A- tan 26° B. 1 C. cot 26° D. -cot 26° 
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25. 

mi 


Let g(;r) = f(x + 3). Which of the following statements is true? 

A. The graph of g is the graph of / shifted 3 anils to the right. 

B. The graph of g is the graph of / shifted 3 units to the left. 

C. The graph of g is the graph of / shifted up 3 units. 

D. The graph of g is the graph of / shifted down 3 units. 


LESSON 54 Velocity and Acceleration • Motion Due to Gravity 


The instantaneous speed of an object tells how fast the position of the object is changing with respect 
to time The instantaneous velocity of an object tells how fast the position of an object is changing 
with respect to time and also designates the direction in which the object is moving. If an object is at 
the origin when time equals zero and moves to the right at 6 inches per second, it would travel 6 inches 
in 1 second. It would travel 12 inches in 2 seconds and 6r inches in t seconds. Its position in relation 
to the origin is described by the position function 

.t</) = 6r 

The velocity is the rate of change of position, and thus the velocity function is the derivative of the 
position function with respect to time. 

v(r) = x'U) = —6 r = 6 

dt 

If the position function is not a linear function, the velocity is not constant as it is in this example. If 
the position of an object at time r is given by the equation on the left-hand side below, its velocity at 

any time t is designated by the velocity function to its right. The velocity function is the derivative of 
the position function, as we show. 

a^r) = r 3 + / + 1 i <r) = .r'(r) = 3 r 2 + 1 

The acceleration of an object tells us how fast and in what direction the velocity of the object is 
changing with respect to time. If time is measured in seconds, acceleration is measured in units per 
second per second, or units per square second. For example, if the velocity changed 6 inches per 
second in 2 seconds, then the average acceleration for the 2 seconds is 


A / 2 s 

If the velocity function is not a linear function, the acceleration function is not a constant 
function. If the velocity function is given by the equation on the left below, the acceleration function 
is the derivative shown on the right. 

Kr) = x\i) = 3r 2 + 1 a(r) = v(r) = x'\t) = 6r 
Acceleration is the rate of change of velocity, which in turn is the rate of change of position 

A reference scale is needed to describe the position, velocity, and acceleration of an object We 
have used the .v-axts for this purpose because this axis is convenient. But this use of the horizontal axis 
causes a problem because we always use the honzontal axis us the axis of the independent variable. 



_ 54.A 

velocity and 
acceleration 
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problem set 

54 


(b) The vcIocun is positixc on the way up On the way down the velocity is negative. At the top the 
velocity equals 7010 , so wo sol tlic velocity function equal to zero and solve for /. 

-9.8/ + 20 = 0 set v = 0 

/ 2.0408 s solved 

Thus the ball reaches its high point after about 2,0408 s, 

(c) The distance to the top is approximately //(2.0408). 

/i(2.0408) = -4,9(2 0408) 2 + 20(2.0408) + 2 = 22.4082 m 

Thus the distance to the top is about 22.4082 m. 

(d) The acceleration is the acceleration due to gravity and is always —9.8 m/s* for any object at or 
near the surface of die earth This is consistent with the equation above: a(r) = —9.8. 


1. 

152) 


2 . 

(WI 


A rectangular field that must be 3600 square meters in size must be enclosed in such a manner 
so as to minimize the amount of fence used. 

(a) Solve this problem with a graphing calculator. Begin by writing an equation for the area and 
an equation for the perimeter. Use the area equation to reduce the number of variables in the 
perimeter equation. Graph the new perimeter equation in an appropriate window. What are 
the dimensions of the field that minimize the amount of fence? How much fence is required. 

(b) Solve this problem again using calculus 

The position of a particle moving along die x-axis at any time / in seconds is given by the 
equation xf/) = —4/ 2 + 2/ — 1. Find the position, velocity, and acceleration of the particle 
when / = 2. 


3. 

tsj> 


4. 

r y*> 


* 

The position of a particle moving along the x-axis at any time is given by the equation 
x(/) = t~ + / — 2 Find the times when the particle is momentarily at rest and when the particle 
is moving to the right. Also, tell when the particle is accelerating and decelerating. 

Lacey throws her ball vertically into the air so that its height in meters above the ground at any 
time t in seconds is given by /»(/) = —4.9/ 2 + 40/ + 5. Find the time when the ball is at its 
greatest height above the ground. How high above the ground is the ball when it is at its 
greatest height'’ 


Evaluate the integrals in problems 5—7. 


5. 

r dx 

6. 

f 3 ±<£r 

7. 

r 2 cos X dx 

i 

Jo 

(•»*> 

■M ,r 

(j?> 

Jjt/6 


Approximate the integrals in problems 8—10 by using a graphing calculator. 


8. 

f 2 x~ 2 dx 

9. 

f V ~e* dx 

10. 

r 1 2 Vi — -V 2 dx 

tSJ) 

J1 

t5J) 

Jin 3 

<5Ji 

J-I 


11. Use basic geometry to find the area of the region between the graph of y = x + 2 and the 
( * y> x-axis on the interval [2, 4J. Then express the area of the region as a definite integral, and 
evaluate the integral. 


Integrate in problems 12—16. 

i2. j KfK'- 2 +1 rfc 

14. f f— l(4)(In x) 3 dx 
tSI) J \ x J 


13. 

1511 


15. 

( 51 ) 



m * dx 


sec 2 x 



16. 

u/> 



sin <2x) rfr 
sin 2 x 







Maclaurin Polynomials 


17. Use implicit differentiation to find 
(JJJ dx 


— where x 2 — x cos y + y 3 — 0. 


dy 

18- Find where y — 




x* 2 

€ COS X 


dx 


1 


+ e* esc x . 


19* Find the equation of the line tangent to the graph of y — In — at x — e, 

(27) 5 


20. If — = sin (2x), which of the following is a valid choice for y? 

<sn dx 

A. cos (2x) + C B. ~ cos (2x) + C C. —j cos (2x) + C 

D. - sin (2x) + C E. sin (2x) + C 

2 2 


Evaluate the limits in problems 21 and 22 


21 . 

(171 


,. 5n 2 

lim -^ 

*»-»— I0,000n -+■ n 3 



23. Complete the following table to compare polynomial approximations of values of sin x to the 
t4> actual values of sin x. 


X 

X 3 X 5 

x — - + - 

3! 5! 

sin x 

0.1 



0.2 



03 




24. 

(23X7) 


25. 

(SI) 


Graph y = V1 — x 2 . Use geometry to evaluate L vr — x 2 dx. 

Let x and y be two positive numbers such that x + y = 20. Find the values ofx and y for which 
xv is as large as possible. 



Z^ESSON 55 Maclaurin Polynomials 


In recent problem sets you have been asked to verify that certain polynomials can be utilized to 
approximate values of functions that are not polynomials. These functions, known os transcendent al 
functions, include trigonometric, inverse trigonometric, exponential, and logarithmic functions. For 
years the values of these transcendental functions have been printed in tables so students can reference 
them as needed. In recent years calculators and computers have been programmed to produce those same 
values (and often more accurate ones) on demand. 

So why study these approximating polynomials? First of all, to be able to represent transcendental 
functions in terms of polynomials is a significant simplification. Secondly, as you learn to approximate 
transcendental with polynomials, you simulate many calculator and computer operations. Have you 
ever wondered how your calculator approximates a value such as sin (1) with such speed and accuracy? 
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I 

> 


example 55.3 
solution 


Over the interval -3 5 x 5 3, the two graphs are almost indistinguishable. However, for .r-values 
outside this interval, the two graphs are quite different. Titus p(.v) — l+.r+ V + + is an 

excellent approximator of fix) = e x over the interval [—3,3]. Notice, for example, that 
/(l) = e‘ « 2.718, while p(l) = 2.7083. Could the Maclaurin polynomial be modified so that it 
better approximates /(.r)? Yes, by adding more terms of higher degree. Notice the pattern of the terms- 
It is fairly obvious that the next few terms in the Maclaurin polynomial would be -jj-, and . We 

now compare the graphs of fix) — e* and the (hopefully) more accurate Maclaurin polynomial, 

q(x) - 1 + .v+ 4 + T + *** + 77- 

y 



This Maclaurin polynomial of degree 7 closely approximates fix) for a wider interval on the 
ar-axis. If we allow the number of terms in the Maclaurin polynomial to go to infinity, we obtain the 
Maclaurin series for e 1 , namely 


1 + x 



-£ 


n = 0 


X 


n 



While this series may be of little practical value (because it contains infinitely many terms), it does 
hold the distinction of being equal to. and not just an approximation of, e x . 


Find the Maclaurin polynomial of degree 6 for fix ) = cosx 


We again build the table of derivatives. 


n 

f (n \x) 

f* n \ 0) 

0 

COS 

1 

1 

—sin x 

0 

2 

—cos .t 

-1 

3 

sin x 

0 

4 

cos X 

1 

5 

—sin x 

0 

6 

—cos X 

-1 


So the polynomial in question is 

pi.x) = 1 + 0.t 

■y 

= i - — 

2 ! 



































problem set 55 


289 


problem set 

55 


It should be clear dial the Maclaurin polynomial of degree 12 would follow a similar pattern: 


qU) = I - 


x 


21 


41 


61 


Moreover, the Maclaurin scries for cos x is 


jr 


10 


12 


10! 


12 ! 


COS X 5= I — 


= £ 


n = 0 


2! 4! 

(-I^x 2 * 

(2n)! 


6 ! 


A # • 


1. Find the Maclaurin series for y = 3x 2 + 4x — 3. 

051 

2. Find the Maclaurin series for y = sin j, and write the answer in summation notation. 

051 

3. A ball is thrown upward from the top of a 100-ft-high building. Its height in feet above the 

,54> ground r seconds after it is thrown is given by /i(r) = 100 + 30r — 16/*\ At what time is the 

ball failing toward the earth at 46 ft/s? 

4. Find the area under one arch of the graph of y = 3 sin (3x). 

5. Find the area of the region between the x-axis and the graph of y = — over the interval [ 1, el. 

M7J X 


Integrate in problems 6—9. 


6 . 

on 



2_t + 1 
X 2 + X + 1 



8. T 3(sec 2 x)(sec x tan x) dx 
on J 


7. 

on 


9. 

(SB) 



4 tan 3 x sec 2 x 


x + 1 
x 




Differentiate the functions given in problems 10 and 11 with respect to x 

r - _ j _ ] 


10. y = e 

ISO) 


- ~ 2x tan 2 x 


11 . 

ISO) 


y = 


i- 2 


sin .v 


12. A rectangle is to be inscribed in a semicircle of radius 3 centimeters. Find the largest area that 
the rectangle can have. Also, find the dimensions of the rectangle. 

(a) Solve this problem with a graphing calculator. Begin by writing an equation for the area of 

the rectangle in terms of the single variable x, and then graph the function in an 
appropriate window. 


(b) Solve this problem again using calculus. 


13. Describe the concavity of the graph of y = x In x at r = e 2 

( 49 } ' 

14. The radius of a spherical ball is expanding at a rate of 3 cm/s. How fast is the surface area of the 
1 1 ball increasing when the radius of the ball is 10 cm? 


Evaluate the limits in problems 15—17. 

X 3 — ~7 r ~ 

15. lim -— 

„ 7 , r—. 1 _ X 4 


17. 


cos (/r + A.t) — cos 7t 

lim - 

A.x 



18. Which of ihe following integrals could be used to evaluate lim — ^ In (jc ) for I < r <4? 

l*U n _... .. / ' i ' * 13 **1 ** 


f 3 In ; 
Jo 


r dx 


r 12 

L In 


.r dx 


r 


In .r dx 


D * 3 Jf ,n 


x dx 
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LESSON 56 

56.A 

more 
integration 
by guessing 

example 56.1 
solution 


19* Find the equation of the line tangent lo Ihc graph of the function y = In x at *v = l - 

20. Evaluate . at .v = — where y = 2 sin .v. 

t”i dx A 2 

21. Suppose / is a function whose slope at any point is twice its .v-coordinate. If the graph of f passes 
,J2 * through (1. 1). what is the equation of f? {Hint: You can solve for the constant of integration 

by substituting values for .v and y in your equation for /.) 


22. Sketch the graph of v = —-• 

1 x{x 2 + \){x + 1) 

23. Suppose fix') = ox* + bx. Find a and b given that the graph of / passes through (1, —1) nnd 
that /'( 1 ) = 3. 


24. If ~-g(J{x)) = s'(/(y))/'Cv), then what is f g'(/(.v))/'(.r) dx? 

tS2l fiv J 


2 a. Suppose that the sum of the squares of two positive numbers is 200. Their minimum product is 
A. 25 B. 100 C. 28 V7 D. 50 E. None of these 


More Integration by Guessing • A Word of Caution 


Thus far each integrauon-by-guessing problem in the problem sets has been designed so that the 
integrand was the exact differential of an expression whose basic form was u", e u . In u, sin u, or cos u. 
Now we consider integrands that would be an exact differential of one of these forms if the integrand 
contained an additional constant factor. We can insert the needed constant factor to the right of the 
integral sign if we insert its reciprocal as a factor to the left of the integral sign. 

Integrate: j sin (3r) dt 


We guess that the answer is -cos (3r) and check our guess by finding the differential. 

d [-cos (3/)] = [sin (3/)] (3 dt) 

w ■ ■ ■ ' w ^ 

cos u sin u du 

This differential differs from our integrand by a factor of 3. Thus we insert a factor of 3 to the right of 
the integral sign and a factor of y in front of the integral sign. 


J sin ( 3 r) dt = ^ J 3 sin ( 3 r) dt 

We have already seen that constants can be placed on the left or the right of the integral sign with no 
change in outcome. In this case, multiplication by y and 3 is simply multiplication by 1. which does 
not change the value of the expression. We have chosen to leave the 3 inside the integral because it 
needed to make up the du portion of the integral. Hence 



u 


y: f [sin (3f)](3 dt) = -- cos it 
3 J -•--—■—■ 3 

sin u du 




cos (3f) 
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example 56.2 
solution 


example 56.3 
solution 


example 56.4 
solution 


ll is easy to make a mistake when manipulating constants in integrals, so we check our answer 
by differentiating it. 

f[4 cos (3,) + c ] = -jI£ cos <3,) ] + 0 

= -I[-s»n (3f)](3) 

= sin (3f) 

This was the original integrand, so the answer must be correct. 

Integrate: fx 2 (3x 3 -*• 4) 4 dx 

We note the exponent on (3.r 3 +■ 4) 4 and guess that this is a factor of the differential of an expression 

whose basic form is i/ 5 . We guess that the expression is (3x 3 + 4) 5 and check our guess by finding 
its differential. 

d (3-r 3 + 4) 5 = 5C3.T 3 + 4) 4 9x 2 dx 
u n nu n ~ 1 du 

The differential is the same as our integrand except for the factors 5 and 9. whose product is 45. Thus 
we insert a factor of 45 to the right of the integral sign and a factor of ^ in front of the integral 
sign to get 

J x 2 (3x 3 -+- 4 dx = ^ J (5)(x 2 )(3x 3 + 4)**(9) dx = ^jr(3x 3 +4) 5 + C 


Integrate: 


J x 2 dx 

-Jx 2 + 1 


We begin by rewriting the integral as 


J ( x 3 + 1) 1/2 ( x 2 ) dx 

We guess that (x 3 + l) -1 ' 2 is a factor of the differential of the expression (.r 3 + l) ,/2 whose basic 
form is « ,/2 and check our guess by finding the differential. 


d (x> + I)" 2 = ^(.r 1 + I ) -i/ -(3jt 2 ) dx 

---w--•* 2 y * 

lt n -—- du 


nu 


n — I 


The differential is the same as our integrand except for the factors of | and 3. We insert these factors 
to the right of the integral sign and insert §, which is the reciprocal of their product, to the left of the 
integral sign. 


JjSfr-IJQ) 


t 3 + I)~ l/2 (3)x 2 dx - -(x 3 + 1) ,/2 + C 


Integrate: 


J cos 3 


(2/) sin (2/) dt 


We note the exponent 3 in cos 3 (2r) and guess that the whole expression is the differential of u 4 , 
namely [(cos 2/)] 4 . 

d [cos 4 (2/)] = [4 cos 3 (2r)][—sin (2r)l(2 dt) 

' - --- * -----_ 

m" nu" - 1 du 

The differential of cos 4 (2/) has factors of cos 3 (2 1 ) and sin (2/) dt and has 4, 2. and -1 as additional 
factors The product of these factors is -8 The integrand in this problem does not have a factor of-8. 
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f 


2 . 

3. 


If .v is positive and increasing at a rale of 2 units/s, at what rale is x increasing when x — 6? 

The position of a particle moving along the x-axis at any lime t is given by 
xit) = t y + 2t z - 7t + 4. Find the times when the particle is momentarily at rest, the times 
when it is moving to the left, and the times when it is moving to the right. 

A ball is thrown straight upward from the lop of a 100-ft-high building. Its height in feel above 
the ground / seconds after it is thrown is given by /i(f) = — 16f“ + 40f + 100. Find the height 
of the ball above the ground when it is at its highest poinL 


4. 

I.W| 


Evaluate the definite integrals in problems 5 and 6. 


D 

(-#71 


• f 2 


sin -x dx 


6 . 

I*7> 


r* 


dx 


Integrate in problems 7—12. In problem 12, a is a constant. 


7 

(M 


T J 


4 xe * ~ dx 


8 . 

I S6} 


J — sin 6 t cos / dt 

4 


9 

isa 


J .v dx 
2x 2 1 


10. f 3x 2 (x 3 — 2) l/2 dx 
IS6} J 


11 . 


J 4 cos (3r) sin 2 (3r) dt 


12 

(Sf>) 


J co 


cos (ax) 


dx 


sin (ax) 


Differentiate the functions in problems 13 and 14 with respect tox. 


13. 

(JO) 


V = 


sin (2x + 1) 
x 2 + 2 


+ 2 tan x 


14. y = In [sinx + x| + esc (2x) 

(JO) 


15. Find the Maclaurin series for y = —2x 2 — 7x + 2. 


(jj> 


16. Find the Maclaurin senes for y = cos x, and write the answer in summation notation. 

(jj> 

17. Find the slope of the line tangent to the hyperbola j - ^ = 1 at the point (■§ • >^)- 


r-W) 


(Hint: Begin by differentiating implicitly.) 


18. Suppose /'(l) = 0, /'(x) < 0 when —2 < x < 1, and f'(x) > 0 when 1 
a rough sketch of / on the interval —2 < x <[ 3. 


x < 3. Make 


19. Sketch the graph of >■ = 


(2tn 


x(x +4) 


(x - l)(x 2 + 2)(x + 5) 


. Clearly indicate all zeros and asymptotes 


20. Approximate the value of/'( V13 ) where /(x) = 3 I,nj + sm(cosx). 

Approximate the definite integrals in problems 21 and 22. 

- I 


21 . 

(jj) 


Li 


V 4 — x 2 dx 


22. f _ & ■+• cos x dx 
UJ> J v 3 


x- - 9 


23. Find lim fix) where /(x) = < 

(Ml 


when x 3 


x - 3 
0 when x = 3 


24. Express log. x in terms of natural logarithms 

f 20 ) 


25. Determine the measure of an angle inscribed in a semicircle whose diameter is —- units long 

in> 2 
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LESSON 57 Properties of the Definite Integral 


We remember that the definite integral is a number that is the limit of a Riemann sum. The definite 
integral of / from a to b in the figure below is —2. 



The definite integral equals the sum of the areas between a and b that are below the graph of / and 
above the x-axis and the negatives of the areas above the graph and below the x-axis. For the figure 
above, the sum of the areas above the x-axis is 8, and the sum of the areas below the x-axis is 10, so 
the value of the definite integral from a to b is —2. 

The definition of the definite integral of a function that is continuous on the interval [a, b\ 
requires that a be less than b. We usually evaluate a definite integral by finding the value of some 
antiderivative of / evaluated at b and subtracting the value of the same antiderivative of / evaluated 
at a. If F is an antiderivative of /, then 

f fix) dx — Fib) — Fia) 

The definition of the definite integral and the way we evaluate the definite integral require us to make 
several definitions that an examination of the following figure can clarify. We show both the graph 
of y = x + 2 and an antiderivative that can be evaluated to get the definite integral from 2 to 4. 


y 






Here 4 is the upper limit of integration, which is evaluated first, and 2 is the lower limit of integration. 
First we note that 




x + 2) dx = 
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problem set 

57 


Clearly ibis area is less than the area of the rectangle shown here: 

y 



Similarly„ this integral must be greater than the area of the following rectangle: 

y 



The area of this rectangle is 3(3) = 9. Therefore we see that 

9 S f fix) dx <. 36 

without knowing anything about f except its maximum and minimum values on an interval. 


1 . 

(52) 


2 . 

(33) 

3. 

( 33 ) 

4. 

(46) 



6 . 

(34) 


A line joins the points (0, 6) and (4, 0) as 
shown to the right. Find the coordinates of 
the point (x, jy) on the line that maximizes 
the area of the inscribed rectangle shown. 


Find the Maclaurin series for >• 


2x 3 + 4x 2 


y 



Find the Maclaurin senes for y 


e x , and wnte the answer in summation notation. 


A particle moves in a circular orbit described by the equation x 2 + y~ = 25. 
through the point (4. 3). its y-coordinate is decreasing at a rate of 3 units/s. What 
change of the x-coordinate the instant the particle passes through the point (4. 3)? 


As it passes 
is the rate of 


An open-topped box is to be made from a square sheet of aluminum 0.3 meter on each side y 
cutting a small square with sides of length x from each comer and folding up the resulting flap 5 - 
Find the size of the square that must be cut From each comer to maximize the volume of the box- 
What is the maximal volume of the box? 


(a) 


(b) 


Solve this problem with a graphing calculator. Begin by expressing the volume of the 
as a function of the single variable x, and then graph the function in an appropriate window 

Solve this problem again using calculus. 


A particle moves along the number line so that its position at time / is given b> 
s(t) = —12/ + / 3 . Find the time(s) when the panicle is momentarily at rest. 
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7. If f f(x) dx = -3 and f fix) dx = 2. what is | fix) dx? 

(57) J_l J 4 •'-I 

3 3 #3 

8. If | fix) dx = -2 and f gix) dx = 4, what is f [-3 fix) + 2 gix)] dx 

$7f Jl J| J l 


/57J 

9. 

*57; 


If / is a continuous function on [—1, 3] and if f attains a maximum value of 4 on [—1, 3}, then 
which of the following must be true? 

r 3 p3 

A, j fix) dx < 16 B. J ( fix) dx - 4 


■ C /ix) 


dx > 16 


D. J fix) dx > 0 


Evaluate die integrals in problems 10 and II. 

■9 


10 

(■*7) 


r J_ 

j J. 


ctx 


11. f 

(■f?) J- 


3» 


cos x dx 


Xf2 


Antidifferentiate in problems 12—15. 

12. f - ar + 1 

06) . 


3x z + 2 x 


dx 


13 

fStf J 


. f (4x + 2)e x ~ +x dx 
j J 


!4. J 

011 J 


2x + 1 

-J X 2 + X + 1 


rix 


15. 

*5/1 


s 


tan 3 x sec" x dx 


16. Sketch the graph of / given that /'(3) = 0, / (x) < 0 when x < 3, and f'\x) > 0 
<4S> when x > 3. 


17. Find the number k such that the area between y = j and the x-axis from x = 1 to x = k is 
(47> equal to 1. 


18. Given this graph of /% 
*«; 



which of the following graphs most resembles the graph of f? 



19. Given the following graph of /, sketch the graph of/'. 


y 



D. y 
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20. Find — where y ~ —^ — ■+■ sec 3 (2.v) + esc 3 (4x). 
tJO> fix A* 4* 2.V 

_ . - -v/a + 2 

2K Find the equation of the line normal to die graph of y = -- 


at .v = 2. 


22. Sketch the graph of /(x) = - 1 —. 

«#* y x(l - .r) 

23. Find the values of a for which |2a — 3| < 0.01. 

24. Evaluate f -»/l — a 2 dx without using calculus. {Hint: Consider the integral geometrically.) 

1 22.-t7t Jo 


25. Find the positive number that exceeds its cube by the greatest amount. 

IS?) 



LESSON 58 Explicit and Implicit Equations 

58.A 


Inverse Functions 


explicit and 
implicit 
equations 


We customarily use x as the input of a function machine, and we call the output y or fix). 


x 




- f(x) 


If an equation is written in the form 4 *y equals” or ‘‘/(a) equals.” we say that the equation is written in 
explicit form and is an explicit equation. Thus the following equations are all explicit equations. 


y = 2a + 6 fix ) = Zt + 6 y = e x y = log^x 

Many equations have forms other than the **y equals” form. These other forms of the equation are 
called implicit forms. Equations that are not “y equals” or**/(x) equals” equations are called impl» at 
equations. Three of the many implicit forms of the linear equation y = 2x + 6 are 





1 


The logarithmic function machine takes the number a as an input and produces the output >. 
which is the logarithm of the input. 


x 


log 5 ( ) 
f 



The equation of this function machine has both an explicit form and an implicit form. If we use lO as 
the base, the forms are as follows. 

Explicit Form Implicit Form 

y = Iog |0 A 10* — a 

Understand that these two equations are two forms of the same equation and pair the same values 
of x andy. The equation on the left-hand side says that y is the logarithm and a is the number. The 
equation on the right-hand side also says that y is the logarithm and a is the number. If we use 2 for > 
and 100 for a in the equations above, we get two numerical equations that make the same statemenL 

2 = log j 0 100 10 2 = 100 

The function machine for the exponential function takes the logarithm x as the input and 
produces the output y, which is the number that results when the base is raised to the x power. 


10 ‘ } 
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The equation of this function machine aJso has both an explicit form and an implicit form. If we use 
10 as the base, the forms are 


Explicit Form implicit Form 

y = I0 X Iog l0 y - x 

These equations seem to be the same equations as the two forms of the logarithmic function, but 
they are noL In these equations the input x is the logarithm, and the output y is the number. If 
we use 2 as the value of the input x and 100 as the output y, we again get two numerical equations that 
make the same statement. 

100 = 10 2 log J0 100 = 2 

The explicit forms of the basic sine, cosine, and tangent equations are 

y = a sin jc y — a. cos x y — a tan x 

When we divide both sides of these equations by a , we get equations that suggest the triangles 
shown here: 



We can use the Pythagorean formula to find the values of the labeled sides of those triangles. 




tan x = 



a 


The equations above are implicit equations, and they defincy as a function of x implicitly. 
We can use words to write implicit forms of these equations, and we can use two different symbolic 
notations that make the same statements as the words. The notations sin -1 , cos -1 , and tan -1 are read as 
“the inverse sine of,” “the inverse cosine of,” and “the inverse tangent of.” (The -1 is a special notation 
for inverses and is not a negative exponent.) Each column below lists four ways to designate a 
particular inverse trigonometric function. 


.r is an angle 

whose sine is — 

a 

x is an angle 

whose cosine is — 

a 

x is an angle v 
whose tangent is l 

y 

x is the inverse sine of — 

a 

% V 

x is the inverse cosine of — 

a 

. v 

.r is the inverse tangent of ~ 

V 

x = arcs in — 

a 

V 

x = arccos — 

a 

V 

x = arc tan — 

a 

• -i y 

x = sin — 

a 

-i y 

-r = cos — 

a 

. -i y 

x = tan 1 — 

a 


Beginners often find the implicit form of these trigonometric equations intimidating. Drawing the 
mangle defined helps eliminate confusion. For demonstration we draw- the triangle determined by 
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example 58.1 
solution 


The second comment denis with the graphs of / and /*'. The two functions shown here are 
inverse functions. The function g is the inverse of the function /. and the function / is the inverse of 
the function g. 



The graph of any* function and the graph of its inverse arc reflections of each other in the 
line y = x. Because the coordinates of any point and its reflection are the same numbers but in 
reverse order, the perpendicular distance from a point to the line y — x is the same as the 
perpendicular distance from the line y — x to its reflection in that line. In the figure above we note 
that the distance from the point (2, 6) to the line y = x is the same as the distance from the point 
(6, 2) to the line y = x. 

In the graph on the left below, we see that the graph of y = In x and y = e x are reflections of 
each other in the line y = x. 



On the right-hand side we note that the graphs of y = x 3 and y = x xn are reflections of each other 
in the line y = x. 


Let fix') = 2x - 3. Find / -, (4). 

First we replace /(x) withy. To find an implicit form of / -1 . we simply interchange .v and v as we show 
in the center. On the right-hand side we rearrange this equation into its explicit form. 

Equation Implicit Inverse Explicit Inverse 

v — 2x — 3 jr = 2y - 3 

To find / _, (4), we replace x with 4 and get 

/“*( 4) = ^-(4) + 1 
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example 58.2 Find/ l (8) where fix) = 4 In x. 


solution 


First we replace fix) with y. Then we find an implicit form of f inverse by interchanging x and y in 
the equation. Since / -l ( 8 ) is the value of y when x = 8 , we also need the explicit form. 

EXPLICIT INVERSE 


Equation 

y = 4 In x 


Implicit Inverse 

jf 

x = 4 In y or — = In y 

4 


y = 


solution 


Now we replace jc with 8 in the explicit form to get / J (8). 

/"‘(8) = e 8 ' 4 = e 2 

example 58.3 Let fix) = 2x - 3 and f~ l ix) = ~x + §, as in example 58. 1 . Find (/“' ° /)(6) and (/ ° /“’)(6). 

The notation (J~ x ° /)(6) tells us to put 6 into the / machine and then put the resulting output into 
the / _1 machine. The notation (J ° / _, )(6) tells us to put 6 into the f~ l machine and then put the 
resulting output into the / machine. 

(/■' • /)(6) = = /~'(9) = -i(9) +| = 6 

(/ • /“* )(6) = /(/-‘C6)) = /[|] = -3 = 6 


example 58.4 Find /“*(9) where y — fix ) and ~ — cot 


3 ’ 


solution 


On the left-hand side below, we interchange x and 3 * to write the implicit form of f~ l . Then we write 
the explicit form on the right-hand side and let jc = 9 to find/ -, (9). 

Implicit Form of /“’ Explicit Form of Evaluation of / -l (9) 


X 

— = cot y 
3 




cot 1 3 


If 3 > is the angle whose cotangent is 3, then the tangent of 3 » is 5 . We set the calculator to radians and 
use the inverse tangent key to get a numerical approximation. 



tan 



03218 


problem set 1. A rectangle is to be inscribed in a circle whose radius is 2 units. Find the dimensions that 

58 ** maximize the area of the rectangle. What is the maximum area of the rectangle? 

(a) Solve this problem with a graphing calculator. Begin by expressing the area of the rectangle 
as a function of the single variable x, and then graph the function in an appropriate window. 

(b) Solve this problem again using calculus. 


2. Find the Maclaurin series for y = sin x, and write the answer in summation notation. 

IS 3 ) 

3. Find the Maclaurin series for y = In (1 + .r), and write the answer in summation notation. 

1551 

4. The radius of a spherical ball is expanding at a rate of 3 cm/s. How fast is the surface area of the 
l4A> ball increasing when the radius of the ball is 10 cm? 


5. A ball is thrown vertically upward from the top of a 100-fl-high building. Its height above the 
ground (in feel) at time/(in seconds) is given by /»(/) = 100 4 - 50/ - 16/ 2 . At what lime is the 
ball falling toward the earth at 75 ft/s? 


6 . 

I.U) 


Let /(.r) = 4.r - 3. Write the equation of f~ } . Evaluate if ° /“')(.r) and (/~‘ ° /)(.r). 
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7. Find / (3) where fix) = 2 1nx. 


»mj an ec i u olion that expresses the inverse of y — sin x cos y implicitly. 

9. Let f fix) dx = 4 and f g (.v) dx — —2. Evaluate f [ 3f (x) — g(x)] dx 
J-i J_i J-i 


tS7i 

10 . 

( 57 ) 


Suppose / is a continuous function on [—1, 2] whose maximum value is 10 and whose minimum 
value is —5. Which of the following must be true? 

A. -15 <£ J“ fix) dx < 30 B. -5 < J * fix) dx < 10 


C. -10 £ 




dx < 20 


D. 0 £ J‘ fix) dx <; 


30 


11* Given that J /(x) dr = 10, f(x) dx = 6, and / is a continuous function* evaluate 

,57 ' J’/<*) a*. 


12. Use implicit differentiation to find — given sin (xy) = x. 

dx 


(54) 


13. Find the equation of the line tangent to the curve X 3 4* y 2 = y at (0, 1). 

rwj 

14- Find the equation of the line normal to the graph of y = J2x at x = 4* 
Differentiate the functions in problems 15 and 16 with respect tox 


2x 


i50] 


y = 


4- e 


—x‘ 


1 


— 3 cot x 


16. y — —-— In (x 2 + 3x 
<*» In 2 


- 1) - 


sin .r 


cos iax) 


, where a is constant 


Integrate in problems 17—19. 

2 -h 2 


17. f 

(56> J 


V 


dx 


4x 


18. 


J (cos X — 


\)e 


sin x — x 


19. f cos (ax) sin 4 iax) dx, where a is constant 

(56) J 


dx 


__ . .. x 2 - 3 

20. Evaluate: Iim —- 

(17) x-»- 3 + x — 


d 2 y dy 

21. For which of the following functions is ——j- = —? 
( 27 ) dx dx 


A. y = sin x 

4 r 3 


B. y = 2e 


C. y = ,r 3 


22 Evaluate — f V9 — x 2 dx. Do not use a graphing calculator. 
t j 7 ) 9 Jo 


D y = cosx 


23. Find sec 2 (20) for the angle 6 in this 
,u * triangle. 



8 
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24. Use a trigonometric function to relate h, 
li4> 6, and 6 in the triangle below. Suppose ft 
and 0 arc functions of /. Implicitly 
differentiate the equation found with 
respect to t. 



25. The following graph represents y = e\ 
,i7> and the area of the shaded region is 
3 square units. Find the value of L 




JLESSON 59 Computing Areas • More Numerical Integration on a 

Graphing Calculator 


59-A 

Computing We have found that the definite integral of a function is related to area. 

areas y 



For the function / graphed above, the definite integral of / from a to b is A — B + C. A and C are 
positive in the sum, because the regions whose areas are A and C are above the x-axis. B is negative 
in the sum, since the region whose area is B lies below the .r-axis. To find the total area on an interval, 
it is often necessary to integrate piecewise as dictated by the graph of the function. 

example 59.1 Find the area between the graph of >• = sin.r and the .r-axis between .r = 0 and .r = 2jt. 


solution 


Evaluating the definite integral of sin ,r between 0 and 2ir gives us an answer of zero because half of the 
area is above the .r-axis and half of the area is below the .r-axis. To get the total area, we must use two 
integrals, adding the integral of sin x from 0 to n to the negative of the integral of sin.r from it to 2x. 

y 


Total area 



I? 


[I - (-1)] - [-1 - (I)] = 2 + 2 = 4 units 2 


Note that the area of one loop of y — sin ,r equals 2. This means that the area of one loop 
of y = 42 sin x would be 84. because the integral of 42 sin .r equals 42 times the integral of sinx 
The area under one loop of v = k sin x is 2JL 
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problem set 

59 


l. 

ijji 


2 . 

tsst 

3. 

tsst 

4. 

!•*«> 


s. 


6. 

<S9I 

7. 

<S») 


8 . 

1 391 


9. 

tsai 


10 . 

fStll 


A 4 - by 8 >mctcr rectangular sheet of cardboard is cut into the shape shown below and folded 
along the dotted linc-s to form a box. 



Find the value of .r that maximizes the volume of the box. What is the maximal volume of the box'* 

(a) Solve this problem with a graphing calculator. Begin by expressing the volume of the box 
as a function of the single variable x, and then graph the function in an appropriate window. 

(b) Solve this problem again using calculus. 


Find the Maclaurin series for v = cos x, and write the answer in summation notation. 


Find the Maclaurin series for 3 ' = -, 

x + 1 

The height of the right triangle shown 
increases at a rate of I unit per second. 
Find when h — 8 

4 U 


and write the answer in summation notation. 



The following graph represents the 
continuous function y = /(x). A, B. and 
C represent the areas of the enclosed 
regions. Suppose A = 6 -^. B — ^. and 
C — 4j. Find J' fix) dx. 


y 



Pind the area of the region between the graph of y = cos x and the x-axis on the interval [O. 2/rj- 

Express the area of the region completely enclosed by the x-axis and the graph of 
y — (a — l)(x + l)(x — 2) as the sum of two definite integrals. 

Use a graphing calculator to find the area bounded by the graph of fix) — xe s,nll/ * > 
x-axis over the interval [f, f ]. 

Find the cquauon of f~ x where fix) = 3x + 2. Evaluate / -1 (4), (/ o and ( f~ l 0 /X- T *- 

Suppose g is the inverse function of f and fix) = —. Find the equation of g 


11. Write the implicit form of the inverse of y — tan x. 
tsnt 

12. Suppose,/ 7 is continuous on [I. 4]. Which of the following statements must be true ' 7 

r 2 r 4 r 4 r 4 

A. J fix) dx + fix) dx - fix ) dx B. J fix) dx > 0 

C. J 2 fix) dx < £ fix) dx 
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Integrate in problems 13—15. 


13. f 2a(. v 2 + 2) 3 dx 
isn J 


14. f 

(SI) J 


2x - I 


^/jc 2 — X + 1 


dx 


15. W(2x)sin(2x)rfr 

(56) j 


16. Find the values of x for which the graph of y = 

(49) 


(50) 


2 x 3 — 3X 2 + 12x + 1 is concave upward. 


17. Differentiate y — — If - - - J + tan (2x) with respect to X- 


x- + 2 


f 


n—x 


18. Find an equation of the line normal to the graph of the function y — 

(40) 


at x — 2. 


dy 


19. Find —— given x = sin (xy) 

04) dx 


20. Graph /(x) = 2 X + I and g(x) = 2 -x + 1 on the same coordinate plane. 


p) 


21 . Write the equation whose solution set is all the points that are 3 units away from (2, 3). What is 




this geometric figure? 


22. Determine the domain and range of y = 2 — sin (3x — rr). 


( 6 ) 


23. If the graph of y = x — l for positive values of x is reflected about the y-axis, what is the 

/9j 

equation of the reflection? 

The curves y = y.r and y = 1 — jx* intersect in the first quadrant. Find the angle at which 
the two curves intersect in the first quadrant. (Afore: The angle between two curves is defined 
to be the angle between their tangents at the point of intersection. If the slopes are /n, and m,, 
then the angle of intersection can be obtained from the formula tan Q = "*< ~ "*.) 

1 4- nv. ' 


24. 

(13X7) 


I J 


25. If the function /(x) = 
(18) 

A. b = 4 
D. ]£»[ > 4 


_ i l ♦ 2i - 3 


hx 


is continuous for every x, then which of the following is true? 


B. b = -4 
E. 0 < b < 4 


C. \b\ 


JLESSON 60 Area Between Two Curves • Area Between Curves 

Using a Graphing Calculator 


_ 60.A 

area between Wc can find the area bounded by the graphs of two continuous functions on the interval [a, b\ by using 

two curves the limit of a sum of rectangular areas to represent the area and evaluating the sum by using the 

Fundamental Theorem of Calculus. In the figure on the left-hand side below, to find the area between 
the graphs of / and g on the interval [a. />], we partition the interval and draw rectangles whose heights 
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_ 60. B 

area between One of the greatest advantages of using a graphing calculator in calculus is the ability to produce the 
Curves using a graphs of complicated functions quickly. We demonstrate this here. 

graphing 

calculator 


example 60.5 Using a graphing calculator, determine the area of the region bounded by the graphs of 

v = x s — 4.x 2 + 1 and y = 2.x 2 — 4. 

solution We start by drawing the graphs of these two functions in ZS't-ancJaf'd mode. 



At this point it is difficult to see the shape of the boundary, so we restrict the window to the 
intervals —5 ^ x < 5, —5 < y <> 5 for a better view. 



This graph clearly shows that there are two regions. This would have been quite a challenge to show 
by hand. We need to find the three points of intersection that serve as our limits of integration. Using 
Option 5 in the CRLCULRTE menu, these points are found to occur at the following values of x- 

x = -0.8669984 x = 1 x = 1.5905002 


Now we set up two definite integrals. For the larger region, the integral is 


j: 


[(x 5 — 4x 2 ) 1 — (2x 2 — 4)1 ir 

-0 8669984 

since the polynomial of degree 5 is above the binomial. The area of the smaller region is given by 


J, 


1.5905002 


[(2x 2 — 4) — (x 5 — 4x 2 -+- 1 )] dx 


The total area is the sum of these two integrals. We enter 

FnIntXX^5-4X2 + l —<2X2—4> , X, -0.8669984, 1 > 
+FnInL<2X2-4-<X^5-4X2 + i > , X, 1, 1.5905802 > 

which yields 6.6905 units 2 as the approximate answer. 


problem set 

60 


I. Find the dimensions of the closed rectangular box that has a square base, has a volume of 
fS7> 1000 cubic inches, and requires the least amount of material to construct (Assume the surface 
area of the box is a measure of the material used.) 

(a) Solve this problem with a graphing calculator Begin by expressing the surface area of the box 
as a function of the single variable x. and then graph the function in an appropriate window’. 

(b) Solve this problem again using calculus. 
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2 . 

tssi 

3. 

(55) 

4. 

(HI 


Find the Maclaurin scries for y = c x , and write the answer in summation notation. 

Find the Maclaurin scries for y = In (I - x), and write the answer in summation notation. 

The position of a particle moving along a straight line is given by s(i) = c sin t. Find the 
velocity of the particle when t — n. 


Integrate in problems 5—7. 
5. f sin 3 (2x) cos ( 2x) dx 

(561 J 


6 

(M) 


; J 


sin x 


VT 


dx 


cos x 


7 * J 

(JH) J 


x 1 + x + 2 


dx 


8. Find the area of the region completely enclosed by the graphs of y — x — 1 and 

2.1 

y = —x + 1. 

9. Find the area of the region bounded by the graphs of y = e x , y — x, x — — 1, and x — 2. 


(601 


10. Find the area of the region completely enclosed by the graph of y — (x — l)(x + 2)“ and 

(J9) . 

the x-axis. 


11. Use a graphing calculator to find the area 
y = 2 X and y = —2 _x on the interval [—3, 3]. 


of the region between the graphs of 


(60) 


12 . 

(59) 


The following graph represents the 
continuous function y — fix). A. B. and C 
represent the areas of the enclosed regions. 
j 4 /(x) dx is equal to which of the 
following? 

A. A + B - C 

B. B - (A — C) 

C. A - B + C 

D. B - (A + C) 

E. A ■+ B + C 

13. Find (2) where fix) — 2 In x. 

(55) 

14. Write the explicit inverse equation of y = sin x for S x S ^ 



Differentiate with respect to.r in problems 15—17 
15. y = f>< In2,(j2+l) 


(50) 


16. >• = '"j 51 "" 1 

(50) ' X- - 1 


17. 

(50) 


y = e* 2 + 2t (cotx) 


d~ v 


18. Evaluate —=r at x = 1 for y = x In x — x. 

(25) dx~ 


2 2 / *1 \ 
19. Find the slope of the line tangent to the ellipse = i at the point f V3, ^ J 


tH) 


df d~ f 

20. Shown is the graph of /. At which point(s) are both —- and i positive? 


1491 


dx 


dx 



x 
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LESSON 61 


example 61.1 
solution 


21. Suppose /(. v) = |.v]. Sketch the graph of y = f{x — 2) + l. 

22. Simplify: (ton — 0)(cos — 0)f*scc — 0 

23. Determine the amplitude, phase angle, and period of the function whose equation is 
‘ ' v = 3 + 2 sin (3.v — 45°). 

24. (a) Solve the equation l0 ‘ l0 " = 8 with the graphing calculator. Begin by graphing the 

u IM functions 3 ' = l0 ‘ ~ m " and y = 8 . Find the .v-coordinatc of their point of intersection. 

(b) Solve the equation ~ . tQ -- = 8 again using algebraic methods. Find an exact answer and 
then convert your answer to a decimal number. Check your solution by comparing it to your 
answer to (a), (////if.* You can solve this equation by first multiplying it by 10* and 
rewriting it as a quadratic equation in terms of 10*. Then the quadratic formula can be 
used—but it will solve for 10*. not.x. So do not forget to solve for.*.) 

25. Find the angle at which the curves y = .r 3 and 3 ' = VJ intersect. ( Him: See problem 24 in 
t,J37t Problem Set 59.) 




Playing Games with f, f', andf" 


Problems that permit us to explore the relationships between a function and the first and second 
derivatives of the function are designed to enhance our understanding of these relationships. These 
problems allow us to play games with concepts. In this lesson wc look at problems that let us consider 
information about /, /', and 

We can determine the constants in the linear equation 

3 ' = mx + b 

if we know two points on the line. If the line passes through (1,2) and (5, 6 ), we can write 

f 2 = //i(l) + b 
(6 = nt(5 ) + b 

and solve this system for m and b. 

If we have the equation of a quadratic function 

>• = ax 2 + bx + c 

three independent equations are needed to find a, b, and c. In the case of a general cubic with four 
terms, four pieces of information are needed to solve for the four constants In general, we need as 
many independent pieces of information as we have coefficients in the equation. 

Given that /(.r) = ox 3 •+• b, that the graph of f passes through (2. 25). and that /'(3) = 81. find 
a and b. 

We get one equation from the fact that /( 2 ) = 25. 

25 = a( 2) 3 + b 
25 = 8 ci + b 

The second equation comes from the fact that /'(3) = 81 

/'(x) = 3a.r* 

/'<3) = 3a(3 ) 2 
81 = 21a 
a — 3 
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example 61.2 

solution 


example 61.3 
solution 


Now we replace a with 3 in the first equation and solve for b. 


25 = 8(3) + b 
b - 1 


Thus the equation of / is f(x) = 3x 3 + 1. 

The function / is a real quadratic function whose graph passes through (2, 9) and (0, I), and the slope 
of its graph is 6 at .r = 2. Find the equation of /. 

The equation is of the form fix) — ax 2 + bx + c, so we need three independent equations to solve 
for a, b, and c. The first two equations come from the fact that (2, 9) and (0, 1) are on the graph of/. 

9 = a(2) 2 + b( 2) c - 9 = 4a + 2b + c 0) 

1 = a(0) 2 + b(0) + c - I = c (2) 

The third equation comes firom the fact that f* (2) = 6. 

/'(x) ~ 2 ax 4- b 
6 - 2a (2) + b 

6 = 4 a + b (3) 

By combining equations (1) and (2) and copying equation (3), we get the following linear system. 

(I) and (2) f8 = 4a + 2b 
(3) \6 = 4 a + b 

We have already used the fact that c = 1. Solving this system shows that a — 1 and b = 2-Thus, 
the equation we want is 

J \ x ) = x - + 2x + 1 

If f"( x ) = 10, /'(0) = 2, and /(0) = 3, what is the equation of f? 

The equation of f" is f"(x) — 10. which is a constant function. We integrate f" to get f\ 

f'(x) = J /"(.r) dx = J 10 dx = 10.r + C, 

It is given that /'(0) = 2, so we can substitute and solve for C v 

f'(x ) = I Qx + Cj general equation of f* 

2 — 10(0) + Cj substituted 

2 = C, solved 

Now that we have f*(x) = 10.r + 2, we can integrate /'(or) to get /(.r) 

/(-r) = J /'(x) dx = J (10x + 2) dr = 5x 2 + 2x + C 2 

It is given that /(0) = 3, so we can substitute and solve for C.,. 

fix) = 5x“ + 2x + C 2 general equation of/ 

3 = 5(0) 2 + 2(0) + C 2 substituted 

3 = C, solved 

Now we can wTite the equation for /. 

fix) = Sx 2 + 2x + 3 
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problem set 

61 


1. Find the largest area possible for a right triangle whose hypotenuse is 5 inches long. 

(a) Solve this problem with a graphing calculator. Begin by writing an equation for the area of 
the triangle ns n function of.v, the length of one leg of the triangle. Then graph the equation 
in an appropriate window and find the maximum. 

(b) Solve this problem again using calculus. 


2. Write the Maclaurin series for y = e x (from memory if possible). 

3. (a) Find the Maclnuiin series for y = 

<5_J> 

(b) Substitute — jc for x in the Maclaurin series found in problem 2. Compare this result with 
the answer to (a). 


4. A hemispherical bowl has a diameter of 14 inches. If water is poured into the bowl at a rate of 
471 1 cubic inch per second, how fast is the water level rising when the water is 4 inches deep? The 

formula for the liquid volume of a hemisphere of radius r filled to a height h is 
= 7Tr/i 2 — \jzh 3 . (Win/: r is the radius of the bowl, which is a constant.) 



5. The equation of / is /(jc) = ax 3 + b. The graph of f passes through the point (1.5) and 
/'<2) = 12. Find a and b. 

6. If / is a real quadratic function whose graph passes through the points (1,5) and (—1, — 1) and if 
,<WJ the slope of its graph is 5 at x = 1, then what is the equation of f? 


7. 

t*s> 


Shown is the graph of f". Sketch a possible 
graph of /. 


y 



8. If f"(x) = 6 and /'(l) 
Integrate in problems 9—11. 

9. I* sin (3x) dx 

{56} J 


= /(l) = 4, what is the equation of f? 


12 . 

{39} 


13. 

(5V) 


(39) 

15. 

(60) 


10 . 

tsat 


J 


cos X 
sin 2 x 


dx 


II. 

(S6) 


J 


1 


dx 


Find the area of the region in the first quadrant bounded by the .r-axis and the graph of the 
equation y = x -J 9 — x 2 . 

Approximate the area bounded by the graph of /(x) = e~ x ~ and the .r-axis over the interval 

[-2. 2J. 


14. Find the area under one arch of the graph of y — 2 sin (3.r) 

a «Ui 


Pind the area of the region in the first quadrant that is completely enclosed by the 
y — x 3 + 3 and y = x + 3. 



of 


16. Find k such that 

(■ r?t J ~ 2 


r> 


+ it) dx = 15 
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17. 

<■17) 


18. 
<61) 


19. 

<4S) 

20 . 

pat 


Let k be the number such that the area between y = 7 and the x-axis from x 1 to x k 
equals 2 . What is k? 

Suppose /(x) is a polynomial such that /"(3) = 4 and f'( 3) = 0 . Sketch the graph of / for 
input values near x = 3 . 


The graph of /" is a horizontal line below the x-axis. 


Sketch the graph of y 


(x - 2 )(x + l)(x - 1 ) 

x(x — 3 )(x — l)(x + 2 ) 


the graph of /. 


21 . Use the definition of the derivative to find /' where /(x) — — • 

09) x 


22. Differentiate y = . , + e 4x ~ 3 tan (ax) with respect to x. 

< S0 > -y/X 3 4- X + 1 

23. What is the implied domain of the function y = arcsin x? 

OJ) 

24. Suppose / is a function that is defined only on [1,3]. On what interval is g defined if 
,W g(x) = /(x - 2)7 

25. Find the value of m such that the line y = mx is tangent to the graph of y = In x. 

<20.27) 


uesson 62 Work, Distance, and Rates 


When a uniform force moves an object in the direction of the force, the mechanical work done is 
force times distance. 


Mechanical work = force x distance 


Often in today’s science books, distances are given in meters and forces in newtons. If a block that 
weighs 3 newtons is moved vertically upward a distance of 4 meters, 12 newton-meters of work 
is done. 

4 newtons x 3 meters = 1 2 newton-meters 

A newton-meter is called a joule. The work done is represented by the area of the rectangle on the 
left-hand side below, where F is the force in newtons and x is the distance in meters. In this figure the 
mathematical area, 12 , represents the work done, 12 joules. 



v (kph) 

f 



2 3 


— x (m) 


‘ '(hr) 
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problem set 

62 


Here the rate of leakage varied with time, so we must consider summing many smaller quantities of 
the form 


rate x time 


This is accomplished with the integral. The total amount that leaked during the first 10 hours is given by 




+ e 


o 


_ e -i° + 1 


The number—e _, ° is extremely small. Therefore we say that approximately 1 gallon of water leaked 
from the tank during the first 10 hours. 


1* Find the area of the largest rectangle with horizontal and vertical sides that can be inscribed in 
1 * the region bounded by the .v-axis and the graph of y = 12 — .t". Begin by drawing a rectangle 
inscribed in the region bounded by the.r-axis and the graph of y = 12 — .r 2 . Write an equation 
for the area of the rectangle in terms of x, where x represents the distance from the origin to the 
lower left-hand comer of the rectangle. 

(a) Solve this problem with a graphing calculator. 

(b) Solve this problem again using calculus. 

2. Find the Maclaurin series for y = —^ . 

usi l + x 


3. (a) Find the Maclaurin series for y s= -. 

(5Si 1 - X 

(b) Substitute — x for x in the Maclaurin series found in problem 2. Compare this with the 
answer to (a). 

4. A steady force of 20 newtons is applied to an object to move it 30 meters in the direction of the 
* force. What is the work done by the force? 

5. A variable force of Fix) = jx 3 + x newtons is applied to an object to move it in the direction 
,a:> of the force from .t = 0 to r = 3 meters. Find the work done by the force. 

6. The spring constant for a spring is 3 newtons per meter. How much work is done in stretching 
,a2> the spring from 2 to 4 meters? 

7. Gold is being mined at a rate of R(t) — lt~ x ounces per hour. How much gold is removed 
(ja.& 2 f between the third hour and the sixth hour of operation? 

* 8. Suppose fix) — ax 2 + bx. Find a and b such that the graph of / passes through (1,2) and 

<*» 

9. Suppose / is a function whose slope at any point is twice its jr-coordinate. If the graph of f passes 
,0/, through (2, 5), what is the equation of f? 


Integrate in problems 10—13. 

10. f cos f 2x — — 
fS J V 2 


12. f cos r -J sin r dr 

on J 



11 . 

(X!*> 


/ 


2 r ~ - 3x + 4 


x x 


dx 


13. I tan 3 .v sec 2 .r dx 
(Slf J 


14. Find the area of the region enclosed by the graphs of y = 2 - x 2 and v = -x 

tarn 

15. Find the area between the graph of >• = .t<x - 2) and the.r-axis on the interval (-1. 
fjv; 
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16. 

(S7l 


Let / be a continuous function on (—». * 
each equation true. 

(a) fix) (Lx + £ fix) dx = J fix) tlx 

(b) f fix) dx + f fix) dx = f fix) dx 

JO Ja JO 


). In (a) and (b). find the values of a and b that make 


17. Suppose fix) = x 3 + .v. Write an implicit equation for / . 

fSSf 


18. 

tut 

19. 

tut 


Suppose fix) = In x. Find /"'(l). 

A ball is thrown straight up from ground level. Its height above the ground in feet at time / is 
given by hit) = 200 1 — 16/ 2 . How high will the ball go? 


_*in i 

20. Differentiate y = — ■ 

tSO > ^j2x - 1 

d~y 

21. Find —4- where y = 2e l,n r 

r 3o> dx ~ 


In (2x) with respect to x. 


22 . 

u 


The function fix) = In (cos x) is defined for all x in which of the following intervals? 



B. 0 < x < n 


C. 0 < X < 7T 



x < 


JZ 



23. A trough 4 feet long has ends that are 
IB> equilateral triangles. Find the volume of 
water in the trough when the water is 
h feet deep. 



24. Suppose fix) = In .r and (/ o fi )( x ) = ] n J *2 + j p- lnd 

aft) ^ ^°* ve t b e equation -—^— = 7 with a graphing calculator. Begin by graphing the 

functions v — c — ~ - and y = 7. Then find the x-coordinate of their point of 

intersection. 

(b) Solve the equation -—^— — 7 again using algebraic methods. Find an exact answer and 
then convert the answer to a decimal number. iHint: See problem 24 in Problem Set 60.) 
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LESSON 63 Critical Number (Closed Interval) Theorem 


The maximum-minimum value existence theorem says that a continuous function must have 
both a maximum value and a minimum value on any closed interval. 


Maximum-Minimum Value Existence Theorem 

If / is continuous on the closed interval / = [a, i], then / attains a 
maximum value A# and a minimum value m on I. 


y 



This statement is intuitively obvious, but the proof of the theorem is beyond the scope o an 
elementary calculus book. This theorem indicates that the maximum and minimum values^ o 
function exist but gives no clue as to how to find them. The clue we need comes from the cn 
number theorem (sometimes called the closed interval theorem), which we state below but ° 
not prove. The critical number theorem says that the maximum value and the minimum 
must occur either at an endpoint of the domain or at a critical number, which is a value of x 
which the derivative does not exist (the graph of the function comes to a comer) or a value o 
for which the derivative equals zero (the slope of the graph is horizontal). 


Critical Number Theorem 

If / is a continuous function on a closed interval I and if / attains a 
maximum or minimum value at x = c, where c e /, then either 

1 . c is an endpoint, 

2 . /'(c) does not exist, or 

3. /'(c) = 0. 


is 


In the applied problems that we have worked thus far, the maximum and minimum 
have occurred at values of x for which the derivative equals zero (stationary numbers). I* 
difficult to find applied problems for which a maximum or minimum value occurs at an endpoi 
(endpoint numbers). Since absolute value functions do not have a derivative at the values o •* 
where a cusp occurs on the graph (singular points), these functions are often used as examples o 
functions that have critical points at which /'(x) does not exist Other continuous functions t a 
do not have derivatives at some values of .r are odd roots of even powers of x. 


v = x 


2/3 and y = x* ,s To get still more examples, we can devise continuous piece" 


ise 


functions that do not have derivatives at one or more values of x. 


example 63.1 Find the maximum and minimum values of f(x ) = 2jt 3 - 3x 2 - 12_r + I on the interval [--- 4 3 
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solution 


example 63.2 


solution 


Since this function is continuous on [—2,4], the maximum -minimum value existence theorem 
guarantees that / attains a maximum value and a minimum value on f—2. 4| The closed interval 


theorem says these maximum and minimum values must occur at critical numbers or endpoints 

We begin by making a list of all the critical numbers. Since a polynomial function has a 
derivative at every value of ,\, there are no critical numbers at which the derivative docs not exist, it 
has critical numbers only when f\x) — 0. 

/'(x) = 6x 2 - 6x - 12 


0 — 6x 2 — 6x — 12 
0 = 6(x - 2)(x + 1) 


We see that f'(x) = 0 at x = 2 and x = —I. Thus, on the interval f—2, 4], the critical numbers 
are x = 2 and x = —I. The closed interval test consists of finding the values of fix) for all 
critical numbers and endpoints then comparing these values. 

/(—2) = -3 /(-l) = 8 /(2) = -19 /(4) = 33 


This test reveals that / attains a maximum value of 33 at x = 4 and a minimum value of 
—19 at x = 2 on the closed interval [—2, 4j. 


A 10-inch-long string is to be cut into two pieces. One of the pieces will be bent to form a square, and 
the other piece will be formed into a circle. Find where the string should be cut to maximize the 
combined area of the circle and the square. 

We begin by drawing a picture of the problem and labeling the length of the segment used to form the 

circlex. 



We see that 10 — x is the length of the segment used to form the square Thus the perimeter of the 
square is 10 — x. and the circumference of the circle is x To rind the areas, we need to solve for the 
radius of the circle r and the length of the side of the square s 


x 




r 




Area of circle 



Area of square 


Total area = A(x) = n 





The graph ol the Junction A(x) is a parabola that opens upward and is chopped off at the endpoints. 
W e do not show the graph, as the closed interval text does not require a graph. Note that the domain 

of A is the closed interval [0, 10] because x must be equal to or greater than zero and less than or 
equal to 10 


Domain of A — {x e IR | 0 S x S 10} 
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example 63.3 
solution 


example 63.4 


{Note: If the “cut” occurs at \ 
to torm either u square or a ore 


= 0 or .v .= .10, the string is not really cut Instead it is used entirely 

led We now find all the critical numbers ol/\ where — x 2S 10. 



function 

derivative 


derivative set equal to 0 


simplified 


solved 


.v = 4 3990 


Thus the critical number for A is x ** 4 3990 Bj the closed interval theorem, A{x) is maximized 
either at one of the endpoints or at this critical number 

4(0) = 6.25 4(4.3990) = 3.5006 4(10) = 7.9577 

_ ^ 

The value 7.9577 for 4(10) is greater than the other values, so the maximum area of 7.9577 in. ^ 

attained at x = 10. In this example the maximum value of the function occurs at an endpoinunota 
critical number None of the string is used to form the square. The entire length of the string 
used to form the circle. 

_ 2/3 

Find the maximum and minimum values of / on the interval [—2, 3] where f(x) = x 


The maximum and minimum values must occur at critical numbers or endpoints The critical 
occur v. hen f'(x) = 0 or where /' does not exist Thus we begin by finding f *. 


/'(*) = ^c"" 3 = 


3.r 


1/3 


This deri\ ative can never equal zero, because the numerator can never equal zero Thus 
critical numbers caused by the denv ative equaling zero The derivative does 
when .r = 0. because /'(Oi = ^ is not defined Thus ,r = 0 is a cntical number 
failure of /' to exist Therefore we compute the values of / at 0, —2 and 3 


not 


caused by the 


/( 0 ) = 0 


/(-2) = 1.5874 


/(3) = 2.0801 


From this we see that the minimum value of f bn [—2,3] is 0 and the 
is approximately 2.0801. 


value of/* on [ ^ 


and 


A luncuuii j is wi. ^‘hm-hui i—**j. ni>u, JK——J 

f(4) = 5. Furthermore the functions f* and f" have the properties indicated 


.... -uu KxlnW 


.r 

—2 < -X < —l 

A = -1 

-I < .t < 2 

.t = 2 

2 < a < 4 

f'(-r) 

negative 

undefined 

positive 

0 

positive 

/"(*) 

negative 

undefined 

negative 

0 

positive 


Find the values of x for which f attains absolute maximum and minimum values 
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solution 


problem set 

63 


Wc use the information to make a rough sketch 
of the function. 

The function is continuous on the interval f—2,41 

and has critical numbers at .v = —1 and x = 2 

The function can only attain extreme values at 

* 

critical numbers and endpoints From the graph 
wc see that f attains an absolute minimum 
value at x = — 1 and an absolute maximum 
value at x = 4. 




x 


We also see that the graph of / has an inflection point at x = 2 Since we are able to sketch the 
function, we can obtain the maximum and minimum values from the graph Note that we were able 
to find the v-values of the extrema in this problem even though we did not have the equation tor /. 


1. A trough 4 feet long has ends that are 
f * equilateral triangles, as shown. If water is 

being poured into the trough at a rate of 
1 ft 3 /min, how fast is the water rising the 
instant the water is about to spill over 
the top? 

2. Use calculus to find the maximum and minimum values of fix ) — 2x 3 + 3x 2 — I2x + 1 on 
the interval [—3, I]. Check the answer with a graphing calculator. 

3. Find the maximum and minimum values of /(x) = x 273 on the interval [—1, 8] by considering 
t&3> the graph of /. 

4. The function / is a continuous function on the closed interval [—1,4), and /(— 1) = 3 
and /(4) = 6. In addition, /, and f" have the properties indicated in the table below. Sketch 
the graph of /, and find the locations on this interval where / attains its maximum and 
minimum values. 


.r 

-1 < x < 2 

x = 2 

2 < x < 4 

rc-r) 

negative 

undefined 

positive 

/"(x) 

negative 

undefined 

negative 


5. A rectangle is inscribed in an isosceles 
11 right triangle whose hypotenuse is 6 

centimeters long, as shown. 

(a) Find the y-coordinatc of the point 
(.v, y) in terms of x. 

(b) Express the area of the rectangle in 
terms of x. 

(c) Find the maximum possible area of 
the rectangle. 

6. A variable force of F(x) = 2x newtons (x is measured in meters) is applied to an object. Find 
lft '' the work done in moving the object in the direction of the force from x = 1 meter to 

x = 3 meters. 

7. The velocity (in meters per second) of an object moving along a line is given by v(/) = 3r + 1. 
:f,: ‘ Find the distance traveled by the object from r = 0 seconds to r = 2 seconds. 


y 



2 ft 
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< Suppose f{x) = ae x + b. If f*i 0 ) = /( 0 ) « 3 , whnl are the values of a and b? 
For what values of .v is the graph of 3 * — In x concave upward? 

10 . Evaluate: f —-- dx 

J\ 4 . ] 


Integrate in problems 11—13. 


11 . 

f cos (It) e*"" 2 *' dx 

12 . 

f e dx 

13. 

r Y + % * 

ISO) 

J 

(SOI 

J 

i sn 

J + x 2 


14. Find the area enclosed by the graph of y = —,x(.r — l)(.r + 1 ) and the.v-axis. 

Let / be a continuous function on (-», ™) in problems 15 and 16. Find the values of a and b that make 
each equation true. 



16 . f fix) dx + f fix) dx = f fix) dx 

(57) J a J —3 J-5 

17. If f fix) dx = —4, what is f 2 fix) dx? 

(37} Ja J fy 


Differentiate the functions in problems 
18. y = e 2j tan 2 .r 

ISO) 


18 and 19 with respect 

19. y = 

ISO) 


to JC. 

-Jx 2 + I 

x 4* sin -r 


20. Which of the following statements is true about the function fix) = x In x? 

US) 

A. f is decreasing for all positive real values of x 

B. f is increasing for all positive real values of x. 

C. / is increasing only for all numbers greater than 7 . 

D. f is increasing only for all numbers greater than e. 


21. Suppose / fr) = -- Evaluate lim fix) and lim fix). 

(17) X — 1 x-*\~ 


.. In x — In 2 

22. Evaluate: lim --- 

1*4) x—2. x — z 


23. Suppose cos y is positive and — = sin y. Express cos y in terms of x and a. 

(438) a 

24. Find the angle at which the two curves x 2 + y 2 - 1 and (x - l ) 2 + y 2 = 1 intersect in the 
( 7738 ) first qua drant. iHinf See problem 24 in Problem Set 59.) 

25 Economics textbooks often use p for the price of an item and Q for the quantity of items. In a 
(uii r r ce market, the number of items sold is pnce-sensitive This means that if the price of the item 
is changed, the number of items sold changes If 4000 items are sold when the price is S 16. we 

could write 

Qi 16) = 4000 

If each price increase of SI causes the number sold to decrease by 200. we could wnte 

Qip) = 4000 - 200(p - 16) 

The second term equals zero if p = SI 6 . If the price is SI7 per item, the number sold would be 

0(17) = 4000 - 200(17 - 16) = 3800 
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The total revenue R would be the number sold. Qip). times p, the price per item. 

R{p) = pQ(p) = p[4000 - 200 (p - 16)] revenue 

Rip) = -200 p 2 + 7200 p simplified 

Thus the total revenue Rip) is a quadratic function of the price of the item. 

Suppose that 10,000 items are sold when the price is $20 per item and that the number of 
items sold decreases by 50 for each $1 increase in unit price. Write an equation that expresses 
revenue as a function of the price per item. 


WESSON 64 Derivatives of Inverse Trigonometric Functions • 

What to Memorize 


64.A 


derivatives of 



functions 


Derivatives of inverse trigonometric functions 
antidifferentiation. The integrands in 


are studied because of their usefulness in 


J 


—9 


ZX 


-Ja 2 — x 2 


dx 


and 


J 


Zr 


7 2 

a~ + 


dx 


can be written in the forms u " du and In u du respectively (assuming a is an unspecified constant). 
These are forms we can integrate. Although the integrals 




dx 


I 2 2 ~ * 

“ x 


J dx 

2 , 2 ’ 
a + x 


and 


j 


dx 


| ■> T 

V' T_ — a 


have a similar appearance, they cannot be converted to any familiar form. To integrate these, we must 
know the differentials (or derivatives) of inverse trigonometric functions. These differentials are 
shown below. 

—dx 


d sin 1 

X 

dx 

, -1 X 

d cos 1 — 
a 

a 

\ia 2 — x 2 

d urn -1 

X 

a dx 

• -i x 

d cot 1 — 
a 

a 

2 . 2 
a + x 

d sec -1 

x _ 

a dx 

, _| x 

d esc 1 — 


X yfx 2 — a 2 


V « 2 - -r 2 

—a dx 

■* i 

a~ + x~ 

—a dx 
-X-y fx 2 — a 2 


It is poor practice to memorize things that can be developed quickly and accurately. These 
differentials fall into that category. 


example 64.1 Let v - arcsin —. Find v'. 

a 


Solution We begin by writing the implicit form of this equation and drawing the triangle it defines. 


Explicit Form 


y = arcsin — 

a 


Implicit Form 


x 

sin v = — 
a 
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64,B 

what to 
memorize 


example 64.5 
solution 

example 64.6 
solution 


Now we make the final substitution. 


(fy 

dx 



a 




a 


By interchanging the sides of the triangle, we can show that the derivative of the inverse secant 
of - is the negative of the derivative of the inverse cosecant of ^ . 


-sec 

dx 



a 




In the statement of the problem, we noted that the value of a over a must be a positive number. If this 
restriction was not made, the derivative of the inverse secant and the inverse cosecant would contain 
absolute-value notations, as shown below. 


a x 

-—arc sec — = 

dx a 



d_ 

dx 


x 

arccsc — = 
a 



The absolute-value notation is awkward and could lead to an ambiguous integration formula later. The 
restriction that a: be greater than zero is not unreasonable, because applications of the inverse cosecant 
(or inverse secant) almost always have values of a that are positive numbers. 


In Lesson 48 we developed the derivatives of tan a, cot a, sec a, and esc a In the problem sets since 
that lesson it has been convenient to have these derivatives memorized. In this lesson we have 
demonstrated that the derivatives of inverse trigonometric functions can be developed easily by 
drawing the triangles and finding the differentials of the implicit forms of the inverse functions. The 
derivatives of the inverses of the cosine, secant, cotangent, and cosecant functions are rarely 
encountered. The derivatives of the inverse sine and inverse tangent appear much more frequently, 
and it is a good idea to include these derivatives with the list of derivatives in Lesson 48 that should 
be memorized. 


d . _i u 
sin 1 — = 

a 


du 


a 2 — u 2 dx 


d , -i u _ 

tan — = 


du 


u 


a 1 dx 


i dy 

If v = tan (cos a), what is -f-7 

dx 


This problem requires the chain rule. If ( ) is a function of x, then 


d — i , ^ 1 d e 

—tan ( ) = —- -5 - pr —( ) 

dx ( )- -4- 1- dx 


We replace ( ) with cos x and finish the problem 

dy d _j . . ' 

—— — -tan (cos x) = 

dx dx 


1 


v 


COS 2 -t + 1 J 


(—sin x) = — 


sin 


cos 2 x + 1 


Let y = arcsin (2x). Find y'. 


We have to use the chain rule. If ( )isa function of x, then 


sin 1 ( ) = 


dx 


1 


vI 2 - ( >- ^ 


( ) 


We replace ( ) with 2x and finish the problem 


y' = —sin 
dx 


(2_r) = 


1 


VI - (—r ) 2 dx 


( 2 x) = 


SI - 4x 2 
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example 64.7 

solution 


problem set 

64 


Integrate: f - —dx 

J I + x~ 


We must identify an expression whose differential Is 


1 


1 


Note that 


r/(tan 1 x) = rfftan 1 yj 


1 


x 2 + 1 


dx 


Therefore 




dx = tan 


-i 


This example demonstrates the need to memorize the derivatives of sin 1 and tan '. 




1. If the price of a ticket to the concert is SI6, then 4000 tickets will be sold. For each SI increase 
n> in ticket price, the number of tickets sold will decrease by 100. What should the price per ticket 
be in order to maximize revenue? ( Hint * See problem 25 in Problem Set 63.) 


2. A rectangle whose base is the x-axis is 

(52) ° 

inscrib ed ben eath the semicircle 

y = -\9 — x 2 , as shown. 

(a) Express the area of the rectangle in 
terms of x. 

(b) Find the dimensions of the rectangle 
of greatest area that can be inscribed in 
the region. 

3. Find the Maclaurin series for y = ---—. 

<55, J (1 - x) 2 


y 



4. Use calculus to find the maximum and minimum values of /(x) = x 3 — 6x 2 + 2 on the 
interval [—1,5]. Check the answer with a graphing calculator. 


5. 

16 J, 


Use the critical number theorem to determine the maximum and minimum values of 
f(x) = x* 2 — x on the interval [0. 2]. 


6 . A function / is continuous on the interval [1, 5]. In addition, /(I) = 2 and /(5) = 10. The 
properties in the table below also apply. Determine the maximum and minimum values of /. 


X 

I < X < 3 

x = 3 

3 < x < 5 

rtv) 

positive 

0 

positive 

r u> 

negative 

0 

positive 


7. 


. _ - -V dy 

Let v = arcs in —. Find — 

3 dx 


8 , Let y = cos 1 —. Find y\ 
«*! 5 


9. Let v = tan 1 —• Find ~. 
/wj ' 2 dx 


10* Determine; 

164) 


j 




II. A force is applied to an object so that the force at any position along the x-axis is given 
by /(x) = 2x newtons (for x in meters). Find the work done by the force as the object moves 
in the direction of the force from x = 2 to x = 4 meters. 
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12 . 

wt 


13. 

r«o> 

14. 

ts»i 

15. 

t3S»t 


^- el fix) — a sin .v + b. Suppose /'(0) = 3 and /f-—^ = 5. Find a and b. 

Find the area between the graphs of )• = 2e x and y ~ 3 c x from x — In 2 to x = In 3. 

Find the area in the first quadrant between the x-nxis and the graph of y — 2xV4 — x 2 . 

Use a graphing calculator to approximate the area bounded by the graph of /(.v) = c x and tbe 
x-nxis over the interval [—1, 1], 


In problems 16 and 17 let / be a continuous function on (— 
and fix) dx = 6. Evaluate the given integrals. 


oo) such that J, 1 f(x) dx — 


-5 


16. 

(S7 t 


r /« 


dx 


17. f -5/ (a) dx 

(S7t J7 


d-y 


18. Evaluate 

C7> dx~ 


at x = 1 for y — -Jx 


19. Write the equation of the line tangent to the graph of y = sin (cos a) at x — 


20. Differentiate y = 2/sin (2x) x 

(SO) 


esc (3x) 
x 3 + 1 


with respect to x 


21 . Integrate: J (3x 2 + lx 


l)V-r 3 + x 2 


x dx 


Evaluate the limits in problems 22 and 23. 


22. lim 


(171 


24. 

CZJJ9) 


- 2x 


- 1 - x 


23. lim 

(28) il-tO 


COS jjr 4- Ax) — COS 7t 

Ax 


(a) 


The following is the equation of an ellipse. Write the equation of the portion of the ellipse 
that lies in the first quadrant. 


y 


b 2 


= i 


(a. b > 0) 


(b) 


Use a definite integral to describe the area of the region in the first quadrant that is enclosed 
by the ellipse described above. 


25 . Find the angle at which the curves x 2 + y 2 = 1 and (x — l) 2 + > 2 = 1 intersect in 
(27-sst f ourth quadrant- ( Hint: See problem 24 in Problem Set 59.) 



In Lesson 54 we began to use calculus to solve problems dealing with the position, velocity, and 
acceleration of a physical object such as a ball. car. or projectile that moves in a straight line In this 
lesson we investigate the motion of bodies falling freely in a gravitational field These problems arc 
easy because the acceleration is a constant- In a later lesson we will consider problems in which the 

acceleration is n function of lime. 
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At or near the surface of the earth, the attraction between the earth and any physical o jeet 
accelerates the object downward at 9.8 meters per second per second (32 feet per second per second). 
This acceleration is called the acceleration due to gravity. The acceleration due to gravity is the same 
for all objects regardless of their mass or shape, and if we neglect air resistance, a feather and a lea 
ball fall to the ground in the some time when dropped from the same position. 

If an object is released 100 feel above the surface of the earth, it accelerates downward. If 
another object is released 200 feet above the surface of the earth at the same lime, it also accelerates 
downward and always remains 100 feet above the first object (until the lower object hits the ground), 
because it was 100 feet higher when it was released. (We are still neglecting air resistance.) 

If an object is thrown downward with an initial velocity of 40 meters per second, its downward 
velocity increases with lime, because it accelerates downward at 9.8 meters per second per second. If an 
object is thrown upward with a velocity of 40 meters per second, its upward velocity decreases, because 
the object’s acceleration is downward at 9.8 meters per second per second. Its upward velocity decreases 
until the upward velocity becomes zero at the highest point. Then the steady downward acceleration of 
9.8 meters per second per second causes it to fall, and its downward velocity increases with time. 

For frce-falling-body problems, it is often convenient to designate up as the positive direction 
and measure positive distances upward from the surface of the earth (sea level). 


i 


+ 


Earth's 

Surface 




If we use the earth's surface as our reference plane, positive positions are positions above the surface 
of the earth and negative positions are positions below the surface of the earth. Positive velocities and 
positive accelerations are upward velocities and upward accelerations, and negative velocities and 
negative accelerations are downward velocities and downward accelerations. Since the acceleration 
due to gravity Is always In the downward direction, we use a minus sign and say that the 
acceleration due to gravity is —9.8 meters per second per second. 


The position function of a body in free fall near the surface of the earth is determined by its initial 
position, its initial velocity, and its acceleration. Since the acceleration is always —9.8 m/s 2 for any 
physical object in free fall near the surface of the earth, the only variations in the position, velocity, 
and acceleration functions are caused by different values of the initial position h Q and the initial 
velocity v Q . The position, velocity, and acceleration functions for any free-falling body at or near the 
surface of the earth are the following: 

h(t) = —4.9/ 2 + \' 0 f + /i Q m 

h'(t) = v(ij = —9.8r + \< 0 m/s 

/i"(r) = y\0 = air ) = -9.8 m/s 2 


In physics, answers to falling-body problems are found by inserting the indicated values of h Q and v. 
in these equations. In calculus we must learn to develop these equations, because the process uses the 
same procedures as the ones used to find the velocity and position functions for the motion of particles 
whose acceleration is not —9.8 m/s 2 . 


In motion problems the concept of V is important. If a ball is released at t — 0, the problem 
begins at V- which is the instant after it is released. At the ball has not moved and the ball has no 
velocity, but it does have a negative acceleration, therefore its velocity increases in the negative 
direction at 9.8 m/s 2 . Whether the ball is thrown upward or downward, at t^ it has not moved (though 
it has an initial velocity of v„). Of course, its acceleration at (and at any other time) is -9.8 m/s 2 . 
Since the ball has not moved, its position at t ^ is still h 

To solve falling-body problems, we always begin by integrating the acceleration function to get 
the velocity function. Doing this gives us a constant of integration C. To find the value of the constant 
of integration, we set i equal to zero, let v(0) be the given value of v , and solve to find that C = i* . 
Then we integrate the velocity function to get the position function, which also has a constant of 
integration C. Thus we substitute /i Q for /i(0). set r equal to zero, and solve to find that C = h 
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example 65.1 

solution 


example 65.2 

solution 


An object is dropped from a height of 2000 meters. Begin with the acceleration function and develop 
the position function. How Inr above the earth will the object be 20 seconds later? 

Since is 2000 and t* Q is zero (because the ball was dropped), we know that the position at time / (in 
seconds) should be 

/!(/) = —4.9/ 2 + 2000 

But wc were instructed to develop this equation, so we begin by integrating the acceleration function 
to get die velocity function. 

o(r) = -9.8 - v(r) = f —9.8 dt = -9.8/ + C 

We know that v(0) = 0, because the ball was dropped, not thrown. So we replace / with zero and 
also replace v(0) with zero to solve for C. 

0 = -9.8(0) C - C as 0 

This gives us the velocity function. 


v(/> = -9 8/ 

Now we integrate the velocity function to gel the position function. 


hit) = J* —9.8/ dt 


hit) = _M£1 + c 


At / Q+ , hit) = 2000. so we can substitute and solve for C. 


2000 = —4.9(0) 2 


C = 2000 


Thus, the position function is 


h{t) = —4.9/ 2 


2000 


To find the position when t = 20 seconds, we determine /i(20). 

/i(20) = —4 9(20) 2 + 2000 = 40 m 

A ball is thrown downward with a velocity of 40 meters per second from a height of 2000 meters. 
Begin with the acceleration function, and develop the posiuon function for the ball. What will be the 
position of the ball after 8 seconds? 

The equations for freely falling bodies are always the same except that the constants h Q and v Q are 
different- With the data given we know that the velocity function and the position function will be 

follows: 


v(/) = -9.8/ - 40 

hit) = —4.9/ 2 - 40r + 2000 


velocity function 
position function 


But our job is to develop these equations. We begin with the acceleration function 
surface of the earth, the acceleration is always—9.8 m/s~ 

ait) - -9.8 

The velocity function is found by integrating the acceleration function. 


At or near 


the 


v(/ 


) = J ait) dt = J - 


9.8 dt = -9 8/ + C 


To solve for C we let / = 0 and 
downward at 40 meters per second. 


remember that r(0) = —40, because the ball was thrown 


_40 = -9.8(0) + C - 


C = -40 


v(/> = -9 8/ - 40 
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To find the position function, we integrate the velocity function, 

hit) = J (-9.8/ - 40) dt - h{t ) = —^/ 2 - 40/ + C 

The problem states that when / = 0, h(0) = 2000. Thus, we substitute. 

2000 = -4.9(0) 2 - 40(0) + C - C = 2000 

Now we have the position function h. 

hit) - -4.9/ 2 - 40t + 2000 

To find the position after 8 seconds, we determine hi 8). 

/i(8) = —4.9(8) 2 - 40(8) + 2000 

= -313.6 - 320 + 2000 = 1366.4 m 

The ball fell 320 meters in 8 seconds because of the initial velocity of 40 meters/second. It fell an 
additional 313.6 meters because of the acceleration component of the position equation. 

GXBi i iple 35.3 A boy stood on top of a building 40 meters high and threw a stone so that it had an initial upward 

velocity of 20 meters per second. Begin with the acceleration function, and develop the velocity 
function and the position function for the stone. How high will the stone go? How long after the stone 
is thrown will it hit the ground? 

« % 

♦ % 

9 ft 



solution We already know that the velocity function and the position function for the stone will be 

v(r) - -9.8/ + 20 and hit) = -4.9/ 2 + 20/ + 40 

But our job is to develop these equations. At or near the surface of the earth, the acceleration function 
is always the same. 

ait) = -9.8 

The velocity function is the integral of the acceleration function. 

v(f) = J -9.8 dt = -9.8/ + C 

At / Q * the velocity is +20. 

20 = -9.8(0) + C - C = 20 

Thus, the velocity function is 


»'(/) = -9.8/ + 20 
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The position function is the integral of the velocity function. 

/»</) = J (-9.8/ + 20) dt = -^-/ 2 + 20/ + C 

At /q 4 the position is /i(0) = 40. 

40 = —4.9(0)“ + 20(0) + C —- C = 40 
Thus, the position function is 

h(t) = -4.9/ 2 + 20/ + 40 

We can answer all the questions by using the velocity function and position function that we 
have developed. To find out how high the stone goes, we use the velocity function to find the time 
when the velocity equals zero. 


0 = —9.8/ + 20 -/ = 2.0408 seconds 


Now we use the position function to find the height at / = 2.0408. 

*(2.0408) = —4.9(2.0408) 2 + 20(2.0408) + 40 « 60.4082 meters 

When the stone hits the ground, the elevation will be zero. We can find the time the stone hits the 
ground by setting the position function equal to zero and using the quadratic formula to solve for /- 


0 = -4.9/ 2 -+- 20/ + 40 


, = -20 ± V 2Q2 - 4(-4.9)(40) _ 5 5520 4703 

2(—4.9) 


The negative number —1.4703 is a solution of the quadratic equation but has no meaning in * s 
problem, since / = 0 is our starting point. Thus the time from release to impact with the groun is 
approximately 5.5520 seconds. 

Since the maximum altitude is 60.4082 meters, we can solve the problem another way by fincnfiS 
the time required for the stone to free-fall from 60.4082 meters and adding this result to 2. 
seconds. From example 65.1 we see that the position function for a free fall of 2000 meters is 

/,(/) = -4 9r + 2000 

Thus, the position function for a freefall of 60.4082 meters would be 

Mr) = —4.9/ 2 -4- 60.4082 


Since Mr) = 0 when the stone hits the ground, we have 

0 = —4.9/ 2 + 60.4082 - / = J — = 3.5112 

V 4.9 

If we add the 3.5112 seconds required to fall 60.4082 meters to the 2.0408 seconds required to get to 
the height of 60.4082 meters, we get 

2.0408 + 3.5112 = 55520 seconds 


problem set 

65 


l. 

( 


2 . 

(rtJJ 


An airplane is flying in a horizontal, 
straight-line path. The speed of the 
airplane is 100 meters per second, and its 
altitude is 1000 meters. What is the rate of 
change of the angle of elevation, Q. when 
the horizontal distance from a reference 
point P on the ground is 2000 mciers‘ > 



A ball is dropped from a height of 500 meters Develop an equation that describes the height ot 
the ball at time f after it is dropped. Find the elevation, velocity, and acceleration of the ba 

3 seconds after it is released. 
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3. 

(65) 


4. 

( 59 ) 


5. 

MW J 


7. 

KOI 


8 . 

( 63 ) 

9. 

(63) 


10 . 

(52) 


11 . 

( 62 ) 


12 . 

(63) 


A ball is thrown straight up from the top of a 100-metcr-tall building with an initial velocity of 
30 meters per second. Develop an equation that describes the height of the ball above the groun 
as a function of time t. What will be the maximum height attained by the ball? 

Begin with the equation fix) — cos x. Write the implicit equation of the inverse of /. The 
equation of the inverse defines a right triangle. Draw this triangle. Differentiate this equation 
implicitly and then use the triangle to write the expression for Evaluate (/” ) (0.2). 


For y = arcsin —, 

3 


evaluate 



6 . 

(64) 


For y — arc urn —find 


dy_ 

dx 


Use calculus to find the maximum and minimum values of the function 
fix ) = 2x 3 — 3x 2 — I2x + 7 on the interval [—2, 3J. Check the answer with a graphing 
calculator. 


Apply the criticat number theorem to determine where the maximum and minimum values of 
fix) = Jx — 11 occur and what their values are if / is defined only on the interval [—1. 3]. 

A function / is continuous on the closed interval [—3, 2]. In addition, /(—3) — 4, /(— 1) = 6, 
/(I) = 1, and /(2) — 2. The function / also has the properties listed on the chan shown. 
Sketch a possible graph of /, and determine the maximum and minimum values of /. 


X 

-3 < x < -1 

x = -I 

-1 < x < 1 

x = 1 

1 < x < 2 

fix) 

positive 

zero 

negative 

zero 

positive 


This figure shows an isosceles triangle 
drawn with its vertex at the origin, its base 
parallel to and above the x-axis. and the 
vertices of its base on the curve 
I2y = 36 - x 2 . 

(a) Express the area of the triangle in 
terms of x 

(b) Find the maximum possible area of 
the triangle. 

The spring constant for a spring is 2 newtons per meter. How much work is required to stretch 
the spring from x = I meter to x = 2 meters? 

Let fix) — ax~ 4- b and g(x) = x 2 -t- ax Find a and b such that f*(2) = g'i 2) and 
/(l) = 5. 


y 



Integrate in problems 13 and 14. 

13 . f . c ”< 2 *> 

(5*> J N /1 + sin (2x) 


14. f xe*~ * * dx 

(M) J 


15. Find the area enclosed by the graphs of y = Vx and y = x. 

( 60 ( 

In problems 16 and 17 let R be the region bounded by the curves y = 3x 2 — kr and 
^ = —k z x 2 + 3 where k > 0. 

16. (a) Express the area of R as a function of k. 

tru't i 

(b) Find the value of k for which the area of R is 7 square units. 


17. If the area R is increasing at the constant rate of 5 square units per second, at what rate is k 
' JA ' increasing when k = 15? 
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fer 


18* Let / be a continuous function on [1,5]. Suppose J' fix) dx = 10 and J r fix) ^ v 
Find j; /(a) dx. 


= -2 


19. Evaluntc 

f-O) 


Jl A 


<iv 


r/ 4 v 

. Evaluate —j* at .v 

dx* 


K 


where v = 2 sin x. 




t4<i] 


(44) 


(2) 


2x 


21. Differentiate y = -Jsin~x ■+• - 
<50> sec A* 


+ (In a*)( esc a) with respect to x . 


Identify the intervals on which /(a) = , t _ 


iii — i) 


is concave 


upward and the intervals on 


j «« .*3 V.. j v*v ii - :hi ♦ Du ♦ r u n r f is 

which / is concave downward. {Note: f " need not be computed. Only the grapn J 
required.) 


23. Evaluate: lim 


e — e 


x 


— *> 


24* Suppose / is a function such that /f-p-l = /CO — /(*->) f° r x \* -*-> > Which of fh 

f/fl» r.n ... _* __•_r- 1 ' 


following could be the equation of f? 


A fix) = - 

A 


B. fix) — In x 


C. fix) = x 


D. fix) = sinx 


Find the set of all values b for which the graphs of y = 2x + b and y~ — 4a intersect at 
distinct points. 




LESSON 66 u Substitution • Change of Variable 

Proof of the Substitution Theorem 




66.A 


u substitution 


There are procedures and techniques for integration, but guessing the answer is our primary • ^ 
We have found that it is often necessary to change our first guess by inserting a constan 
integrand and its reciprocal on the other side of the integral sign. This lesson presents ® can 

called u substitution that obviates the requirement for using the constant and its reciproca . 
also use u substitution to find some integrals that would be difficult to guess 


example 66.1 Integrate: J40 a(a 4) dx 


As the first step, we move 


the constant 40 to the left of the integral sign. Then we let u equal a 


_ a 


and record this substitution in the box on the nght-hand side below 


40 J a (a 2 - 4) : 
40 J a(m) 5 dx 


dx 


u 


= x 2 - 4 


du = 2a dx 

du , 

- = a dx 


solution 


I 
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In this problem it has been substituted for x 2 — 4, but there is still a factor of x dx in the integrand. 
Thus, we found tin and solved for x dx. We substitute the expression for x dx in the integral and 

antidiffcrcnliatc. 

«°J" 3 t = 20 ! ,,Sdu - 20 (t) + c = + c 

We use the value of it in the box to make a second substitution. 

+ C = —(x 2 - 4) 6 + C 


example 66.2 Find 



20 cos (ax) dx 
4b + sin (ax) 


where a and b are constants. 


We write the constant in front of the integral sign and record our proposed 






cos(ox) dx 
■Jb + sin (ax) 


u = b + sin (ax) 
du = [cos (ax)] (a dx) 

~ = cos (ax) dx 
a 


Because there was a factor of cos (ax) dx in the integrand after substituting u = b + sin (or), we 
found du and then solved for cos (ax) dx. Now we substitute and integrate. 


du 


20 1 + “ 
J \u 


20 

a 


f _]/-> , 20 u - 40 jh 

ii du “---h C — -« l/ ~ + C 

J n 


9 


We look in the box to find that u = b + sin (ax) and then make this substitution to get 

—-u 1/2 + C = -^-[6 + sin (or)] 1/2 + C 
a a 


example 66.3 Integrate: J 7 x^Jx — 1 dx 


Solution The derivative of x — 1 is I. notx, so this integrand is not the differential of an expression whose 

form is u n du . But u substitution will still work. We write the constant in front of the integral sign and 
record the u substitution in a box. 


7 f x-\/-r — 1 dx 


This time the equation u = x - 1 had to be solved forx to find the proper substitution. 

7 J xyfx — 1 dx = 7 J (m 1)(« ,/2 ) du 


u = x — I 
du — dx 
x = u + 1 


Now we multiply and integrate. 


(J-“ 


du 4 * 



f 5-2 

II 






\ 


/ 


+ c 
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Calculus Lesson 


problem set 

66 




3 


To show thai Ihc left side also equals F(m( 6)) — F(ii(o)) for the same antiderivative F. we use 
chain rule to find the derivative of F(m(.v))* 

ft 


dx 


F(n(x)) = F'(»(.v))h'(.v) 


Since F* — f, we can substitute / for F* and get 

d 


dx 


F(«(x» = /(n(.r)V(.v) 


which can be turned around to write 


J 


/(m( x))u'(x) <£v - F(it(x)) + C 

If we use the Fundamental Theorem of Calculus to evaluate this definite integral from x 
x = b, we can write the following to finish the proof. 

/(m(x))m'(x) dx = F(it(b>) — F(«(a)) 


= a to 


: 


JC=tl 




1. An object is propelled along the .v-axis by a force of x 2 — 3x newtons. Find the work don 
the object between x-values of 1 meter and 5 meters. 

2. A building is 160 meters high. If a ball is dropped from the top of the building, what 
,fiS> acceleration of the ball when it is 100 meters above the ground? 

3. A ball is thrown straight up from the top of a 160-meier-tall building with a velocity of —O 
lAS> per second. Develop an equation that expresses the height h of the ball as a function o urn 

M2). v(2), and a(2). 

Jse change of variables to evaluate the integrals in problems 4 and 5. 

4. [ x cos (/rx 2 ) dx S. J [sin (5x)]e co * ( ) dx 

t&M Jo i6A> 


6. Write the equation of the inverse of the function y = esex where y is defined on 
<<w Differentiate this equation to find (J~ ] Y , and express (/ _l )' in terms ofx. 

x 3 

7. Find the slope of the line tangent to the graph of y = arcsin — at .r - —. 

i6-n ~ 


[-f- ?3 


8. 

9. 

i&j i 


10 . 

(OJI 


Find IQ. where y — arc tan (sin x). 
dx 


Use calculus to find the maximum and minimum values of jhe 

/(Ar) = _ 2x 2 - I5x on the interval [—3, 4]. Check the answer with a graphing caicuia 

SuDDOse / is continuous on [ 1.4] and has the properties listed in the table below. Sketch a g ra P h 

. _ . . _-_j ..-.t.ipc f 



X = 1 

I < x < 2 

x = 2 

A 

A 

U 

.T = 4 

/(*) 

15 


10 


20 

/'CO 


negative 

0 

positive 


/"(X) 


positive 

positive 

positive 



11 . 

|3J> 

12 . 

(Sit 


13. 

ton 


Find the Maclaurin series for >• = cos x. 

(a) Find the Maclaurin series for y = cos (2r). 

(b) Substitute 2x for x in the Maclaurin series found in problem 1 I Compare this new 
with the answer to (a). 

Lel ~ ) _ flS inx + b cos x Find the values of a and b for which f'U r) = 2 and /'(f) 
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Involving Functions of y 


Integrate in problems 14-19. 


14. f xyfx + 1 dx 
(661 J 


16 

(Jit) 


X- + I 


18 

f<WJ 


I /ft 


dir 


15 . f (I + cos x)(x + sin x) 3 dx 
tM> J 

: J 


17 

/«/ 


x 2 + I 


dt 


19. f (x 2 +4) *x 

«vn J 


Differentiate with respect to x in problems 20 and 21. 


20 . 

(SO) 


(27) 

23. 


24. 

(■*7X6) 


tan (x 3 — l) 
v = ---- 

* i 


e~ + e 


21. y = e 2 * sec (rrx) 

(SOI 


22. Find the equation of the line tangent to the graph of y = 


x 2 + 1 


at x = 1. 


Suppose y — /(x) is a polynomial function of degreen. Which of the following must be true? 

A. / intersects the x-axis at least n times. 

B. / intersects the x-axis at least once. 

C. / is continuous for all values of x. 

D. / always has some finite maximum value. 

In the definite integral shown below, a and b are positive constants. The integral represents the 
area of a familiar geometric figure multiplied by b over a. Evaluate this integral by inspection. 

b^Ja~ — x 2 


Jc 


dx 


25. Find cos" 6 in terms of x, given tan Q — —■ 
<»> 10 




JC-ESSON 67 Areas Involving Functions of y 


In the area problems we have worked thus far, y has been a function of x. Thus x has been the 
independent variable. For some problems it is convenient to use y as the independent variable and let 
x be a function of y. When we do this, x is still graphed horizontally. When x is a function ofy, the 
input axis is the y-axis, and the output axis is the x-axis. 

example 67.1 Ftnd the area of the region completely enclosed by the y-axis and the graph of x = 1 - y 2 . 

solution Solvin g this equation for y, we get y = ±v I — x. This equation describes two functions: 

y = v l — x , whose graph is the upper half of the parabola, and y = —VI — x, whose graph is 
the lower half of the parabola. We could use either of these functions and one of the representative 
rectangles shown in the left-hand figure below to find half the desired area and double this result to 
get the whole area. 


y y 
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Calculus Leason 


example 67.2 
solution 


Another way to solve this problem is to let x be n function of y and use the r ®P r rat j 0 n. 

rectangle shown in the figure on the right-hand side. When we do this, y is the variable ° ,n graph 

and the limits of integration are the y-values of the points of intersection o points 

of .x = 1 — y 2 and the y-axis. First we find the.v-vnlues of these points. Since x = 0 or a 
on the y-axis, we have 

-v = 1 - y 2 - 0 = (1 - 30 d -t* y) - y = ±1 

The ‘'height’* of the representative rectangle is 1 — y 2 , and its width is Ay. Thus the area equal 
following integral: 


P = ‘ (l - y 2 ) dy 

J v =-t 


We finish by integrating and evaluating the integral. 


Area = 


- 41, - (■ - il - [- - C-i)] - I - (-!) - 


4 # 2 

— units z 


Find the area of the region completely bounded by the graphs of x = 3 — y~ and y x 


1 


We must be careful when we draw the representative rectangle, as the figure below s 
left-hand representative rectangle looks all right because it is bounded above by e 

of y = x — 1 and below by the graph of x = 3 — y 2 . Trying to use this representative recta^^ 

find the area leads to trouble, however, as we see when the rectangle is moved to the ng t - 
of the figure. Here it is bounded both above and below by the graph of x = 3 — y • 



y 



So the area must be calculated as the sum of two different integrals. 

Area = [(* - 1) - (- V3 - x )] dx + P * [(V3 - x) - (—„/3 -T)] dx 

= — J X “ 

This is cumbersome at besL There are several ways this difficulty can be overcome. One way 
draw the representative rectangle horizontally and let dy be its width, as shown in the figure t>eio 



- x 


or x = y + 1 





4 











\ 
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In this figure the right end of the rectangle is bounded by x — 3 — y 2 . and the left end is bounded 
by x = y + I. The width of the rectangle is dy, and the limits of integration are the y-values 
— 2 and-t-l. 


Area = f* [(3 — y 2 ) - (y + I)] dy 

Jys-2 % - v '^ 

height of | 

rectangle ' 

width 


We finish by evaluating the integral. 

J_, (“3' 2 ~ y + 2 ) dy = 




9 2 

— units 
2 


As a reminder, such integrals can be approximated with a graphing calculator. The desired area 
in example 67.1 equals 



x dx 


Using the TI-83, we press to access the "Pn 1 nU C option. Then we numerically 

approximate the value of the integral by evaluating 

2fnInt<T<l-X>,X,0,1) 


to get 1.333333754. This is an excellent approximation of —, the exact value found in the example. 


problem set 

67 


1. Gaurav is standing 5 meters away from the base of the flagpole on which a flag is being raised 
n> at the rate of 1 meter per second. Find the rate of change of the angle of elevation from Gaurav’s 
feet to the flag at the instant the flag is 12 meters above the ground. 


2. A ball is thrown downward with a velocity of 20 meters per second from the top of a building 
' that is 160 meters tall. After developing the velocity and position functions for the ball, 
determine how long it will take for the ball to hit the ground. 


3. The figure to the right shows an isosceles 
trapezoid inscribed in a semicircle of radius 
1 unit The longer of the two parallel sides 
of the isosceles trapezoid coincides with 
the diameter of the semicircle. 

(a) Express the area of the isosceles 
trapezoid in terms of .t. 

(b) Find the maximum possible area of 
the isosceles trapezoid. 

4. Use calculus to find the maximum value 
,fl,f f(x) = j.t 3 - ^.t 2 — lQ.r — 1 on the interval 

calculator. 

5. The area of a region is completely 
n ‘ enclosed by the y-axis and the graph of 

v _ 4 _ v 2 . Use v as the variable of 
integration to write a definite integral that 
defines this area. 


y 



and the minimum value of the function 
[—3, 5]. Check the answer with a graphing 


y 
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Find the nrea completely bounded by the 
,0 ' graphs of x = 4 — y 2 and .v = 3y. 


7. Use y as the variable of integration to write a 


<671 



bounded by the coordinate axes and the graph of y + 2x = 3 . 

s 


8 . Evaluate ^ 2 x -J 2 v — 1 dx by changing the variable of integration. 


9. 

<3V) 


10 . 

<SV> 


Approximate J* 2x^j2x — 1 dx with a graphing calculator. Compare this answer to the answe 
to problem 8 . 

(a) Use calculus to find the area of the region enclosed by the graph of fix .) = jrv7 anc * ^ 

x-axis. (Hint: * 2 ~ I = 1 — .) 

(b) Check the answer to (a) with a graphing calculator. 


11 . 

<661 


The definite 


integral f 
Jo 


1 Tzvr 

x sin - 


dx is equivalent to which of the following? 


J‘ 1 

JO JT 


sin u du 


r^/2 1 

B. I — sin u du 

Jo JT 


rxil 

C. I sin u du 
Jo 


f'T/2 

D. jt sm u du 

Jo 


12. Let fix) = arcsin —. Find /'(l). 
<6J> Z 


V 3 


13. Find the slope of the line tangent to the graph of y = arctan -t at x — ^ - 

(6-0 ~ 

14. An object moves along the number line so that its velocity at time / is—given 

_ /Jf 2 — l . Find the distance the object moves from t = V lO to r = V26- 


by 


Integrate in problems 15—18 
J sin 3 x cos x dx 


15. 

<66 > 


17. j 

uw; J 


dx 


16 


J COS X 
sin x 


dx 


18. f 

i6Al J 


3x 


V 9 - x 2 


dx 


19. 

159/ 

20 . 

157/ 


■J9 — x 2 

Find the area bounded by the x-axis and the graph of y = cos (2 y> between x = 0 and 

c 4. Which of the following statements must be true? 

B J‘ fix) dx < 0 


.r - j- 


Suppose fix) S 

A. £ fix) d* 
C. J ^ fix) dx 


O for 2 < x 
< 4 


- j: 


£fr 


D J, 4 ^ (t) = “J, / fv> 


21. Find C and * in /(.*) = Ce 4 * such that f'i 0) = 2 and /(0) = 4 

ISO 


\ 
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--I . -COS X 

22. Differentiate y = -==- with respect to x. 

2\Hc + 1 

23. Evaluate lim ~~ where /(x) = sinx. 

*>-+ 0 /| 

24. A monkey cage with a square base and rectangular sides is to be constructed. The volume of the 
,s> cage must be 300 cubic feet. The cost per square foot of the top is $ 8 , the cost per square foot of 

the bottom is S4, and the cost per square foot of each of the walls is SI5. Let the height of the 
cage be h and the length of one side of the base be L. Express h in terms of L~ Then express the 
total cost of the monkey cage in terms of L. 

25. Let / be the function defined by /(x) = x 3 — x~ — 4x + 4. The point (a, b) is on the graph of 
u7i f, and the line tangent to the graph at (a, b ) passes through the point ( 0 , — 8 ), which is not on the 

graph of /. Find a and b. 


EESSON 68 Even and Odd Functions 


If a function is an even function, then the value of /(x) where x is a distance to the right of the origin 
equals the value of /(—x) where —x is the same distance but to the left of the origin. For an even 
function/, if/(x,) equals +2, then/(—x t ) must also equal +2. If /(3) equals—5, then /(—3) must also 
equal -5. This means that the same things happen to the graph or an even function at equal 
distances to the left and right of the origin. In general, for any even function / and any value of x 
in its domain. 


/<--T) = /(X) 

If a function is an odd function, then the same things happen to the graph of the function at 
equal distances to the left and right of the origin but,in opposite vertical directions. If a function 
is an odd function and /(xj) equals 5, then /(—x ( ) must equal —5. In general, for any odd function / 
and any value of x in its domain. 


/(-x) = -/(x) 

The graph of an even function is symmetric with respect to they*-axis, and the graph of an 
odd function is symmetric with respect to the origin. The cosine function is an even function, and 
the sine function is an odd function. 


y 




For the cosine function, the vertical distance and direction from the x-axis to the graph is the same at 
x and — .Tj. The points (xj./Gtj)) and (—x ( . /(—.r ( )) are horizontally the same distance from the 
Y-axis For the sine function, the vertical distance from the x-axis to the graph at x is the same as at 
-\ but in the opposite direction. The points (x,. /(x,)) and (-x,» /(-x t )) lie on a line that passes 
through the origin, and these points are equidistant from the origin. 









Calculus Lesson 68 


example 68.1 
solution 


example 68.2 
solution 


To determine whether a function is odd, even, or neither, the procedure is to replace x with x 
in the rule for the function. If the result is the same, the function is an even function. If the magnitude 
is the same but the sign is different, the function is an odd function. Any other result indicates that the 
function is neither even nor odd. Recognizing that a function is even or odd can be helpful in graphing 
the function os well as in evaluating definite integrals involving the function. 

Is the function fix) = jc 4 + .t 2 - 6 an even function, an odd function, or neither? 

We compare fix) and /(—x). 

fix) = x 4 + x 2 - 6 f{~x) = (-x) 4 + (-x) 2 - 6 = x 4 + x 2 - 6 

Since both f(x) and /(— x) equal x 4 + x 2 — 6, the function is an even function. Note the symmetry 
of the graph of / about the y-uxis. 


y 



Is fix ) = x 3 — x an even function, an odd function, or neither? 

We consider the expressions for/(x) and /(—x). 

fix ) = x 3 - x fi-x) - (-x) 3 - (-x) = -x 3 + x = -(x 3 - x) 

Since fix) = x 3 — x and /(—x) = — (x 3 — x) = —fix), the function is an odd function. Notice 
the symmetry about the origin displayed by the graph of y = x 3 - x. 



Notice that, in this example, all of the exponents of x were odd, and the function was odd. In 
example 68.1, all of the exponents were even (—6 can be written as -6.r°). and the function was even. 
This demonstrates a useful rule for polynomial functions: A polynomial function is even if every* 
exponent ofx is even and odd if every exponent ofx is odd. (This is, in fact, the origin of the terms 
even function and odd function!) To use this rule, remember that it only applies to polynomial 
functions of a single variable and that constant terms (x° terms) have even exponents. 
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example 68.3 
solution 


example 68.4 
solution 


example 68.5 
solution 


Evaluate: (x 3 - x) cLx 

J-i 5 

This integral can easily be determined using the Fundamental Theorem of Calculus, but we will do it 
in a more insightful way. 

Since x 3 — x is an odd function, and the lower and upper limits of integration arc the same 
distance from the origin but in opposite directions, we can exploit the symmetry of the graph of x — x 


y 



We see from the graph that the regions above the x-axis have exact counterparts below the x-nxis. So, 
in the integral, these areas cancel each other out, giving an answer of 0. 



- x) dx - 0 


Is g(x) = x 3 — x — 4 an even function, an odd function, or neither? 


We consider the expressions for g(x) and g(—x). 

g(x) = x 3 - x - 4 g(-x) = (—x) 3 - (-x) - 4 = -(x 3 - x + 4) 

Wc see that g(— x) is not equal to g(x) nor is it equal to — g(— x), because the constant 4 has the wrong 
sign. Thus the function g(x) is neither even nor odd. Of course, we could also have looked at the 
exponents of x to see by inspection that g(x) is neither even nor odd, because both even and odd 
exponents are present. 


Is y 55 -3 tan (2nx) an odd function, an even function, or neither? 

Every basic trigonometric function is either an odd function or an even function. The coefficient -3 
flips the graph upside down but does not affect symmetry. The 2/r changes the period, but it does not 
affect symmetry. A phase shift left or right could affect symmetry, but this function does not have a 
phase shift. A vertical translation could also affect symmetry, but this function is not translated. Thus 
we compare /(.r) and /(—x). 

fix) = -3 tan (2jcx) /(-x) - -3 tan [2xf-.r)] = -3 tan (-Zrtr) 

= 3 tan (2nx) = -[—3 tan (2ax)] 

In the simplification on the right-hand we used the property tan i-kx) = -tan fitx) from Lesson 
8. Since fix) = -3 tan (2a:r) and /(-x) = -[-3 tan (2rcr)], /(-x) = -fix). Therefore / is an 
odd function. 
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example 68.6 

solution 


example 68.7 
solution 


Are the following functions even functions, odd functions, or neither? 

00 fix) — e x (h) g(.v) = e~ x ~ 

(a) Wc compare /(.v) and /(-x). 

fix) = e x /(-a) = e~ x 

For / to be even, /(-.v) would have to equal e x . For / to be odd, /(-a) would have to equal —e*- 
Sincc neither of these is true, the function / is neither even nor odd. 

(b) We compare g(x) and g (—a). 

S(x) = e~ x ~ g(— x) = e~ { ~ x) ‘ = e~ x ~ 

Since g(x) = g(—x), the function g is an even function. 

These results arc also apparent from the graphs of the functions. 


y 




Is g(x) = —— — C ° S —• an odd function, an even function, or neither? 

sin x 


We compare g(x) and g(— x). 



g(x ) = 


X~ + COS X 

sin x 


gi-x ) = 


(—x) 2 + cos (—x) 
sin (—x) 


cos (—x) — cos x and sin (—x) = —sin x. 


S ( x) = 


x~ + cos X 


—sin x 




x~ + cos X 
sin x 


„(_ x ) = __g(x), the funcuon is an odd function. Thanks to the graphing calculator, we 
quickly visualize this function’s symmetry about the origin. 
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problem set 

68 


1. A box-shaped building with a square base, a square lop. and rectangular sides is lo be 
constructed. The volume of the building must be 300 cubic meters. The material to be used for 
the base costs 58 per square meter, the material for the roof costs $4 per square meter, and the 
material for the walls costs $15 per square meter. Let the height of the building be y and the 
length of one side of the base be x. 

(a) Express the total cost of the building in terms of x. 

(b) Use calculus to find the exact dimensions of the building that can be constructed for the 
minimal cost. 

(c) Check the answer to (b) with a graphing calculator. 

2. An object is dropped from a height of400 feet. Develop an equation that expresses the height of 
{6S ' the object as a function of the time t since the ball is dropped. 


Determine whether each of the functions in problems 3—8 is odd, even, or neither. 
3. f(x) = .t 6 - x 2 + 5 A — — 

(Ml 


5. /i(x) = e* 

(Ml 

_ . x + sin x 

7. G(.r) = - 

(Ml COS X 


4. g(x) - x 

(Ml 

6. F(x) = c 

(Ml 


— JTX 


8. f/(x) = x 2 + cosx 


9. The definite integral I (sin xje 00 * 1 dx is equivalent to which of the following? 

(661 JQ 


. JV 

Jo 


du 


B 


• r 


e u du 


• j: 


e u du 




du 


10. Find the Maclaurin series for y = sin 2 x. {Hint: Use the trigonometric reduction identity 
,IS> sin 2 x = 4 — 2 c °s (2x) to simplify this process.) 


Differentiate in problems 11 and 12. 

11 . — 

doi dx 


2 Vx + 1 1 

_x 2 + sin 3 (2x) J 




dx L 


arcsin (3x) 


- -j sin 4 (3x)l 


Integrate in problems 13—15. 
13. f cos (3x) sin 3 (3x) dx 

(Ml J 


14. f x(. 
(M) J 


I) dx 


15. 

f Ml 


r— 

J 4 + 


9.v 


dx 


16. Find the area enclosed by the graphs of 

< 67 > i j , , i 

x = 1 — y and x = —I + v . 



17. 

i yr i 


Let / be a continuous function on (-«, oo). i n each of the following equations, find the values of 
a and b that make the equation true. 


(b) 


C fM * ■ J 

fix) dx = f 
3 Jo 

r; /(t> dx * j 

f; /(,, A = f 


dx 
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Find the maximum value and (he minimum value of fix) — .v(.v — 2)(.v — 5) on the 
interval [0, 51. 

Suppose / is continuous on [—1,4] and has the properties listed in the table below. Sketch a 
graph of/, and determine the maximum and the minimum vnlues of/. 


X 

X - -1 

-1 < .v < 2 

.v = 2 

2 < .r < 4 

x — 4 

fix) 

3 


-3 


-6 

f\x) 


negative 

-1 

negative 


rxx) 


positive 

0 

negative 



20 . 

< 61 / 


21 . 

< 60 / 





Suppose f(t) = Ae' 4- B. /(0) = 5. and /'(0) = 10. Find the values of A and B. 

Both / and g are functions that are continuous on [1,4] with /(. r) > g(-r) on [1, 4]. Express the 
area bounded by the graphs of / and g on [1,4] as a definite integral. 

The equation of/ is fix) = .r 3 + x. Find/ -, (2). 

A rectangle’s area remains constant at 200 m 2 as both its width IV and length L change with 
respect to time. 

(a) Find an equation that relates IV, , and , but does not contain L. 

dt di 

(b) If the length L is increasing at the constant rate of 15 units per second, at what rate is the 
width IV changing when IV = 10? 


24. 

< 16 / 


25. 

< 25 . 26 / 


Express y = 2 X as an exponential whose base is e. 

Find the value of x for which lines tangent to y = In x and y — 2x 2 will be parallel to 
each other. 


lesson 69 Integration by Parts I 


Integration by parts is a procedure that permits us to find the integrals of products in some cases 
This rule is simply a rearrangement of the results of finding the differential of a product- If u and v are 
both functions, the differential of the product uv is 

diuv) — u dv + v du 


Integrating both sides gives us 


Since the integral of diuv ) is uv. 


J* diuv) = j u dv 


we can write 


uv 


- J- 


dv ■+• 


J 


J v du 


v du 


This can be rearranged to yield the following expression. 



u dv 


uv 



v du 


This equation provides a method of finding the integral of u dv. 
v and subtract from this product the integral of v du . When using this 


We find the product of // lim^s 
rule, the tnck is selecting u and 
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example 69.1 
solution 


dv. Making the wrong choice cun lead to expressions that are more difficult to integrate t an t e 
original integral. Depending on the integrand, integration by parts may require one step or several 

steps, or it might not work at all. Because it does not work for all products, it is not call t cpr uct 

rule for integration. In this lesson we consider expressions that can be integrated in one step. 
Integration by pans works especially well for expressions such as 

J xe x dx, f are 2 * dx, and J 2x sin x dx 

In the first two expressions the prudent choice is to let it equal or and to let dv equal the rest of the 
expression. In the third expression the prudent choices for u and dv are u = 2x and dv — sin xdx. 

Integrate: I x sin x dx 


None of the integration techniques encountered before this lesson appear useful, so we use integration 
by parts. On the left-hand side we draw a box and let u equal x and dv equal the rest of the expression. 
Then we find du and v and put them in the box, as shown on the right-hand side. 


U = X 

V = —COS .V 

■8 

ii 

•si 

dv = sin xdx 


U = X 



dv = sin x dx 


Now we can use the rule for integration by parts. 


J- 


dv = uv — I v du 


-J 


We substitute as indicated and get 


J 


x sin x dx 


- (r)C-cos x) - J - 


cos x dx 


— —x cos jc + sin x + C 


Notice that we went from the integral of a product (x sin x) to the integral of a much simpler function 
(—cos x). To rewrite integrals involving products in such a way that they become easier to evaluate is 
the primary goal of integration by parts. 

One other issue in this example is worth noting. After setting dv = sin x dx, wc set 
v = -cos x We could have set v = —cos.r + Cj for any constant C f . Notice that this is 
unnecessary, as terms involving C y sum to zero, as shown below. 

J u dv = uv — f v du 

= xf-cos x + C,) - J ( —cos x + C,)dr 
— —x cos x -*• + sin x — &^x + C 

= —x cos x + sin x + C 


This was the original answer. 

As always, we can check the answer by differentiating. 

d 

cos x + s ‘ n - T + O = — [x(—sin x) + cos xl + cos x 
dx J 


— x sin x — cos x ■+■ cos x 
= x sin x 


Checking is wise anytime you use a new technique. 
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example 69.2 
solution 


example 69.3 
solution 


example 69.4 
solution 


Integrate: J In.vriv 

The correct choice in this problem is to let tt equal In .r, as shown on the left. 


u = In .r 



dv = dx 


u = In x 

r = x 

, dv 

du = - 

X 

dv = dx 


On the right we complete the box by finding du and v. Then we write the rule for integration by parts 
and substitute. 



J u dv — m* — J 


v du 


In .r dx = 


= x In j — 

= x In x — J" dx 
= x lnx — x + C 


Integrate: J xe 1 * dx 

We let u equal x and let dv equal er* dx. 


U = X 



dv = e~ x dv 


li — X 

K 

II 

du = dx 

a. 

K 

II 

* 

1? 

fr 


write the rule for integration by parts 

integration by parts 
substituted 

rearranged 

integrated 

factored 


On the right we complete the box by finding du and v. Then we 
and substitute. 

J* u dv — uv — J v du 

j k !x dx = J - i J e-* dx 

= ±xe*' - j(^J*-'(2)dx 

1 r 1 2x ■ 

= — xe~* - e + C 

2 4 

= —e Zl (2x - 1) + C 
4 


Integrate: J x In x dx 

There are at least two possible choices for u and dv in the problem. We could (1) let u = x ^ 
dv = \ n xdx, or (2) let u = lnx and dv = x dx. We have seen the first option used in pro ^ 


H 

II 

a 



dv = In x dx 


U ~ X 

v — x In ,t — .t 

*8 

n 

*5 

dv* = In x dx 
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The fact that v - * In * — x follows from example 69.2. We write the rule for integration by pans 
and substitute. 


[ it dv = ttv — J v du 

J * In x dx — *(* In x — *) — j (x In x — x) dx 

This is a more complicated integral' Rather than continuing, we stop and question our choice of 
u and dv. Instead of picking option (1) with it = x and dv = \n x dx, we try option (2). 


u = In* 

x 2 

V = T 

X 

dv = x dx 


u = In* 



dv — x dx 


problem set 

69 


Integration by pans gives 


J x In j 


x dx = 


x 


In * 


In x 


-J 

-Jf 


x 2 dx 
2 x 


dx 


The difficulty of the integral decreased. This indicates that we are probably on the right track. 
The remainder of the solution is shown below. 

J * In x dx = In x — J dx 

.1 


x 


In x — 


x 


+ C 


= —x z (2 In x - 1) + C 
4 

Usually when an integrand is a product of a polynomial and another function, we let u equal the 
polynomial. This example, however, shows that there are exceptions to this rule. 

1. The area of a rectangle remains constant at 1000 square meters as both its length L and width IV 




change with respect to lime. 

(a) Find an equation that relates L, and —» but does not contain IV. 


dt 


dt 


2 . 


(b) Find the length of the rectangle when its width is decreasing at a rate of I m/s and its length 
is increasing at a rate of 10 m/s. 

The interest was compounded continuously, so the growth of the money in the bonk account was 
exponential. The initial deposit was $1000, and $1100 was in the account one year later. How 
much money will be in the account 10 years from the time of the initial deposit, assuming no 
extra deposits or withdrawals are made? 


Integrate in problems 3—7. 


3. f xe x 

J 


dx 


4 

I69t 


6. 2.v cos x dx 

«»*i J 


7. 


. f In 

'» J 

J 


x dv 


5. x In x dx 
tw J 


x sin * dx 


„ _ . . . , sin x cos j: . 

8. Determine whether the function y = -^- is even, odd, or neither. 

l«i .V* 
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9. 

r&sj 

10 . 

(50) 

12 . 

13. 

(Ml 

14. 

(391 

15. 

(60) 

16. 

(60) 

17. 

(601 


18. 

(67) 

19. 

(S3) 

20 . 

(531 

21 . 

(ftO> 


22 . 

«57l 


23. 

U2.IB) 


24. 


25. 

(53.63) 


Is the graph of y = x 2 + cos .v symmetric about the y-axis, the origin, or neither? 


Find: 


dx 


l .v 3 + 1 J 


11. If y = orcsin.v 2 , whatisy'7 

(64) 


Integrate: f ■ COS = dx + f .v " 5 dLv + f __ . dx 

J Vsin .v + I J J 

J “*7-l 

[cos ( 2 .v)](e s,n (2j) ) dx by changing the variable of integration, 
n 


Approximate J o [cos ( 2 .v)](e* ,n(2l) ) dx with a graphing calculator. Compare this answer to the 
answer to problem 13. 

Find the area of the region bounded by the graphs of y = 1 ■+• x, y — —x 2 , x — 1 , and .t = 3. 
Find the area of the region enclosed by the graphs of y = 2 — x 2 and y = x . 

•y 

(a) Use calculus to find the area of the region enclosed by the graphs of y — i * *- 
and y — ,v 2 . 

(b) Check your answer to (a) with a graphing calculator. 

Write a definite integral whose value equals the area of the region in the fourth quadrant bounded 
by .r — y(y — 1 ) 0 * -+• 2 ) and the coordinate axes. 

Find the Maclaurin series for y = cos 2 x. (Hint: Use the trigonometric reduction identity 
cos 2 x = \ + 5 cos ( 2 r).) 


Evaluate/ 1 (3) where /(.r) = 4.r — 12. 

Let R be the region in the first quadrant bounded by y = 6 x 2 , y — 7 , the x-axis. and j 
where k > 1 

(a) Express the area of R as a function of k. 

(b) Find the value of k so that the area of R is 20 square units. 

(c) If the area of R is increasing at the constant rate of 8 square units per second, at what 
k increasing when k = 27? 




Let / be a continuous function on (— 
Find the following: 

(a) J fix) (Lx 


,») such that J* fix) dx — 7 and J_, fix) dx 

(b) J ' fix) dx - J 5 fix) dx 


- -3. 


The function fix) = In (cos x) is defined for all .r in which of the following intervals? 

TZ 

< X < ~2 


0 


7v < < 

~> ~ x ~ 2 


JT 


C. 0 < x £ 2 ji 


D —ft ^ x — 


Indicate the equation that describes a curve with the following property: For even' P oinl {r ' >y 
on the curve, i-x. -y) also lies on the curve. 


A. jc- 4 - y = x 


B. x 2 


v 2 - 1 


C. y = 2 r + I 


D. A 


.3 


V 3 « 1 


Let / be the function defined by fix) — In (x - 9). ^ 

(a) Determine whether the graph of the function is symmetric with respect to the .v-axis. t 

y-axis, or the origin. 

(b) Find the domain of the function. 

(c) Find all values of x such that fix) = 0 

(d) Find the inverse function for x > 3. 
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LJESSON 70 Properties of Limits • Some Special Limits 

_ 70.A 

properties of The limit oT a function f ns x approaches c is a number, the number that /W approaches as x gets 

limits closer and closer to c. AVhat we have learned about the limits of functions can be extended to the 

limns of sums, differences, products, and quotients of functions. The rules for these extensions are 
presented without proof. For concrete illustrations of the rules, we use the functions / and g as 
defined below. 


fix) = x + 1 g(x) = x z + 3 

The limit of / as ,x approaches 2 is 3, and the limit of g as x approaches 2 is 7. 

lim (.x + 1) = 3 Iim (jc 2 + 3) =* 7 

j—*2 jr-*2 

To make a general statement, we let x approach c. the limit of / be L, and the limit of g be M. 

lim fix) — L lim gix) = M 

x —►r x—*c 

1. The limit of the sum of two functions equnls the ‘ Sum of the limits of the 
individual functions. 

lim [(.x + 1 ) + (.x 2 + 3)] = 3 + 7 lim (/ + g)(.x) = L + M 

jc—► 2 x — 

It is important to realize that (f + g)ix) is a new function that equals the sum of 
the original functions. In this example if we add the / function to the g function, we 
gel / + g. 

if + g)(x) = .x 2 + x + 4 

and the limit of this new function as x approaches 2 is 10, which equals the sum of 
the individual limits 3 and 7 . 


lim (.x 2 + x + 4) = 10 

2. The limit of the difference of two functions equals the difference of the limits of 
the individual functions. 

lim [(.x + 1) - (.x 2 + 3)] = 3 - 7 lim (/ - g)(x) — L — M 

X—¥C 

3. The limit of the product of two functions equals the product of the limits of the 
individual functions. 

lim [C-x + l)(.x 2 + 3)] = 3-7 lim (/g)(.x) = LM 

x —♦ c 

4* The limit of the product of a constant and a function equals the product of the 
constant and the limit of the function. 


lim 9(x + I) = 9 3 lim kfix) = kL 

JT—► C 

5. ir the limit of the denominator does not equal zero, the limit of the quotient of 
two functions equals the quotient of the individual limits. 


lim 


-V *+* 1 



+ 3 



L_ 

M 


3 

7 
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example 70.1 
solution 


In addition to the limits of arithmetic combinations of functions, two other properties of limits 
are particularly useful. One is a squeezing principle, and the other is substitution principle. 

6. If the value of a function g is greater than or equal to the value of a second 
function f and less than or equal to the value of a third function h and if70*0 
and h(x) both approach the same limit £, as x approaches c, then g(x) also 
approaches L. ns x approaches c. This property is called the pinching theorem, the 
squeeze theorem, or the sandwich theorem, because the limit of g(x) is pinched, 
squeezed, or sandwiched between the limits of f(x) and /i(.v). For example, suppose 

/(-v) S g(x) £ /i(.v) 

is true for all x in some interval, and /(.r) and /»(x) both approach 5 as a* approaches 
some number c in that interval. Since g(x) is greater than /(x) and less than /i(x). it 
is trapped between two expressions that are approaching 5. Thus g(x) must also 
approach 5. 


y 



This may look intimidating, but it is fairly simple to apply. Its usefulness is that it 
allows us to evaluate the limit of composite functions under certain conditions. First, 
the inner function’s limit must exist. If it does exist, it has a value. That is what we 

mean by 


lim g(x) = L 

J —* a 

Secondly, the value of that limit must be in the domain of the outer function, and the 
outer function must be continuous at that part of its domain. Those are the conditions 
captured by the stipulation 

lim f (x) = f(L ) 


Under these circumstances, we can evaluate the limit Iim^ f(g(x)) by finding 
Ij m £(x) and then determining /(Iim jr _ wi g(x>). 


Let lim /(x) = 3 and lirri^ g(x) — 9. Find Jmt [2/(x) + xrg(x)]. 

This problem requires that we use two rules The first is that the limit of a sum equals the sum of 
the limits. 


lirn [2 f(x) + a-g(x)] = lim 2/(x) + lim rrg(x) 

TH, cecond is that the limit of the product of a constant and a function equals the product 
constantand L limit of .he function. Thus die limit of 2/M is 2 tunes the litm. of or 2 

the limit of Jtg{x) is k times the limit of g(x). or xr 9. 

lim If (x) + lim Kg(x) = 2 3 + sr 9 = 6 + 9;r 

r 7 Jf —» 2 


of the 
3. and 








properties of limits 


363 


example 70.2 

solution 

example 70.3 

solution 


example 70.4 
solution 


example 70.5 
solution 


If lim f{x) = L, can wc say that /(«) exists? 

JT —♦ 41 


This problem is typical of problems that appear on standardized tests requiring calculus, n or er to 
answer these questions, a complete understanding of the concept is required. The limit o f x asx 
approaches a is an indication of what happens at values of x close to a and has nothing to do wit a , 
which is the value of / when x = The Tact that the limit exists docs not imply that/(o) exists. 

For example, suppose fix) = Then lim^, /(x) exists and equals 2 . while/(l) does not exist. 

Is the following statement true? Why or why not? 

If lim fix) = L, then /(3) = L- 


The statement is false because the value of the function when x — 3 does not have to equal the 
limit of the function as x approaches 3. Consider the following graph. 


/(x) 

1 



The graph shows that the limit as x approaches 3 is L, but /(3) equals M. not L. 


If / is a function such that —x 2 < fix) < x 2 for all values of x, what is lim /(x)? 

j—*o 


The function / is sandwiched between —x 2 and +x 2 . As x approaches zero, both of these functions 
approach zero, soj^x) must also approach zero. 

y 



Evaluate: lim In (tan x) 

X —* JZl 4 


Our inclination is to evaluate the expression In (tan f). Indeed, that is what we will do. However, 
we must apply the substitution principle to ensure that we may. First, we look at lim tan .t. 
From experience with trigonometric functions (in particular, experience with the graph of the 
tangent function), we know that lim^^ tan x = lim^,^ tan x = tan f = 1. Thus, die first 
condition of the substitution principle is met. Now we consider the domain of the natural logarithm 
function Since its domain is the positive real numbers. 1 is in the domain. We know the natural 
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logarithm function is continuous on its domain (and in particular, at I), so the second condition is 
also met. Therefore 

H«n In (tan ,v) = In [ lim tan x\ 

= In («,n 

= In 1 
= 0 


_70.B 

some Special The limit of a function is a number unless the limit is ±~». The function 7 has no limit as x approaches 

limits zero because the left-hand limit does not equal the right-hand limit. 



lim — is undefined 

x—*0 x 


lim —■= 

x-*o x 2 



The function -jr has a limit of +» as x approaches zero, because the value of the function increases 
positively without bound as x approaches zero from both the left and the right. Similar reasoning can 
be used to say that the limit of — -p is — as x approaches zero. 

Most of the functions that we work with are well-behaved functions. If we need a function whose 
behavior is somewhat aberrant, we usually design a piecewise function that has the desired behavior, 
but this is not always necessary. The following two functions are famous for not having limits as 


approaches zero. 



x 


* r 


X 



* 


The graphs of the functions allow us to see why. If or is a positive number, then the graph o 

absolute value of j divided by jt is the line y = 1, and if .r is a negative number, then the graph is 

line V = — I. When x = 0, the function is not defined. 





X 


Thus, for all values of x 


> 0 , /( x) — I. For all values of x < 0, fix) = —I. This means 


lim fix) — 1 

jr —*0*" 


hm fix) = -1 

jr —» 0~ 


and 
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problem set 

70 


Since ihe left-hand limit and the right-hand limit arc not equal, the function does not have a ii 
approaches zero. 

The limit of sin 7 as jc approaches zero does not exist either. The value of the sine functio ' 
never greater than +1 or less than —1. As x gets closer to zero, a small change in x pr t | ceS P . 
change in 7. As x gels closer to zero, the value of sin 7 fluctuates more rapidly between — an 



1 

lim sin — does not exist 
1 —* 0 .r 


y = sin — 
x 

The graph of the function was terminated abruptly on both sides of zero, because the continuation 
would be impossible to draw. The curve becomes indistinguishably dense. 

Another way to prove that the limit does not exist is to use a change of variables. If t — 7 , then 
t approaches 00 as jc approaches 0 + . 

lim sin — = lim sin r 

,r-»o + x f 

• • 

But sin t simply oscillates between — I and +1 as t increases. So lim sin f docs not exist, meaning 
lim^ . ^ sin 7 does not exist. Therefore lim sin t cannot exist either. 


1 . Carmen has 340 meters of fencing that she can use to enclose two separate fields. Let x be the 
width of a rectangular field that must be twice as long as it is wide and have an area of at least 
800 square meters. Let >• be the length of a side of a square field that must contain at least 
100 square meters. 

(a) Find the minimum and maximum values of x. {Hint: No calculus is necessary.) 

(b) Express the sum of the areas of the two fields in terms of x 

(c) Find the maximum area that Carmen can enclose in the two fields. 

2. A ball is thrown straight up from the top of a 100-meter-tall building with an initial velocity of 
10 meters per second. 

(a) Develop an equation that expresses the height of the ball /i(r) above the ground as a function 
of time /, and find /»( 3 ). 

(b) How long will it take for the ball to hit the ground? (Assume the ball is thrown just away 
from the edge of the building so that it does not hit the building during its descent.) 

3. Use the critical number theorem to find the absolute maximum value and the absolute minimum 
,<U * value of y = .v 273 on the interval [— 1 . 2 ]. 

4. Suppose / is a real quadratic function whose graph passes through (0, 2) with a slope of 5 at 
,fl ’ -t = 1 and a slope of -1 at .v = - 1 -Find the equation of/. 


Evaluate each of the limits in problems 5-8 if they exist. Limits of«» and are acceptable. 


5. 

lim sin 


6 . 

lim M 

tTOi 

1 — *0 

X 

<701 

H 

♦ 

O 

T 

1 

7. 

lim — 


8. 

lim —Lp 


t -.0 x 


1 TO) 

4-»0 x* 
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Suppose / and g are functions such that Hm a /(.v) — 3. lim 
and lim_ . g(.v) = 5. Evaluate the limits in^problems 9-11. 


( 9. lim /(.Os(.v) 


12. Suppose -x 2 1 S fix) S x 2 


10 . lim 2 [/(.v )] 2 

(70) x-» i l *' v J 


, 2 gix) = - 2 , fix) 

.. fix) + gix) 

11 . lim —■ r— 

(70) x-*2 fix) gix) 


= n. 


1 for all real values of x. Evaluate lim fix) 

x —*0 


13* Suppose that g is a function and that lim g(x) = 4. Does g( 2 ) = 4 ? Explain your answer. 

* X "4 2 


Integrate in problems 14—17. 


14. I 3x sin x eix 
J 


IS. 

(69) 


f 2.ve~ 


dx 


16. 

169) 


J ln • 


x dx 


17. 

( 66 ) 


f —5 

J 9 + 


2x 


dx 


Which of the^followmg equations describes a curve that is symmetric about the y-axis? 
A. y = e*~ B. y = .r 3 C. y = sin.v D. y = e x 


19. Find the area of the region enclosed by the graphs of y = 1 — x 2 and y — x + 1. 

20. Find an equation of the line tangent to the graph of y = arctan x at the following x-values 

(64} 

(a) x = 1 (b) x = -1 

x sm v 

21. Let y = -— — arctan (2a). Findv'. 

do.**) in ( 2 x) 


Integrate in problems 22 and 23. 

2 . f ix *4 
(66) J 


\)e x ~ + ‘ x dx 


23. f x sin (x 2 + tt) dx 
(66) J 


24. A rectangle of width iv and height d is inscribed in a circle of radius 6 . Express wd~ entirely in 

(ft) _ *... 


terms of \v. 


25. Express >• = log 3 x in terms of the natural logarithm. 


( 20 ) 


LESSON 71 Solids of Revolution I: Disks 


If a planar region is revolved about a line in the same plane, it forms a figure called a so * 
revolution. The line is called the axis of revolution. We begin this lesson by looking at soli s ' 
circular cross sections that are formed by rotating planar regions about either the x-axis or the y- * 
The volume of these solids can be approximated by the sum of the volumes of n circular dis - 
area of each disk is 7 cr\ The thickness is A* if the x-axis is the axis of revolution. The thickness i 
if the y-axis is the axis of revolution. Thus the volume of each disk is either 

jrr 1 Ax or nr 2 Ay 

Below on the left-hand side we show a region bounded by the graph of/. Next we show the 
resolution swept out as the region is rotated about the ,-axts. The third figure shows the disk 

approximation of this volume. 


f planar 
region 



x ~ a 


x — t> 


Axis of 
revolution 





Solid of 

revolution 


Approximation 
by n disks 
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example 71.1 


solution 


example 71.2 


The right-hand figure shows a representative rectangle that generates one of the rcprcsental" . 
The width of the disk is Ax, and the radius r of the disk is /(*). The sum of the volumes o t 
represented in summation notation below on the left-hand side. The exact volume is represe 
ihe limit of this sum as #i approaches infinity, which is the integral shown on the rig t an 

Approximate volume = y 7r[/(x,)j 2 Ax Exact volume — 

»«=i 


Find the volume of the solid formed by 
revolving this triangular region about the x-axis. 


y 





x 


The graph shows a side view of half of a cross section of a representative disk. The thickness of the 
disk is Ax, and the radius of the disk is the height of the rectangle, which is — x + 1. We mentally 
stack these disks from they-axis to x — 1 , so the limits of integration are 0 and 1 . 

Volume = f Jtr~ dx = jc f (—x + l ) 2 dx — K \ (x“ — 2x + 1) dx 

Jo Jo J o 


We integrate and evaluate. 


Volume 


r* 3 

= TTl -X~ 

L 3 



+ X I = 


= /rf ^ — 1 + ^ units 3 


This answer can be confirmed geometrically. We see that the solid is a right circular cone, which 
means its volume is given by the expression 

nr~h 


Substituting r = 1 and h = 1 into this formula gives 


Volume = 


>r(l) 2 (l) 7T . 3 

— —--— = — units-* 

3 3 


Find the volume of the solid formed by revolving about the x-axis the region bounded by the graphs 
v = e J , x = 0 , x = 1 , and the x-axis. 
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problem set 

71 


A beam of rectangular cross section is cut 
from a log of radius 6 , ns shown. The 
strength of the beam varies jointly with u r 
and the square of d, where ti» and d are as 
shown. Thus s — kwd% where k is a 
constant. Find the value of w that 
maximizes the strength of the beam, 
assuming the log is cylindrical with 
circular cross section. 



2- A variable force is applied to an object as it moves the object along a number line. The force 
' applied at a particular value of x (in meters) is F(x ) = ^.r 2 newtons. What is the work done by the 
force on the object to move it in the direction of the force from x = 1 meter to x = 3 meters? 


3. Find the volume of the solid formed when 
the triangular region shown is revolved 
around the x-axis. 


4. Find the volume of the solid formed when 
(7t> the region shown is revolved around 
the y-axis. 


y 

= —2.x + 1 

H-— X 

1 


y 




5. Suppose R is the first quadrant region 
(71> bounded by the circle x 2 + y 2 = 4 Usey 
as the variable of integration to write an 
integral whose value equals the volume of 
the solid formed when R is revolved about 
the y-axis. 


y 



6 . 

(521 


The figure shown has a rectangle drawn 
with one side along the x-axis and two 
vertices on the curve y — e~ x . 

(a) Express the area of the rectangle in 
terms of x. 

(b) Find the exact area of the largest 
possible rectangle that can be so 



-it 


Suppose / and g are functions such that lim*_,/<*) = 2. lim^^gf r) - 1. hm 
d lim g(x) = 2. Evaluate the limits in problems 7-9. 

2 /(x) s. lim tt[/(. r)]* 9. lim [3/C.v) - g(x)] 

— - — 


f(x ) = 


7. lim 

(70) x-+K g\.X) 


I TO) 


(701 


10. (a) Let /(x) = -|*| and /i(x) = \x\. Suppose g is a function such that fix) <, g(.x) £ hCx 

(70j for nil values of jc near 0. Evaluate lini— g( x )' * w 

Ort Wi.ha graphing ca.cula.or, gn>ph y = |,|. y = and y = a ... i in <he w.ndow 

-0.2 ^ x S 0.2. —0.2 ^ y - 0-2. 

. 1 

(c) Find: lim x sin — 

' j —+ U x 
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Integrate in problems 11-14, 


11 . 

166) 


15. 

(67) 


I 


it 


^25 - 9x 4 


dx 


12. f 

16V) J 


xe 21 dx 


13. f 3x sin x dx 

(69) J 


14. [2x\nxdx 
(691 J 


Let R be the region in the first quadrant bounded by the coordinate axes and the grap h of the ^ ^ 
circle whose center is the origin. Use y as the variable of integration to write an in egra 
value equals the area of /t 

16. Suppose f(x) = x 3 , g(.v) = x 2 + 1. and h{x) - f{x)g{x). Determine whether die graph of h 
< M > __ _ _____ cvmmetric about neither. 


17. The graph of the function y — t~t is 
160 ) ^ l * 

shown. Find the exact area of the shaded 
region of the rectangle. 


y 



Differentiate with respect to x in problems 18 and 19. 


18. 

(64) 

x 

y — arcese — (x > 0) 

4 

19. v 

(50.64) 


arctan (e*) + 

Integrate in problems 20 and 21. 




20 . 

(66) 

f x 2 e ** dx 

21 . j 

(66) J 

(cos x)(sin 3 x - 

22 . 

(66) 

Which of the following definite integrals is equivalent to 

J x In (a : 2 


A. J In u du 

B. 

l_ 

2 

pin 2 

In u du 

Jin 5 


1 r 5 

C, — I In « du 

2 J2 

D. 

1 

2 

pin 5 

1 a In u c 

Jin 2 


t/2x + 1 

sin x — x 


l) dx? 


23. 

<5S) 


24. 

OO) 


25. 

|M| 


Let /(.v) = 4x — 5. Find the equation for/ -1 . 

Which of the following gives the real number remainder when the polynomial f(x) is divided by 
U - 3)? 

A. /(3) B. /(—3) C. /(0) 

D. Cannot be determined unless more information is given 

Which of the following equations has a graph that is symmetric with respect to the origin? 

A. y = x 2 B. y = cos .v C. v = T ~ D. y — 2 sin x 

x 
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LESSON 72 


Derivatives of a x 
of | f(x) I 


Derivatives of log x • Derivative 


72.A 


derivatives 
of a* 


The derivative of e x with respect to .v is e x . If the base is some other positive number, say 42, the 
derivative with respect to .t has another factor, which is the natural logarithm of the base. 

42* = (In 42)42 J 


dx 


To see why this additional factor is necessary, we note that e kx has the form e“, so the derivative of 
e* 1 with respect to x is e* x times the derivative of kx with respect to x. 

d 


dx 


kx = ke kx 


Since any positive number can be written as e raised to the appropriate power, we can write 42 as 

42 = e 1 " 42 

If we substitute e ,n4_ for 42 in the expression 42 x , we get an expression whose form is e . 

42 J = (^ ,n42 ) x = 

Thus we find the derivative of 42 x with respect to x as follows: 


— 42 x = — 
dx dx 


^(ln 42 )j _ ^.(tn 42 )j ^ 


dx 


[(In 42)x] = (In 42)e ,,n42,x = (In 42)42 


In this illustration we used 42 as the base of an exponential function for a concrete example o e 
method of finding the derivative of a positive constant raised to the X power. From this developmen 
we see that if we use a instead of 42 we can write the rule for the derivative of a x as follows: 



We should note that a must be a positive constant. If a were negative, the function a x would not 
continuous, and its derivative would not exist. 


example 72.1 Let f{x) = I7 X Find/'(x). 

Solution From the equation just developed. 


/'(x) = (In 17)17 


example 72.2 if y = 42 (x " 5r) . what 


dx 


is 


solution 


The derivative of 42 x is (In 42)42 x . but this derivative is in the form of 42“. so we also need an 
factor, the derivative of x 2 — 5x. 

-^-42 <j2 ” Sj> = (In 42)42^ ! - - 5x) 

dx cLx 


= (In 42)42 (x ‘" so (2x - 5) 
= (In 42)( 2x - 5>42 u2-5x) 


example 72.3 Let > = cos 04') Find O,). 
solution We use the chain rule. 


D v = 

jr " 


—sin (14 *) 


dx 


(14 J ) 


-sin (14*) (In 14)14* 
-(In 14)[sln (14 x )](14 x ) 
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72. B 

derivatives 

of Iog a x 


example 72.4 
solution 


example 72.5 
solution 


72.C 

derivative 

Of |/(X)I 


The logarithm of a number to any base a can be found by dividing the natural logarithm of the nu 
by the appropriate constant. Before differentiating a logarithmic function, we change the ase l 


log fl X = 

In x 

In a 

change of base 

d . 

a‘° E - - = 

d f In x 

drl, In a J 

take derivative of both sides 

d . 

a 108 - r = 

—--—(In x) 

In a dr 

since In a is constant 

d , 

& log « - r “ 

1 1 

In a x 

differentiated In x 

d . 

A'° 8 - X = 

1 

simplified 

x In a 


Now we box the formula for reference. 



1 

x In a 


Let y = log x + log._ x. Find —. 

dx 

We simply twice apply the formula developed above. 

dy _ 1 1 

dr x In 42 x In 10 

= if—_ L.) 

x ^ In 42 In 10 J 

Le* f( x ) = log, (x 2 + sin x). Approximate the slope of the tangent line to the graph of / at the point 
where x — 1 . 


This example is asking for/*(!). 


/Tv) = - 7 -log (x 2 + sin x) 
dx 

1 


(.v 2 + sin x) In 9 dx 
° r + cos x 


(x 2 + sin x) 


(x 2 + sin x) In 9 

Using our calculator, we evaluate /TO at x = I to obtain f*( 1 ) e 0.6278. 


The absolute value notation changes negative quantities to positive quantities. 

1-71 = 7 1-4.21 = 4.2 I—50| = 50 

Absolute value notation is redundant if the quantities equal zero or exceed it. 

101 =0 |4l = 4 Ivx 2 - 4| - Vx 2 - 4 |4 - sin ( 3 x 2 )| = 4 - s.n ( 3 x 2 ) 

The numbers 4 and 0 are unchanged by the absolute value notation. The expression Vx 2 — 4 always 
represents the number zero or a positive number. The value of -sin (3x 2 ) varies between +1 and -1, 
and thus 4 — sin (3x 2 ) is always positive. 
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Calculus Lesson 72 


example 72.6 
solution 


example 72.7 
solution 


Absolute value notation is useful for defining a function that would require a piecewise 
definition if the notation were not used. The derivative of the absolute value of a function equals 
the derivative of tlic function on the intervals where the function is positive and equals the 
negative of the derivative of the function on the intervals where the function .is negative. The 
derivative does not exist at an x-value of c where the derivative of the absolute value function just to 
the left of c is not approximately equal to the value of the derivative just to the right of c. In particular, 
the derivative of |/(x)| does not exist at locations where the graph of |/(x)| has a sharp comer. 

For y = |x + 2 |, find 

dx 

We redefine the function without using absolute value notation and then graph it. 


= x 4- 2 


y = j.r + 21 means 



2 ) 


if a- > -2 
if a = -2 
if a < -2 



x - 


The derivative of (a 
derivative of [a + 2) 
negative of +1 or — 1 . 


■ 2 1 where a is greater than —2 is the derivative of x + 2. which is + 1 - e 
where a is less than —2 is the negative of the derivative of a + 2, which is e 
derivative does not exist at a = —2. 


dx 


lx + 2| = 


does not 
-1 


if 

if 

if 


-2 

-2 

-2 


The graph of -|x + 2\ is the following: 

dx 



If f( x ) = |V-r 2 “ 4|, what is/'( a)* 7 


This use of the absolute value notation is redundant because the expression -Jx 2 
negative This function is not defined for values of a between -2 and 2 and is positive 

of a less than -2 or greater than 2. 


— 4 is never 
for all values 


y 



•> . 

V = \'x~ — 4 

v is not defined 

__ 

I 2 i 

V = % x — 4 


if A < -2 
if -2 < a 

if A £ 2 
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The derivative of /(x) = |Vx 2 - 4 | does not exist when x is between - 2 .and +2 inclusive. For 
other values of .r the derivative is the same as the derivative of y — vx 2 


j/_ 


V* 2 - 


^-(x 2 - 4 ) 1 ' 2 = l(x 2 - 4) 
ax 2 


-\n 


(2x) * 


yjx 2 - 4 

Note that the function is defined at x = ±2, but the derivative is not defined at x = ±2. 


example 72.8 Let y = |.t 2 - 4|. Find y'. 
Solution A graph is always helpful. 

y 


problem set 



— X 



— X 


First we redefine the function on the open intervals (—», —2), (— 2 , 2 ), and ( 2 , «*»). On the intervals 
(“°°. —2) and (2, °°), y = x 2 — 4. On the interval (—2, 2). y = — (x 2 — 4). The derivatives on these 
intervals are as foltows. For (—», — 2 ) and ( 2 , «>), ^|x~ — 4 | = ^(x 2 — 4) = 2 x. For (—2,2), 
— 4| = ;£[—(x 2 — 4)] = — 2 jc The derivative does not exist at x = —2 or x = 2, because 
the derivatives to the immediate left and right of these values of x are quite different. 


y 


I does not exist 

The graphs of y and y* are given below. 


ir lx| > 2 

if |xl < 2 
if |x| = 2 



= lx 2 - 4! 


— X 


The height and radius of the base of a right circular cone are each increasing at a rate of 2 cm/s. Find 
the rate at which the volume of the cone is increasing when the radius is 4 cm and the height is 6 cm. 




2 . 

r 


An object is thrown straight downward from a height of 160 m with an initial velocity of 48 m/s* 

(a) Develop the velocity function and the height function. 

(b) How long does it take for the object to strike the ground? 

(c) Find the velocity of the object the instant it strikes the ground. 
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3. 

(U) 


172 ) 


Suppose x 2 + Ixy + 7 y 2 = 8 where .r and y are both functions of lime, 
(a) Differentiate this equation with respect to /. 

_ _5_ 

™ 17* 


(b) Find at (3, 2) when — 

dr dt 


4. Find the slope of the line normal to the graph of y = log., x at x = 3 . 


5. Find the slope of the line tangent to the graph of y = 3 X at x = 4. Write the equation of the 
tangent line. 


6. Find where y = 43' 
(72> dx 


3 X + log 3 x - Iog 43 x . 


7. 

( 15 ) 

8 . 

(63) 


9. 

(7t) 


10 . 

(70 


11 . 

(70 


Find the Maclaurin series for y — 2 X . 

Ca) Use calculus to find the maximum value and the minimum value of the function 
fix) = at 3 — 3x 2 — 9x + 5 on the interval [—2, 4]. 

(b) Check the answers to (a) with a graphing calculator. 

Let R be the region bounded by y = x 3 , y = 1. and the y-axis. Find the volume of the solid 
formed when R is revolved about the y-axis. 

Let R be the region in the first quadrant bounded by y = —^x + 1 and the coordinate axeS *^^ e 
x as the variable of integration to write a definite integral whose value equals the volume o 
solid formed when R is revolved around the x-axis. 

Let R be the region completely enclosed by the graph of y = 1 — x 2 and the x-axis. 
the variable of integration to write a definite integral whose value equals the volume o c s 

formed when R is revolved about the y-axis. 


Integrate in problems 12 and 13. 


12 : 

169) 


J 3xer iX 


dx 


13. [ 7 Z sin (tcx) dx 

166 ) J 


14. Evaluate: f x-Jx + 1 dx 
*6di Jo 


15. 

(70) 


16. 

( 70 ) 


Suppose /i(x) = fix) s {x), lim /«(x) = \ and lim fix) = 3. Evaluate Jim gixf 

rr JT —♦ Jt JL * ** 


(a) Let fix) = 1 - and /i(x) = 1. Suppose g is a function such that fix) ^ 
for all values of x near, but not equal to, 0. Evaluate lim j _^ g(x). 

(b) On a graphing calculator, graph y — 1» y = 1 — ~r * ant ^ y — * * n 

-0.5 < x < 0.5, 0.95 < y < 105. 


six) — hix) 

the window 


sin x 


17. 

(68) 


18. 

157 ) 


(c) Evaluate: lim 

Suppose fix) = sin x, g(x) = x, and hix) = fix)gix). Determine whether h is an odd 
function, an even function, or neither. 

Let / be a continuous function on -)- In (a) and (b). find the values of a and b that make 

efleh equation true* 

dx 


(a) J* fix) dx - f o fix) dx = £ fix) 
(b> r* f(x) dx + J‘ fix) dx = £ fix) dx 
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19. Differentiate y 

(30.64) J 


2 cos 2 x + arctan (2x) + 


2^2x + 1 

x 2 + 1 


with respect to x 


20. Let y = 2e COi * 

( 30 . 46 ) J 

(a) Find: and - 

dx dx~ 

(b) Suppose x and y both vary with time and that y increases at a constant rate of units per 
second. Find the rale at which x is changing when x = f- 


Integrate in problems 21-23. 
21. f (x + l)e~* dx 

(66) J 



x 


X- + I 



23. 

(661 



1 

4x 2 + 1 



24. Boyle’s Law states that if the temperature of a quantity of an ideal gas does not change, then e 
product of the pressure and the volume is constant. The pressure of a quantity of ideal gas was 
5 newtons per square meter when the volume was 1000 cubic meters. What was the volume w en 
the pressure was increased to 15 newtons per square meter and the temperature remained constant. 

25. Find the coordinates of the absolute maximum point for the curve y = xe **• where k is a fixed 

( 31 .- 49 ) , * 

positive number. Justify the answer with the second derivative tesL. 


z^ESSOJV 73 Integrals of a x • Integrals of log x 

Cl 

73.A 


* T3l S of a In ihe previous lesson we developed the formula for the derivative of a x . 



If we integrate both sides of this, we have 

d* + C = J On a)a x dx 

Upon division by the constant In a t the equation becomes 


+ C = JV 

In a J 


dx 


In rewritten form this gives us the following: 


example 73.1 Integrate: f 143* dx 


J 


a* dx = 


In a 


+ C 


solution From our developments above, we can substitute 143 for a . 


J 


143* dx = 


143 


In 143 


+ C 


We can easily check the answer. 

d ( 143* 
dx v In 143 


+ C 


1 


In 143 dx 


(143*) 


1 


In 143 
143* 


(In 143)143* 
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Calculus Lesson 73 


example 73.2 
solution 


example 73.3 


solution 


73-B 

integrals of 
log a x 


Integrate: J dx 

We make a u substitution. 



The integral is equivalent to 


J 


a“( d “ 




T -iJ' 


du 


We can now apply the formula. 


= ± f a-du - ±f-2l- 

2 J 2^In a 


4- C 


1 x 2 

a 


- 2 


2 In a 


Find the volume of the solid obtained by rotating about the x-axis the region bounded by the 
of y — S* 72 . x = 3, and the coordinate axes. 

y 




A representative disk has width A.r and radius y - S" 2 . The disks must be slacked left to right from 
x = 0 to x = 3. 


Volume = f nr~ dx = f jt(5 x/2 ) 2 dx 

Jo Jo 

= n f 5 J dx = — 

Jo In 5 


n 


In 5 


(5 3 - 5°) = 


124 7T 
In 5 


units 


We now want to determine a formula for J log fl x dx. As in 
in terms of natural logarithms. 


the past, we begin by rewriting the \oQ a 


J log 


J in .r . 

1 - *** 

In a 


= -L- r 

In a J 


In -x: dx 


since In a is constant 


We encountered J In .r dx when sludy.ng tntegratton by 


pans 


Jln 


x dx — 


(.r In x — x) + C 
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Therefore 


J log x dx = —-— f In x dx 

In a J 


implies 



example 73.4 Integraie: J log^.xdx 


solution From the above fact, 

f log,, x dx — ——— (x In x — x) + C 
J 623 In 23 

Set 1. A cylindrical can with a circular base and circular top is to be constructed. The volume^of the 

73 <52> cylindrical can must be 432 tt mL. The top and bottom are to be made of gold, which will cost 

$8 per square centimeter. The curved side is to be made of silver, which will cost SI per square 
centimeter. (Recall that 1 mL = 1 cm 3 .) The height of the cylindrical can is y cm and its radius 
is x cm. 


(a) Express the total cost of the cylindrical can in terms of x. 

(b) Use calculus to find the dimensions of the cylindrical can that can be constructed for the 
lowest cost. 

(c) Check the answer to (b) with a graphing calculator, and determine the cost of the least 
expensive can. 


2. A variable force of F(.t) = newtons is applied to an object as it moves along a number 

line. Find the exact amount of work done by the force in moving the object in the direction of 
the force from x = meters to x = V3 meters. 

V J 

3. An object is thrown straight up from the top of a 500-foot-tall building with an initial velocity 
of 20 feet per second. Develop an equation that expresses the height /i(r) of the object above the 
ground as a function of time. How long will it take for the object to hit the ground? (Assume the 
ball does not hit the building during its descent.) 

172 ? Find die slo P e the line tangent to the graph of y = log x at x — 9. Write the equation of 
the tangent line. 


5. Find the slope of the line normal to the graph of y 

Differentiate with respect to x in problems 6-10. 

6 . y = log, .r + 4 X - log ft x 7. 

8 . y = 24 ( * 2+3j) 


- 5* at x = 2. 


f 


10 . v = 

I 721 


yX~ — 9 
Integrate in problems 11—15. 

11. fl3*dv 

iTii J 

13. f.r 2 ,}+4 dx 

15. (sin t)(cos 3 x + 1) dx 
J 


(72) 


9. 

1721 


12 . 

{7J> 


y = 2 • 5 X + 3 log 7 

>• = U + i| 


J lo s 3 - 


r dx 


14. I tan .r dx 
J 
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16. 

raw?/ 


Use ihc natural logarithm function to write a definite integral whose value equals the area of the 
region bounded by the .v-axis and the graph of y = log_x between x = 2 and -V = 8. 


17. Find the area of the region between the graph of 3 * = 2 * and the x-axis over the interval [I. -5]. 

For problems 18 and 19, let R be the region in the first quadrant bounded completely by the graphs of 
f ( v) = tan .v. = V 2 cos x. and the y-axis. 

18. Use algebraic methods to find the coordinates of the point of intersection of the graphs of f and 
>,J> g in the interval 0 < x < f. 


19. Find the exact area of R. 

M 

20. Find the volume of the solid formed by rotating about they-axis the region in the first quadrant 
( '° bounded above by y = 4 and below by y = x 4 . 


Evaluate the limits in problems 21 and 22 if they exist- Limits of ~ and —« are acceptable, 

k! 22 . ~ ‘ 

( 70 ) 


21 . 

( 70 ) 


(Ml 


lim 


x 


lim — , 

> 1 (x - I) 2 


Suppose fix) = x 2 , gix) = x 3 + sinx, and /i(x) = /(g(x)). Determine whether the grap 

h is symmetric about the x-axis, symmetric about the 3 >-axis, symmetric about the origin, or 
symmetric about any of these. 


24. Let / be the function defined by fix) = x 3 + ax 2 + bx + c. Suppose that the graph o / 
<6l> a point of inflection at (0, —2) and has a relative maximum at (—1, 0). Determine the values o 
b, and c. and then use those values to write an expression for fix). 


25. Let fix) = x 4 - 3x 2 + 2. 

U7> ( a ) Write an equation for the line tangent to the graph of / at the point where x = 1 - 

(b) Find the x-coordinate of each point for which the line tangent to the graph of f is pantile 
the line >• = — 2x + 4. 


LESSON 74 Fluid Force 


The weight of an object in a gravitational field equals its mass limes the local wate?Tf«2>> 

or me The unit of force in the metric system is the newton, and 1 cubic meter (m ) weight 

watef at a temperature of 4 ”C) weighs 9800 newtons. The weight density of an object equals ^ 

.. Hf-rt hv the volume, so the weight density of water is 9800 newtons per cubic m 
left-h^d side below, we show a cubic meter of water and note that it weighs 9800 newtons. 




On the right-hand^id<^^<^c.^e nm^that^the^weight^of^9800^newton5^is evtm^y^^stn ^ „of 

^ mC ' er (N/m2> If lhC WatCr ,S 3 mCtCni 
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solution 
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the pressure at the bottom caused by the weight of the water would be 3 m times 9800 hf 
29,400 N/m 2 , as we show on the left below. 


1 m 



29,400 




Pascal’s Principle is a law of physics named for Blaise Pascal (1623—1662). This law states a 
the pressure exerted by a fluid at a depth h below the surface of the fluid is equal in all 
directions. The application of this law leads to some rather surprising results. Even though the ve 
containers shown above have different shapes, the pressure at the bottom of all five containers is 
29,400 N/m 2 if all are full of water, because, in each case, the bottom of the tank is 3 meters below 
the surface of the water. 


From this we see that the pressure in a fluid at any depth h depends only on the depth and the 
weight density iv of the fluid. 


P = wh 

If the pressure is constant over a particular area, the total force exerted on the area equals the pressure 
times the area. 


Total force = 


force 



x 


force 


Since the pressure at any depth is the same in all directions, the horizontal pressure at any depth h 
equals the vertical pressure at that depth, which is wh. This fact allows us to use calculus to calculate 
the total force exerted by a fluid on a nonhorizontal surface, such as the side of a tank, by adding up 
the forces on horizontal rectangular strips, each of whose height is Ay. Because the strips are 
sufficiently narrow, the pressure is practically equal at every point in the strip. 


A rectangular tank 6 meters deep is filled with 
water to a depth of 5 meters as shown in the 
cross-sectional view. Find the total force exerted 
by the water on the end of the tank. 




8 m-—H 


Problems like this one can be made harder or easier by the location of the coordinate system. It is often 
helpful to locate the x-axis at the bottom of the tank, as we do here. 


y 



The total force on the rectangular strip equals the weight density w times the depth h times the area. 

Force = u* x h x area 
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problem set 

74 


We could pi nee ihe origin nt ihc bottom of the tnnk to do this problem another way. Then the 
equation of the circle would be x 2 + (y — 4) 2 = 16. 



Solving this equation for x, we get x = -J 16 — (y — 4 ) 2 , so the area of the rectangle ts 
•sjl 6 — (y — 4 ) 2 Ay. This time the depth h equals 4 — y, and we want to stack the rectangles 
from y — 0 to y = 4. Thus, the total force is given by the following integral: 

Total force = 2 J 3000(4 - y)^j 16 - (y - 4 ) 2 dy 


If we simplify the radical, we get 


Total force 



3000(4 - y)(—y 2 


+ 8y) ’ n dy 


Placing the x-axis at the bottom of the tank also produces an integral of the form u" diu 


1 . 

f«/7> 


2 . 


3 . 

(74} 


4. 

f74} 


s* 

i74> 


Boyle’s Law says that, if the temperature of a quantity of ideal gas is unchanged, the pro 
the pressure and the volume is constant. When we have 1000 m 3 of gas at a pressure o 
the pressure is increasing at a rate of 0.05 N/m 2 per second. Find the rate at which the vo u 

changing when the pressure is 10 N/m-. 

A variable force Fix) = x + 2 newtons (x in meters) is applied to move an objccj along a 
number line in the direction of the force. Find the work done by the force in moving 
from x = I meter to x = 4 meters. 


A tank 3 meters deep is completely filled 
with fluid whose weight density is 
1000 N/m 3 . Find the total force exerted on 
one end of the tank if the end of the tank is 
rectangular as shown in the figure. 

A container with a triangular cross section 
as shown is filled with a fluid that has a 
weight density of 3000 N/m 3 . Find the 
total force exerted against the end of the 
container. 


A container 1000 meters long has a 
semicircular cross section as shown The 
container is filled with a fluid whose 
weight density is 1000 N/m 3 Write a 
definite integral whose value equals the 
total force against the end of the container. 
Use a graphing calculator to evaluate this 

integral. 



y 
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^ 6 . Lei R be the region bounded by the graph of y = (x — 1)^ 2 nd both coordinate axes, 
volume of the solid formed when R is revolved about the x-axis. 

Lc* R be the region between the graph of y = x 3 and the x-axis from x — 0 to x 
the volume of the solid formed when R is revolved around the x-axis. 

Jjj l * ie Maclaurin series for y = 3 X . Write the answer in summation notation. 

Differentiate with respect to x in problems 9 — 12 . 


9. > 

(72) 

' = Iog 5 x + 7 X + log 8 x 

10 . 

(72) 

y = 3 . 5 * - 2 Iog 3 x 

y = arcsec — (a, .t > 0 ) 

Q 

12 . 

(64) 

Vl — x 

y = arcs.n (3x) + x sin x 

Integrate in problems 13-18. 



13. 1 

(73) J 

Iog 5 x dx 

14. 

(69) 

f 4xe 2x dx 

15. 1 

169) J 

x sin ( 2 x) dx 

16. 

166) 

J 3 tan x dx 

17. 

(66) , 

f-p 5 —* 

18. 

(66) 

J (sin x )-71 + 2 cos x dx 

19. Let f{x) = |sin x| for all x in the interval [- 

-7T, 2jt]. 


(a) Find all the zeros of /. 

(b) Graph the function /. 

(c) Find: f*(x) 


20 . 

<ia.soi 


Let fix) - | sin x\ for —it < j: < jr and g(x) 

(a) Find: /i(.r) = g(/(x)) 

(b) Find all the zeros of h, 

(c) Graph the function h. 

(d) Find the domain and range of h. 


x~ for all real x. 


(e) Find an equation for the line tangent to the graph of ft at the point where x 


K_ 

4 


21 . Evaluate each of the following limits: 

(14 701 

\x\ 


(a) lim 


x 3 - I 


*-** .r — 1 


(b) lim 

x—♦O'*’ X 


(c) lim sin — 

x-»0 x 


(d) lim x sin .r 

jr—»0" 


22 . Write an equation for the line tangent to the graph of f(x) = 


x - 1 
x + 1 


at x = 1 . 


23. One thousand frankfurters can be sold every week at a food stand for SI each. For every increase 
in price of 20 cents per frankfurter, the number of frankfurters sold decreases by 100. Write an 
equation that expresses the number of frankfurters sold as a function of the price p in cents. 
What is the total revenue received from the sale of frankfurters per week if the price of each 
frankfurter is p ? 
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24. Suppose / is a function flint is defined for all real numbers. Which of the following conditions 
guarantees that the inverse of / is also a function? 

A. / is a strictly increasing function. 

B. / is an odd function. 

C. / is an even function. 

D. / is continuous and differentiable everywhere. 

E. / is a periodic function. 

25. Given the curve x + xy + 2y 2 = 6 , do the following: 

I 

(a) Find an expression for the slope of the curve at any point (.r, y) on the curve. 

(b) Write an equation for the line tangent to the curve at die point (2, 1). 

(c) Find the coordinates of all other points on this curve with slope equal to the slope at the 
point ( 2 , 1 ). 

(d) The equation of the curve x + xy + 2y 2 = 6 is written in implicit form. Rewrite this 
equation in explicit form by using the quadratic formula to solve for y in terms of x. Use a 
graphing calculator to graph the explicit equation. 


LESSON 75 Continuity of Functions 

The importance of some of the crucial theorems of calculus is difficult for beginners to understan^. 
because the truth of the theorems is so obvious. Two theorems about continuous functions fall into 
category. They are the maximum-minimum value existence theorem, which we have re 
discussed, and the Intermediate Value Theorem. 

Consider, for example, the graph of the continuous function / given below. 

y 


example 75.1 
solution 



The Intermediate Value Theorem tells us that for any number between /(2) and /(8). there ^ S ^ l j 
value of x between 2 and 8 inclusive that maps to the number. In this example. 42 is between jk 

f(8), so there is a number c between 2 and 8 for which /(c) = 42. 


Intermediate Value Theorem 

If / is continuous on the closed interval [a. b ] and jV is a number 
between /(a) and fib), then there is at least one number c between a 

and b. inclusive, for which /(c) = N. 

One of the most useful applications of the Intermediate Value Theorem involves the location of zeros 
of a continuous function. 

. y, * __ r 3 - 5x + 2 has a root between .v = 0 and x = 1 . 

Pxx>vc that j W 

r - ontinuous over the interval [ 0 . 1 ] because it is a polynomial 
We know /(l) = —2. By the Intermediate Value Theorem, there is a va 

Moreover, f(0) - _ /jsfote that the Intermediate Value Theorem cannot locate 

between 0 and 1 such that jko - 
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but it does guarantee its existence.) The following graph confirms what the Intermediate Value 
Theorem guarantees. 



WINDOW 
Xroi n= “5 
Xroax=5 
Xscl=l 
Vn i ri= “IS 
Vnax=l0 
Vscl=l 

Xr&3=l 


Since continuous functions have such special properties, it is necessary to define continuous 
functions precisely. Below we show the graphs of three functions that are defined for every input 
value of .r between a and b but not for a and b. This means that there is a value of the function for any 
x on the interval (a, b) and that the domain of each of the functions is (a, fc). 



The functions / and g are not continuous on the interval (a, 6), because there is a discontinuity at c. 
There is no discontinuity at any point in the graph of h between a and b, so this function is continuous 
on (a, b ). 


For a precise definition of continuity, however, we must avoid the use of graphs. We begin by 

defining continuity at a point. There are three conditions that must be met for a function to be 
continuous at x = c. 


1* Both a left-hand limit and a right-hand limit must exist as x approaches c. 

2. The limits must be equal. 

Th c value of the function at c, which is /(c), must exist and must equal both the 
left-hand limit and the right-hand limit. 


Definition of Continuity at a Point 

A function / is continuous at a point c if / exists at c and 

lim /(.r) - lim /(.r) = /(c) 


We know that for a function to have a limit as x approaches c, both the left-hand limit and the 
right-hand limit must exist and they must be equal; so. if / is defined at c, the notation 

lim /(x) = /(c) 

1 —> C 

suffices to define continuity at that point. For a function to be continuous on an open interval (a, b) it 
must be continuous at every point between a and b 


Definition of Open-Interval Continuity 

A function / is continuous on an open interval {a, b) if it is 
continuous at every point on the interval. 


Sometimes we find it helpful to be able to discuss continuity on a closed interval [a. b]. We arc not 
concerned with values of .r that arc less than a. so the left-hand limit as x approaches a does not matter. 
We also do not bother w ith values of x greater than b. so the right-hand limit as .r approaches b is of no 
concern Thus, for a definition of continuity on a closed interval {a. b], we can modify the definition of 
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example 75.2 
solution 
example 75.3 


solution 

example 75.4 

solution 


continuity on an open interval (a, b ) by requiring only that the right-hand limit at a equals /(o) and that 
the left-hand limit at b equals /(6). All other points on the closed interval must be continuous, as we have 
defined for the open interval (o, 6). 


Definition of Closed-Interval Continuity 

A function / is continuous on a closed interval [a, b ] if it is 
continuous at every point between a and b, if it is defined 
at both a and b, and if 

lim /(.t) = /(a) and lim_ /(.r) = f(b) 

.*—*« x—*b 


Suppose the function / is defined on the interval [1, 3], /(I) = 1, and /(3) = 7. Does a number c 
exist. 1 c S 3, such that /(e) = 3? 


Not necessarily. The function was not defined to be continuous on [ 1, 3], so the existence of c in [ 1. 3] 
such that /(c) = 3 is not guaranteed. 


Suppose / is a function that is continuous on the closed interval [—1, 3]. Which of the following 
be a graph of f? 


could 





— 1 


For a function to be continuous on the closed interval [-1. 3] it must be defined at ints of 

and 3 and must be continuous at every interior point. Also, the one-sided limns at * 
r ! 3 ] must equal /(- 1 ) and /( 3). Graph D is the only graph that meets all the requirem 


/ be a piecewise 


function defined as follows: 


/GO 


{ M + 3 when x < 1 
ax 2 + bx when x > 1 


Find values of u and b such that / is continuous on the interv al (-«, ~). 


We begin with a sketch of/. 



y 
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In the sketch we sec that / is continuous to the left and right of x = I- The limit of \x\ + 
approaches 1 from the left is I +3=4. Thus, if ax 2 + bx = 4 when x = I. the function 

be continuous at x = I. So we let x equal 1 and y equal 4 to get 

4 = a(l) 2 + b{ I) - 4 = a + b 

Thus any pair of values a and b whose sum Is 4 will make f continuous on the interval ( » ) 

For example, a = 3 and b = I yields the following graph. 




Also, a -7 and 6=11 satisfy the requirements. 

y 


f|x| +3 when x < 
[ 3 x 2 + x when x 5 


I 

I 



fU| + 3 when x < 1 
7x 2 + 1 Lx when .r > 1 


Let / be a piecewise function defined as follows: 


fix) = 

Is x continuous on the interval «*>)? 



when x v* —c 
when x = —c 


When x does not equal c, the function is defined and is continuous for all x, because the equation is 
the equation of a line. 


x c: f(x) — — 








X — c 


fix) = X + c 


We were given that /(c) — 2c. If the limit of f(x) as x approaches c is also 2c, the function is 
continuous at x = c. 


lim fix) 


Jim ~ - C)(X -^ 

r “* c (x - c) 


lim (,r + c) = 2 c 

X —*C 


Since the function is continuous for all x ^ c and is also continuous at x — 
continuous on the interval (—<»,»). 


c, the function is 


One thousand frankfurters can be sold every week if they are sold for Si each. For every 20-cent 
increase in price, sales of the frankfurters decrease by 100 per week. This means 
that Q(p) = 1500 — 5 p frankfurters would be sold if the price of each frankfurter wasp (measured 
m cents). Find the price/? that maximizes the weekly revenues received from the sale of frankfurters. 

2. A ball is thrown straight up with an initial velocity of 10 m/s from the top of a 200-melcr-high 
building. Develop an equation that expresses the height of the ball above the ground / seconds 

after the ball is thrown. How- long does it take the ball to reach the ground? (Assume the ball does 
not hit the building during its descent.) 
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3. 

t73l 


4. 

<73» 


6 . 

< 73 ) 


7. 

t~4l 


8 . 

<7-*t 


Is the statement below true or false? Bxplnin why. 

If / is a function such that /(1) 
then there is a number c. 1 < c < 


= 2 and /(4) = 10, 

4, such that /(c) = 5. 


Suppose / is a function that is continuous on the closed interval [— 1, 4]. Which of the following 
could be a graph of f? 

V B. v 



D. 



- x 




5. Let f be the piecewise function defined as /(.r) — |**j * * * ‘ Find the value(s) of b 

(73> which / is continuous for all real numbers. 


Describe the interval(s) on which / is continuous if /(x) = i 


1 2 
X ~ C 

j : + c 
2c 


when x ^ 
when x — 


—c 


A rectangular tank 4 m deep is completely filled with a fluid that has a weight denS i^ t j ie 
5000 N/m 3 Let F be the total force exerted on a wall that has a width of 5 m. Use y 
variable of integration to write F as a definite integral. 

A container with a triangular cross section Y 

as shown is filled with a fluid that has a 
weight density of 9000 N/m . Find the 
total force on one end of the tank. 



9. 

<721 


10 . 

«u> 

11 . 

(70 


Let fix ) - I * 2 - 9| for all real x. 

(a) Find all the zeros of / 

(b) Graph the function f. 

(c) Find: f\x) 

Find the maximum value and the minimum value of /<*> 

t * o be the region bounded by the graph of y = 4 - x 2 and the .r-axis Use y as ‘j * 1 ® R is 
^integration to write a definite integral that equals the volume of the solid formed 

revolved about the >*-axis. 


= |x 2 - 2x| on the interval [-2, 3] 


12. Differentiate y 

( 73 ) 


= 5 


s 2 + i 




V.v + 1 


with respect to x. 
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Integrate in problems 13-15. 


13. 

17J> 


J ( 2 * + vrrr) * 


14. f -xe"' dx 

(69) J 


15. 




9x 


dx 


49 jc 


]n] *" cl = ~ x * + I and AC*) = jt 4 + 1. Suppose that g is a function such that 

f(x) < g(x) < /i(x) for all values of x near, but not equal to, 0. Evaluate lim— 


Su PP°se f(x) = x 2 , g(x) = e x , and h(x) = g(J( x)). Determine whether h is odd, even, or 
neither. 


18. 

( 66 ) 


The definite integral J x~Jx + 1 dx is equivalent to which of the following definite integrals? 


A. Jj" (,* - „>/ 2 ) du 

C. f (,,« - u'l-) du 


B 


. J* (u» 2 + l,' 11 ) du 


'2 

5 


D - L u(u + 1 ) du 


19. Write the equation of the line tangent to the graph of y = arcsin ( 2 x) at x — ~ • 


the area of the first quadrant region beneath the graph of y = x-V 1 — x~ . 

In problems 21 and 22 let R be the quasi-triangular region in the first quadrant bounded only by the 
graphs of/(.r) = sinjr, g(x) = cosx. and the x-axis over the interval [ 0 , f]. 

2T Use algebraic methods to find the coordinates of the point of intersection of the graphs of / and 
’ g in the interval [ 0 . §]. 

22 . Use calculus to find the area of region R. 

tCO) c 


23. 

(d9) 


x 7 + x 5 + x 3 


24. 

(2I> 


The graph of the function y = x 9 J 

A. is always concave up. 

B. is always concave down. 

C. is concave down when x > 0 and concave up when x 

D. has an inflection point at jc = 0. 

Suppose / is defined on the closed interval 
[“ 2 , 2 ] and has the graph shown at right. 

Sketch the graphs of the following: 

(a) y = /(x) + I 

(b) y = fix + 1 ) 

(c) >’ = fix - 1 ) 


0 . 



Find the point on the curve y = Vx nearest to the point (I, 0 ). 
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LESSON 76 

example 76.1 
solution 


example 76.2 
solution 


Integration of Odd Powers of sin x and cos x 


r sin x wilh respect to .v is cos .t, and the derivative of cos x with respect to x is —sin r. 
x and cos.v are also related bv the basic Pvthaeorean identity sin 2 x + cos _ x = 


The derivative of 

The function sin .v and cos .v are also related by the basic Pythagorean identity 
These relationships allow us to find the integrals of sin" x and cos" x when n is odd, and they also allow 
us to find the integrals of sin" x cos m .r when either n or m is odd. 


Integrate: J sin 3 x dx 


The key to integrating odd powers of sin x is to separate a factor of (sin x dx) to be used later 
this case, we replace the remaining factor, sin 2 x, with (1 — cos 2 *). 


as du. In 


J* sin 3 .r dx = J* (sin 2 .r)(sin .r dx) 

= J" (1 — cos 2 .r)(sin x dx) 


factored 


substituted 


= J sin .r dx - J (cos 2 x)(sin x dx) multiplied 

The result of the first integral is —cos x The second integral would have the form u 2 du if it ^ 
minus sign, because the differential of cos x is —sin x dx. Thus, we insert the needed minus sign 

change the sign in front of the integral from — to -K 

J (cos 2 x) (—sin .r dx) 

V - v* ^ " V 

u 2 du 


s 


sin 3 x dx = —cos x 


The integral of u~ du is 


u 


2 + 1 


(2 + 1 ) 


, so we write 


J sin 3 x dx — —cos x + — cos 3 x + C 

The difficulty with the minus signs could have been avoided if we had factored (—sin x dx) m 


initial step. 


J sin 3 x dx = J (-sin 2 ;c)(-sin x dx) 

= J —(1 — cos 2 -r)(—sin x dx) 

= J sin x dx + J (cos 2 x)(—sin x dx) 


— —COS x -1- — 

3 


factored 


substituted 


multiplied 

integrated 


Integrate: J cos 3 x dx 

The key lo integrating odd powers of cos -r ,s to separate a factor of (cos x d.r) to be used later 
In this case we replace the remaining factor, cos x. with ( sin x) 

J cos 3 x dx = J (cos 2 x)(cos x dx) factored 


du. 


— J ( 1 — sin 2 x)(cos x dx) 


-J 


cos x dx 


-J 


sin“ x cos x dx 


substituted 


multiplied 


u 


du 
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example 76.3 
solution 


example 76.4 
solution 


example 76.5 
solution 


The integral of cos x is sin x, and the integral of i/ 2 du is ——- r ~. so 

b (2 + 1 ) 


J 


cos 3 .r dr — sinx — — sin 3 x + C 

3 


Integrate: J sin 4 x cos 3 x dx 


The key step Is to break up the factor that is raised to an odd power. 

J (sin 4 x)(cos 2 x)(cos x dx) 

We know that (cos x dr) is the differential of sin x. so it is helpful to have everything else be some 
form of sin x. Thus we replace cos 2 x with I — sin 2 x. 


J (sin 4 x)(I — sin 2 x)(cos x dx) 

= J(sin 4 x — sin 6 x)(cos x dx) 

= I (sin x ) 4 (cos x dx) — I (sin x ) 6 (cos x dir) 

v * u ^ + J *• -■ - -* 


substituted 


multiplied 
two integrals 


u 


du tr du 


Since both integrals have the form J u" du, which equals J „ + C, the answer can be written by 
inspection. 


A . 5 

— sin x 


1 - 7 

— sin x 


Integrate: J sin 3 x cos 7 x dx 

Both exponents are odd, so we have a choice. We decide to break up sin 3 x because its smaller degree 
makes it easier to handle. 

J (sin 2 .r)(cos 7 x)(sin x dx) 

The differentia] of cos x is —sin x dx, so a negative sign is needed in the last set of parentheses. We choose 
to take care of this now and remember to write another negative sign to the left of the integral sign. 

—J (sin 2 x)(cos 7 x)(-sin .r dx) 

Now we substitute (I — cos“x) for sin - x, simplify, and integrate. 


-Jo - cos 2 x) (cos 7 .r) (-sin x dr) 

substituted 

= ~[J (cos 7 .r)(—:sinxdr) — J (cos 9 x)(—sinxdr)l 

multiplied 

= “J (cos 7 .r)(-sinxdr) + F (cos 9 x)(-sin x dr) 

simplified 

» 7 du u 9 du 


= -^cos 8 x + — cos ,0 x + C 

8 10 

integrated 


Integrate: J sin 2 x cos 5 x dx 


Since sin x has an even exponent, we work with cos 5 x and write it ns cos 4 x cos x. 


J (sin 2 x)(cos 4 x)(cos x dr) 
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problem set 

76 


The rest of the problem is similar to the previous example, except that it may seem more difficult 
because the substitution for cos 4 x is a little more involved. First we express cos 4 x in terms of sin x- 

cos 4 x — (cos 2 x) 2 = (1 — sin 2 x) 2 =1-2 sin 2 .v + sin 4 x 
Now we substitute this expression for (cos 4 x) and get 

J (sin 2 .r)( 1—2 sin 2 x + sin 4 x)(cos x dx ) substituted 

= f (sin 2 x)(cos x dx ) - 2 f (sin 4 x)(cos x dx) + f (sin 6 x)(cos x dx) 

** y * y * » *- ^ ^ My . S' ■ V * 

n 2 du i/ 4 du u 6 du 

All of these have the form u" du, and we can write the answer by inspection. 

1 


J 


• 1 5 , 1 . > 2 „ c 

sin x cos J x dx — — sin J x — — stn 

3 5 


sin 7 x + C 


1. 

126 ) 


2 . 

f7-0 


The interest was compounded continuously, so the amount of money in the account increas 
exponentially. The initial deposit was SI0,000, and after 3 years SI7,000 was in the accoun^- 
How much money would be in the account after 4 years with no additional deposits 
withdrawals? 

The shaded area represents the vertical 7 

side of a tank that is filled with 100,000 
cubic centimeters of water. The 
measurements shown are in meters. The 
weight density of water is 9800 newtons 
per cubic meter. Use y as the variable of 
integration to write a definite integral 
whose value equals the total force against 
the side of the tank. 



Integrate in problems 3—6. 


sin 3 x dx 


3. J 

(76) J 

S. f sin 3 x cos 2 x dx 

769 J 


4 

(761 


. f sin 2 
J 


x cos 3 x dx 


6. f (sin 2 x + cos 2 x) dx 
i at J 


7 Let / be the piecewise function defined below. Find b so that / is continuous for every real value of 
i75t f—2x + b when x > 0 

/<*> - + i 

j* * * 

8 . 

(75 i 


when x < 0 


9. 

ten 


10 . 


11 . 

(70) 


Oetermine whether or not/is continuous at x = 2 for/as defined below. Justify your 

{ —-— when x ^ 2 

x - 2 

16 when x — 2 

Suppose / is a cubic function whose equation is /Or) = a: 3 + ax' + bx + ‘ ^ of / 

has 'Ll inflection point at Jr = — f and a relal ve minimum pom. a. .x = 0. If the g 
passes through the point (0. 1). what are the values of a. b. and e? 

Let f(x) = (1 + e *) 2 . Show that /<"*( 0> = 2 + 2" for n = 1. 2. .and wn.e the 

Maclaurin series for the function. 

(a) Use a graphing calculator to graph v = \x\. v = -|.x|. and y = v cos 3 m the w in ow 

—0.2 £ x ^ 0.2, —0.2 ^ - 0— Fvaluate 

i I c »-- < Irl for all values of x near, but different from. zero. 

Assume —|-m - > 


(b) 


tim 


X cos 7 
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12 . 

(6V) 

13. 

(7)) 

14. 

(71) 

15. 

(64.72) 

16. 

(SO) 

17. 

19. 

(S') 

20 . 

21 . 

( 66 ) 

22 . 

(7)) 


23. 

f/o; 


24. 

(47) 

25. 

(SJJ9) 


Find the area of the region between the graph of y - xe x and the x-axis on the interval [0, I]. 

Use x as the variable of integration to write a definite integral whose value is the volume of the 
solid formed when the region enclosed by the graph of the equation x — 1 y ' 11X15 

is revolved around the .r-axis. 

R is the region between y = x 2 and the .r-axis on the interval [ 0 , 4]. Find the volume of the 
solid formed when R is revolved about the x-axis. 


Differentiate y = 5 - r_ + 1 4 . x arctan — + log , 4 x with respect tox. 

Find all the critical numbcr(s) in the interval (0, for the function y = x(ln x) . 

Simplify: -^-(arcsin x) + f = — 18. Integrate: f (xe 2x + xe x ) dx 

OX J I j _ x 2 (69) J 

Find an equation of the line tangent to the curve xy + y 2 = x + 1 at the point ( 2 , 1 ). 

Consider the two curves 5y — 2 x + y 2 — x 2 y = 0 and 5x + 2y + x 4 — x 2 y 2 — 0. Show 
that the tangents to the two curves at the origin are perpendicular. 

Evaluate: f cos x e * ,nx dx 

Jo 

Use calcul us to deve lop a formula for the volume of a sphere by revolving the semicircle defined 
by y — ~x 2 " around the x-axis. Use this formula to find the volume of a sphere whose 

surface area is 16 it cm 2 . 


r 5 — 1 
If /(*) = ^-i 

x — l 

A . a 4 + a 3 + a 2 
C. —a 5 + l 


, then /(— a) equals which of the following? 

+ o+l B. a* — a 2 + a 2 — a + 1 

D. —a 4 + a 3 — a 2 + a — 


1 


Find the exact area of the region beneath y = — and above the x-axis on the interval [2,4J. 

x 

Use numerical integration on a graphing calculator to approximate the area of the region 

described in problem 24. How does this approximation compare to the answer found in 
problem 24? 

I 


ZJBSSON 77 Pumping Fluids 

As discussed in Lesson 62. mechanical work is defined as the product of force and distance when the 
displacement is in the direction of the force. 


Mechanical work = force x distance 


To move a weight of 1 newton vertically a distance of 1 meter requires 1 joule of work. To find the 
number of joules required to pump a fluid out of a tank, we use a definite integral to sum the products 
of the weights of thin sheets of fluid and the distances through which the sheets are to be moved. 
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problem set 

77 


rectangular solid to n point 20 meters above the tank is 20 — )' ( 3 * is always negative). Work is the 
product of volume, weight density, and distance. 


y 



(VlOO - 3' 2 )(Ay)(40)(6000)(20 - y) 




v 



volume density h 



the.r-axis is at the top of the tank, we must sum the solids from y = —10 to y — — 6 . 


Total work 




(40)(6000)-y/l00 - y 2 (20 - y) dy 


The additional factor of 2 is required because the integral gives us the work required for only c 
right-hand half of the tank. In a later lesson we show how to evaluate integrals like this one using 
technique called trigonometric substitution. For now we can approximate this integral numen 
with -Fn Int, on the TI-83. 


Total work = 296,621,705 joules 


1- The volume of a spherical balloon is decreasing at a rate of 3 cmVs. Find the rate at which th 
t46) radius of the balloon is changing when the surface area of the balloon is 167rcm . 

2 . A rectangular tank is 5 meters deep, 10 meters long, and 4 meters wide. If the tank is 
(77i water, how much work is required to pump all the water out over the top edge of the tan 


3 . a 10 -by 10 -by 10 -meter container is filled 
,74> with water. The weight density of water is 

9800 newtons per cubic meter. Find the 
total force against one of the sides of the 
container. 

4 . A trough 15 meters long, whose cross 
t 77 * section is a right isosceles tnangle as 

shown, is partially filled with a fluid whose 
weight density is 6000 newtons per cubic 
meter. The depth of the fluid in the trough 
is 2 meters. Write a definite integral that 
expresses the work done in pumping all the 
fluid out of the trough over its top edge. 



itegrate in problems 5—8. 


5 . f sin 2 jt cos 3 x dx 

76) J 

r—!_ 

j 1 -4- .r 


7 

60 f 


9. 

73i 


J 


2 sin x 


-%/ cos x +- 1 


dx 


6 . 

(76t 


8 . 

an) 


J 

J 


cos 3 .r dx 


x 2 + 1 


dx 


x 


Let / be the piecewise function defined below. Determine the value(s) of n that makc(s) / 
continuous everywhere. 

( , x 2 when x ^ 1 

ax + 2 when .v > 1 
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10 . 

(65) 


An object is thrown straight up from the top of n 100 -meter-tall building with an mi i 
of 20 meters per second. Develop equations that describe the height and velocity o e o j 
ns functions of the lime i after the ball is thrown. 


i 4 oh] die equation of the line normal to the graph of >’ = log 3 x at x — 3. 
Evaluate the limits in problems 12 and 13. 

M 


12 . 

(a) 

lim 

(70) 

J—f 0 + 

13. 

(a) 

lim 

(70) 

x —p 0 

14. 

Let 

f(x ) 


15. 

(M) 


16. 

(60) 

17. 

(57) 


18. 

(72) 


19. 

(77) 


(b) 


sin x 


. 1 

lim sin — 

o'*' x 
1 


(b) lim — 

x~*0 x 


Let f(x) = 3x 2 and g(x) = sin .r. Evaluate lim (fg)(x). 

x —*K 

Suppose / and g are defined as in problem 14 with h(x) — - Determine whether the graph 

of h is symmetric about the y-axis, symmetric about the origin, or symmetric about neither. 

Find the area of the region completely enclosed by the graphs of y — x and y = x . 

If / is a function that is continuous on [1,4] and attains a maximum value of 4 and a minimum 
value of—6 on this interval, then which of the following statements must be true? 


A. 


C. 


f «*» 

r /« 


dx > 0 


dx — 16 


B. 


r m 


dx < 20 


D. J 4 f{x) dx < 0 


Let /(.r) = I cos .r| for all real x on the interval j*—J. 

(a) Find all the zeros of /. 

(b) Graph the function /. 

(c) Find: fix) 

Let fix) = Icos.xl and g(x) = x 2 for all real x such that —< r < y and let h = g ° /. 

(a) Find the equaton of h, and determine all the zeros of h. 

(b) Graph the function h. 

(c) Find the domain and range of h. 


(d) Find an equation for the line tangent to the graph of h at the point where x — 


3/r 


?S* Differentiate y — arc tan (2x) + . + see x tan x with respect to x. 

' ’ Vcos .r + 1 


Evaluate the limits in problems 21 and 22. 



23. Consider the curve x 2 — xv + v 2 — 9 

(54) 

(a) Find an expression for the slope of the curve at any point (x, y) on the curve. 

(b) Find the coordinates of the points on the curve where the tangents are vertical 

(c) The equation of the curve is written in implicit form. Rewrite the equation of the curve in 
explicit form by using the quadratic formula to solve for y in terms of x. Use a graphing 
calculator to graph the explicit equation. 
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LESSON 78 


example 78.1 


solution 


Suppose / and g arc functions. For a number .v to lie in the domain of / ° g, which of the 
following must be true? 

A. .v is both an clement of the domain of /, and an clement of the domain of g. 

B. ,v is an element of the domain of /, and /(.v) is an clement of the domain of g. 

C. .v is an clement of the domain of g, and g(x) is an element of the domain of f. 

D. .r is an element of the domain of /, and g(x) is an element of the domain of /. 

25- Determine the range of y = sin (arctan .v). 


Particle Motion I 


We have discussed equations of motion for bodies freely falling in a gravitational field. e 
acceleration function is the derivative of the velocity function, which is the derivative of the position 
function. If the initial conditions are known, we can begin with the acceleration function and integr-* 
to find the velocity function and integrate again to find the position function. In free-falling- 
problems, the acceleration is constant and is always —9.8 m/s 2 (—32 ft/s~). 

In calculus books it is customary to discuss position, velocity, and acceleration of a particle U** 
moves left and right on the x-axis and whose acceleration is not constant but a function of time- in 
t (time) is the independent variable and we always graph the independent variable on the honzon^^ 
axis, we have to graph x(r) vertically. This means that we are talking about horizontal motion on 
x-axis, but we graph this motion vertically. 

A particle moves along the x-axis according to the acceleration function a(r) = 3 1. The 
when r = 0 is —10. and the position when / = 0 is 6. Find the equation that describes the posi 

of the object as a function of time. What is the position when t — 2? 

To get the answer, we integrate the acceleration function to get the velocity function and integral 
again to get the position function. 

v(/) = J 3r dt = + C 

When r = 0, v(/> = —10. so we can substitute and solve for C. 


,0 = M + c 


C = -10 


Thus the velocity function for this particle is 

v(/) = ^ - 10 

The position function is the integral of the velocity function. 


x(r) 




1 0/ ■+■ C 


kVhen t = 0. xiO = 6, so we can substitute and solve for C. 

0 3 


6 = --10(0) ■+■ C 


C = 6 


us the position function for this particle is 
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example 78.2 


solution 


The position when t = 2 is .r(2). 

.r( 2 ) = j(2) J ~ 10(2) + 6 - -10 

This means that when / — 2, the particle is —10 units to the right of the origin* which is the same as 
being 10 units to the left of the origin. 

A particle moves along the x-axis such that the acceleration function is a(t) — —3f- Its position 
when t = 3 is 20, and its velocity at t - 1 is 5. What is its position when / = 4? Also, at what 
times is the particle changing direction? 


This problem is slightly different because it does not give initial conditions for t = 0, but we are 
given the position when r = 3 and the velocity when f — l- We begin by integrating t e 

acceleration function to gel the velocity function. 

v(r) = J a(t) dt = J —3/ di = -——- + C 


When r = 1 . v(r) = 5, so we can substitute to find C. 

3(1 ) 2 


5 = 


+ C 


C = 


13 


This gives us the velocity function. 


v(r) = 


3r 2 13 

o 1 


We integrate the velocity function to find the position function. 


-r(r) 




13 


When / = 3, x(t) = 20, so we can substitute to find C. 


- ©L + il (3) + c 

~i O 


20 = - 


C = 14 


Thus the position function is 


x(t) = 




13 


/ + 14 


When t = 4. the position is 


.r(4) = 


(4) 


3 13 

- + —(4) + 14 = 8 


This means that when r — 4, the particle is 8 units to the right of the origin. 

The particle changes direction exactly when the sign of the velocity changes from positive to 
negative or vice versa, which only happens when v = 0 . 

3r 2 


v (0 = 


13 


3r 2 


= 0 


r~ = 


12 

2 

12 

3 


= 


13 


V 3 

We must check that both values make sense as answers to this question. Looking back at the problem, 
no restrictions are given on the domain of the acceleration function, so we can assume a(r) is defined 
















402 


Calculus Lesson 78 


example 78.3 
solution 


problem set 

78 


for all real values of r. This means that negative values of time are perfectly acceptable—they simply 
refer to times before some particular reference point in time called zero. Therefore the particle 
changes directions at both r = — . 12 and r — 12 . 

i J \ 3 

A particle moves along the .v-axis so that its velocity at lime t is given by v(/) — ~ for t 0. and 
its position is 5 when r = 2. Find the lime when the particle is 10 units to the right of the origin- 


Thc velocity function is given, so we can take its derivative to get the acceleration function or integrate 
to find the position function. The question is about position, so we integrate to find 

-v(r) = J — dt —— x(f) = In t + C 

When r = 2. xfr) = 5, so we can solve for C. 

5 = In (2) + C - C = 5 - In (2) 

Thus, the position function is 

x(r) = In t -+- 5 — In (2) 

To find the time when the particle is 10 units to the right of the origin, we let x(/) equal 10 and 
solve for t. 

10 = lnr + 5 - In 2 - In t = 5 + In 2 - / = e 5 + ln2 = 2e 5 

Using our calculator, we can approximate this value of /. 

t = 296.8263 


1 . 

rS2t 


2 . 

(7a > 


(77) 


Allied Materials Inc. has been contracted to build rectangular crates that have a square base 
top. The material for the top and bottom of the crates costs $2.40 per square meter. The maten 
for the four sides of the crates costs S1.50 per square meter The total cost of each rectangu 
crate can be no more than S360. 

(a) Let the height of the crate be y meters and the length of one side of the base be x meters 
Express the volume of the crate in terms of .t. 

(b) Find the dimensions of the largest crate (by volume) that Allied can construct. 

(c) Check the answer to (b) with a graphing calculator. 

A particle moves along the x-axis so that its acceleration at time t is given by a(r) = — r - 
velocity of the particle at t = 0 is — 10, and its position at / = 0 is 4. 

(a) Find the equations that express the velocity and the position of the particle as functions 

(b) Find the velocity and position of the particle at t = 2. 

3 . A particle moves along the x-axis so that its acceleration is given by a(t) = 6 r - 4. Its veI ° C t ^ 
(7a) at t __ j j s _l, and its position at t = 0 is x = —4. Develop the equations that exp 

particle’s position and velocity as functions of time. 

4 A rectangular tank 4 meters deep, 5 meters wide, and 6 meters long is completely r,llc< f » 

fluid whose weight density is 5000 newtons per cubic meter. Find the work done in pump fc 


the fluid out of the top of the tank. 


g 20 -meter-long trough whose cross 

(77) sccl i on is a semicircle with a diameter of 
10 meters is partially filled with a fluid 
whose weight density is 6000 newtons 
per cubic meter. The depth of the fluid in 
the trough is 2 meters. Find the work done 
in pumping all the fluid out of the top of 

the trough. 









ifl] ^ ,c ^°^ ow * n g statement true or false: "If liro t >0 
your answer. 


/(x) = 5. then /(0) = 5"? Explain 


J- Find the area of the region between the graph of y = 3 X and the x-axis 
Integrate in problems 8-13. 


from x — I to x — 3 . 


8. f xe 21 dx 

9. 

r x + ] & 

10. 

(69} J 

(J3J J 

1 VI 

(66) 

n. r — d.* 

J x“ + 1 

12. 1 

(76} J 

sin 6 x cos 3 x dx 

13. 

ft Ml 


Ax 


x 1 + 1 


dx 


13. f (cos x)(sin x + tf) 3 dx 
(661 J 


14. Use y as the variable of integration to write a definite integral whose value equals the area of the 
<6 1 region in the first quadrant bounded by y — x 2 , y — 4, and the y-axis. 

15. (a) Use calculus to find the exact maximum value and the exact minimum value of the 
l6J> function /(.r) = j(x — 2)(6x 2 + 21x — 14) on the interval f~4. 2]. 

(b) Check the answer to (a) with a graphing calculator. 


16. A function / is continuous on [0. 3] with 
l6J> /(0) = 8 and /(3) = 2. The functions /. 
/', and /" have the properties shown in the 
table. Sketch / and indicate any absolute 
maximum and minimum values that / 
attains. Also, indicate the coordinates of 
any inflection points of /. 


X 

X < 1 

x - 1 

X > 1 

f 


5 


r 

negative 

zero 

negative 

r 

positive 

zero 

negative 


17. Suppose /(x) = e x + x. Write an equation that expresses the inverse of / implicitly. 

18. Suppose /(x) = x 2 + cos x. g(x) = —x, and /i(x) = /(g(x)). Determine whether the graph 
of h is symmetric about the x-axis, symmetric about the y-axis, symmetric about the origin, or 
symmetric about none of these. 


19. Differentiate y = x tan x 2 +• esc (15x) 4- - —- with respect (ox. 

,x> sin x + cos x 


20 . 

|6V| 


Simplify: 


—-[arcsin (2x)] 
dx 



- 1 7 * Suppose that / is a continuous function on the closed interval [— 1 , I] and that I < /(.v) £ 5. 
’ The greatest possible value for J*, /(x) dx is which of the following** 

A O B. 2 C. 10 D. 25 


22. Let / be the function defined for all real numbers and having the following properties: 

(i) /"(.V) — 12.v 2 — 10 for all x in the domain of/. 

(ii) The line tangent to the graph of / at (-1, 0) has a slope of-6. 

Find an expression for /(x). and use a graphing calculator to graph this function. 


23. Sketch the graph of >• 

i Ah 


(x - I) 2 (x + 3) 
x(x — 3) 2 (x 2 + 5) 


Clearly indicate all zeros and asymptotes. 
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24. 

(tbt 


If the graph of y =; lnx 



is the dotted curve, which figure’s solid curve could depict V — 



In (x 3 )? 


x 


25. 

*75) 


Suppose / is a continuous function with /(—I) = —2 and /(2) 
statements must be true? 


3. Which of the following 


A. /(0) = 0 

B. There exists a number c, where — 1 < c < 2, such that /(c) = 0. 

C. / attains no value greater than —2 and no value less than 3 when — 1 < x 

D. / attains a local minimum at x = — 1 and a local maximum at x — 2. 


LESSON 79 L’Hopital’s Rule 


In mathematics we often study topics that enhance our understanding of a broader CO ( 

L’Hdpital’s Rule (lo-pe-tals rill) falls into this category. T This rule extends our knowledge ot Je 

of a quotient, and since calculus is based on the idea of the limit of a function. L’Hopita 

broadens our knowledge of calculus. This rule was discovered by a Sw,ss 1 * H 6pital 

Johann Bernoulli (1667-1748). but was named for his French associate G. F. A. M.acL 

(1661-1704). 

If the numerator and the denominator of a fraction of polynomials both approach a ^ ie 

approaches fl. then x - a must be a factor of both the numerator and the denominator , imit of 

numerator and the denominator of the following expression have a factor of x - ana in 
the expression as x approaches 2 is 4. 


lim 

jr-»2 


X 


- 4 


= lim 


(x - 2)(x + 2) 


= lim x + 2 = 4 


x - 2 2 x - 2 

Tf we attempt to find the limit below, we get the indeterminate form zero over zero. Vfc 
s mbol [^j because we do not wish to indicate that zero over zero is the limit. The substituti 

result in an indeterminate form that is not the limit- 


cos x — I , 1 — 1 

lim -l^J — r— 

j —»0 .r 0 


0 

0 


\ 


•Shown in this sentence is the modem spelling of ihe name L' Hospital In mathematics lilerature. LHOpital an 
L* Hospital are equally used. 
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example 79.1 

solution 


example 79.2 
solution 


In this example the numerator and the denominator do not have a common factor, soa* 1 
determination of the limit is not possible; but we can use L’Hfipital s Rule instea * P\ s , 
tells us to evaluate the limit of the derivative of the numerator divided by the limit of the derivative o 

the denominator. 


, —(cos X — 1) 

lim 1 = lim & -^- = Hm 

a x—*fJ 




.r 


X *—f 0 


—sin x 
i 


= ° = o 

I 


dx 


Our first try at finding the limit resulted in zero over zero, which is an indeterminate form. By using 
L'Hopital’s Rule, we gel a limit of zero over 1, which is determinate because it equals zero. 


L’Hopital’s Rule can be used to find 


x-*a g(x) 


if this limit produces any of the following forms: 

0 ~ 

0 ~ “ 

These quotients are known as indeterminate forms. If an application of the rule results in one of these 
forms, the rule may be used again. Of course the first derivatives must exist for the first application, 
and the second derivatives must exist for the second application, and so on. 


L’Hopital’s Rule 

If lim 1^1 is an indeterminate form and if lim - f exists, then 
*-* a s(- r ) 

lim = Urn r(T) 


g'M 


x —►a 


£(-r) 


S'M 


Evaluate: 


lim 
j—* o 


sin x 
x 


Since sin 0 = 


0, the limit has indeterminate form Thus we apply L’Hfipital’s Rule. 


lim 

T —• O 


sin .v 


lim 


dr 


sin x 


dx 


x 


lim 

x —*0 


cos x 
1 


= 1 


Evalutc: 


lim 

T-*0 


cos .r — 1 

A‘~ 


Since cos.r — 1 and .r* approach 0 as x approaches 0. this limit has the indeterminate form 
zero over zero. The derivative of cos .t exists, as does the derivative of .r 2 , so we try to compute the 
limit of the ratio of the first derivatives. 


f'(x) 


lim 

S <■*> 


lim 
«-»o 


—sin .v 
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This result also has the form zero over zero. Since the second derivatives also exist, we apply the rule 
again, and this time \vc find the limit. 


lim 

T -*0 


r'(.v) 

s"(.v) 


lim 

x —»0 


—COS X 
*7 


—cos 0 
2 



We can confirm this result in a couple of ways with the TI-83. The first way uses a table. This 
almost always requires two button sequences: 

TflgET 

accesses the TRBLE SETUP menu 

TABLE 

displays tables 

After defining Vl=(cos<X)-l)/X2, we access the TRBLE SETUP menu. The limit 
involves x-values close to 0. so we set TblSt,ant,=0.5 and eTbl= ”0- 1. Then we display 
the table: 


X 

Vi 



-.499? 

-.4934 


1 .4 


.3 

-.4963 


.2 

-.4993 


.1 

-.4996 


0 

ERROR 


-.1 

-.4996 | 


X 

II 

a 

01 


1 t 1|J 

Note that, as the x-values approach 0, the values of the function get close to —0.5, or — 5 - We cou 
confirm this more reliably by changing the values of Tb 1 SLat^t and e>Tb 1 to get a more accurate 
account of the behavior of the function when x is close to 0. We set TblS't-ar't. equal to 0.05 an 
tfaTbl equal to— 0 . 01 . 


X 

Yi 1 


PTE— 

-.4999 


.04 

-.4999 


.03 

-.5 


.02 

-.5 


.01 

-.9 


0 

ERROR 


•H 

O 

» 

1 

”.9 


X=. 05 


There is no need to be concerned over the ERROR when x = 0 . Indeed, the function is not def *” C 
_ Q Besides, the limit only reflects the behavior of the function for x-values near 0. not a 


at x 


We can also confirm this answer graphically. 



Notice that the graph approaches a y -value of 0 5 
the right. 


WINDOW 
Xmin= ~2 
Xnax=2 
Xs-ol = l 
Ymin= ”1 
Vroax=1 
Ys-cl = - 5 
Xres=l 


the x-values approach 0 from the left and from 
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proDiem set /a 


example 79.3 Evalute. hm 


x 3 — 


x-frO jc* — 


solution Note that 


hm (x 3 - 4.v) = (0) 3 — 4(0) = 0 


and 


l,m (x 2 - 2x ) = (0)- - 2(0) = 0 


o 


The limit as x approaches O of the expression *. ~ * yields the indeterminate form 0 Since there does 
exist a limit (as x approaches O') of the quotient of'thc derivatives of the numerator and denominator, 
we apply L’Hopital’s Rule. 


x 3 — 4v 
lim —r- 

■i-* 0 r 2 — 2x 


lim 

x —) 0 


3.t 2 - 4 


2.r - 2 


0-4 

0-2 


_ ~t 


example 79.4 


Evaluate 


.. In a 

hm - 

*-* i 2 — 2x 


solution The value of e° — 1, so In l is 0. Thus we see 

Hm In r = 0 and lim (2 — 2.t) = 2 — 2(1) = 0 

I-* I x —* I 

We again have the indeterminate form —. Applying L'Hopital’s Rule gives the answer 



example 79.5 


Evaluate: 


Urn 


cos x + 2.v 

6a 2 


solution As r approaches «», cos x oscillates between +1 and — 1, while 2x and tu 2 go to +« Thus we have the 

indeterminate form =. Applying L’HGpital’s Rule yields 


lim 


cos x + 2x 
6x 2 


= lim 


—sin x + 2 
12x 


The value of—sin x is always between—1 and +1; so, as x increases, the numerator has a value between 
1 and 3. The denominator increases without bound, however, so the limit is a number beiw een 1 and 
3 divided by a quantity that is increasing without bound. Thus the limit as v approaches ~ is zero 


lim 

x —» *• 


—sin x 


12x 


= 0 


so 


lim 

X —» — 


cos x + 2 v 

TP 


= 0 


problem set 

79 


A particle moves along thex-nxis so that its acceleration at time t is given b> a(r) = 2 cos t The 
* velocity of the particle at / = f is—4, and the position of the particle at t = 0 is 8 Develop 
equations that express the particle's velocity and position as functions of r 


2, A particle moves along thex-oxis so that its acceleration function is a(i) = -6r Furthermore, 
7S> its velocity at t = 1 is -1, and its position at / = 2 is-3. Find the velocity and position of the 
particle at r = 3. 
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^ rectangular tank 2 meters deep, 4 meters wide, and 10 meters long is completely filled with 
water. Find the work done in pumping enough water out of the tank to decrease the depth of the 
water to 1 meter. 


{ ^* A trough 6 meters long with cross section 
as shown is filled with a fluid whose 
weight density is 1000 newtons per cubic 
meter. Find the work done in pumping all 
the fluid out of the trough. 


The side of a large tank filled with a fluid 
whose weight density is 2000 newtons per 
cubic meter contains a 1- by 1-meter 
square door at its base. Find the total force 
against the door if the top of the door lies 5 
meters below the surface of the water. 




x 



Evaluate the limits in problems 6—10. 


6. 

sin x 
lim - 

7. 

lim • 

( 79> 


(7V1 

h 

i 

o 

9. 

,t + sin jc 
lim -^- 

10. 

lim « 

|7VJ 


(79) 

.r — • 0 


2 — 2 cos x 


sin .r 


e — x 


8 - lim .. ' 

x— »— (In jt) 


sin „r 


11. Let fix) = — cos x and /i(.r) = 2 + cosx Suppose that g is a function such 
rro> f{x) < g(x) < hix) for all values of x near, but different from, jz. Evaluate lim,, y)T gi x )- 


that 


Integrate in problems 12—14 
12. f sin 3 .r dx 

(76) J 


13. 

(76) 


J cos x sin 3 .r dx 


14. f (log -r + 43 x ) dx 

17Jt J 


15. 

(721 


16. 

(Ml 


17. 

(OS) 


18. 

i 27J»i 


19. 


20 . 

f5W 


Let fix) — \x 2 — 8| for all real x, 

(a) Find all the zeros of /. (b) Graph: / (c) Find: f'ix) 


The definite integral x-*j2x — I dx is equivalent to which of the following? 


A. J 

f 2 1 ( w 3/2 _ „l/2) du 

'i 2 

B. J 2 ^-(u 3/2 + u lf2 )du 

c - J 

I -3 _ u , '-'> du 

D J 

r 3 1(„3'2 + u u -) du 

[ i 2 

E. None of Lhese 




Suppose fix) = tan jc, g(x) = 3 sin j:, and /i(.r) = (fg)ix ). Is the graph of h symmetric about 
the v-axis, symmetric about the origin, or symmetric about neither? 

Find the equation of the line tangent to the graph of the function v = .r 3 + 6r 2 + 1 at its point 
of inflection. 

Suppose fix) = asin.r -+• t cos .t and the slope of the graph of / at (0. 2) is 2 Find a -*■ 

(a) Write a single definite integral whose value equals the area of the region between the graph 

v _ r 2 + x — 2 and the .r-axis over the interv al [-3. 2] 

(b) Find the area of the region described in (a) by using a graphing calculator to evaluate the inte~ 
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21 . (a) Find the Maclaurin series for y = sin x. Write the answer using summation note 

(SSt J 

(b) Find the Maclaurin series for 3 * = sin x 2 . 

(c) Substitute x 2 for jc in the Maclaurin series found in (a). Compare your answer with th 
answer of (b). 


22 . 

Hot 


23. 

24. 

* <M| 


j~ . dy x + sin x t i\ 

Find —- where y — -- + arc tan {x ) 

dx cos jc 


e x esc ( 2 x). 


Find h'(x) where /j(x) = /(g(x)) t /(x) = x 2 , and g(x) = sin x. 

If / is a function that is differentiable for all real values of x, then lim /t __ >0 s equals 
which of the following? 


A. /(n) 



lim 

x—* a 


/(JC) - /(fl) 
x — a 


C. 0 


D. undefined 


25. Let / be the function defined by /(x) — 2 x 3 — 3 x 2 — 12x + 20. 

(27} 

(a) Graph the function / on a graphing calculator. 

(b) Use calculus to find the x- and 3 *-coordinates of all points on the graph of f where the line 
tangent to the graph is parallel to the x-axis. 


ZJSSSON 80 Asymptotes of Rational Functions 


We can sketch the graph of a rational function quickly and easily if we first mark the locations of the 
asymptotes and zeros of the function. The asymptotes of the function are the zeros of the linear real 
factors of the denominator, and the zeros of the function are the zeros of the linear real factors of the 
numerator. The functions we have sketched have permitted us to study the behavior of rational 
functions, but since both polynomials must first be factored into a product of linear real factors and 
irreducible quadratic factors, the possible applications of this method are restricted. To use asymptotes 
and zeros to graph the function 

_ 3x 10 — 2x s 7x 4 4 - x 3 — x + 5 
} ~ 5x s - 4x 4 + 3x 3 - x 2 + x + 2 

would require that we first factor both polynomials. Gauss proved that both of these polynomials can 
be factored, but unfortunately he did not come up with a method for determining the factorizations. 
Modem computers and calculators, however, can be programmed to graph functions and to 
approximate the zeros of functions to any number of decimal places. 

There are ways to determine the asymptotic behavior of a rational function even though the two 
polynomials have not been factored. If the degree of the numerator is less than the degree of the 
denominator, the x-axis is the horizontal asymptote. If the degree of the numerator is equal to 
the degree of the denominator, the horizontal asymptote is a constant function whose value 
equals the coefficient of the hlghest-power term in the numerator divided by the coefficient of 
the hlghest-power term in the denominator. If the degree of the numerator is greater than the 
degree of the denominator, the first step is to divide the numerator by the denominator and 
consider the expression that results. We look at these cases in the following exumples. 
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problem set 

80 


To find ihe vertical asymptotes and the zeros of the function, we write the function in factored form 
and see that the function has a vertical asymptote at a* = 2 and has zeros at .v-vnlues of I and — I- 


y 



1 . 

(~at 


2 . 

(77) 


3. 

(45) 


4. 

(32) 


S. 

(SO) 


A particle moves along the number line so that its acceleration at any time f is given by 
a(/> = 2f. The velocity of the particle is 10 at t = 3. Find the time when the particle has a 
velocity of 17. 

A rectangular tank is 4 meters high, 1 meter wide, and 3 meters long. The tank is half full of a 
fluid that has a weight density of 2000 newtons per cubic meter. Find the work done in pumping 
all the fluid out of the top of the tank. 

A ball is thrown straight upward from a height of 160 meters with an initial velocity of 50 meters 
per second. 

(a) Write equations that express the height of the ball above the ground and its velocity 
functions of the time / after the ball is thrown. 

(b) How long after the ball is thrown will it reach its peak? 

( C ) How long after it is thrown will it hit the ground? (Assume the ball will not hit anything 
before reaching the ground.) 

A right circular cone of radius x cm and height y cm has a slant height of 4^3 centimeters. 

(a) Express the volume of the right circular cone in terms of x 

(b) Find the dimensions of the right circular cone of maximum possible volume. 

(c) Check your answer to (b) with a graphing calculator. 

(d) Find the maximum possible volume of the right circular cone. Your answer should be 

3v 5 - 2 a 3 + 1 

Find the equation of the horizontal asymptote of the graph of y = — 


2 a 5 - 1 


Sketch the graphs of the functions in problems 6-9. Clearly indicate all asymptotes and .r-intercepts 




X + 1 

7. 

V = 

6. 

y = 


(XOt 


(GDI 

X 





X- - 1 

9. 

V = 

8. 

y = 

.r 

tAJl 


(soi 




—24 a + 6,v ~ 
3 a 2 - 27 


a 2 - I 


A — 3 
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Evaluate the limits in problems 10-13. 


10. lim --- 

on *-►() sin (45.r) 


11 . 

(7V) 


12. Iim 


cos x — 1 


tm *-»o 52 sin .x 


13. 

(70) 


lim -- 

x-»- In x 


lim 


- 3 


i 2.r - I 


14. Let R be the region completely enclosed by the graph of y — "J~x, ihe ar-axis, and the 
(7h line .x = 4. Find the volume of the solid formed when R is revolved about the jr-axis. 


15. Find the area of the region completely enclosed by the graphs of y — x and y — x. 

160 I ' 

16. Find the two points on the circle .x 2 + y 2 = 25 at which the slope of a tangent line is 2. 

(34) 

17. Suppose b > c > 1 and / is continuous for all real numbers. If J, f(x) dx = 3 and 
IS7> J* f(x) dx = 5, what is J* f(x) dx? 


18. Differentiate v = arctan (sin x) + x 2 In lsin.r| + e iecx with respect to x. 

(50.6*) 

19. The area of a rectangle remains constant at 100 square centimeters while both its length L and 
<441 width IF change with respect to time. Find the width W and length L of the rectangle at the instant 

the width IF is decreasing at the rate 0.8 centimeters per second and the length L is increasing at 
the rate of 5 centimeters per second. 


Integrate in problems 20—23. 


20 . 

( 66 ) 

22 . 

(64,66) 



3.x 2 + e J 
.v 3 4- e* 



x 

V6 - 4x 4 



21. (In .r + 43*) dx 

169.73) J 


23. f -—— T dx 

(64.66) J 6 + 4.X 


24. Let f(x) = sin (arctan x). Determine the range of /. 

03)81 


25. 

Oi) 


Suppose the function / is defined as below. Find the value of a for which / is continuous 
everywhere. 


/(*> 


{ 2.x + 1 when x 
ax 2 + 1 when .x 


1 

1 










Calculus Lesson 81 


Solids of Revolution II: Washers 


Some solids ol revolution have c.n mes, and their volumes can be computed as the difference of Ia*o 
volumes, e.ich ot w Inch can be found by stacking disks. These volumes can also be found by stacking 
washers. The volume of the solid formed by rotating the first-quadrant region shown below about the 
y-nxis is the volume formed by revolving the region bounded by the graph of /(x) = x 2 about the 
y-axis, and then removing the volume formed by revolving the graph of g(x) = 2x 2 about they-axis. 

y p(x) - 2X 2 

f(x) = x 2 





Ay 


Representative washer 


The solid formed is depicted in the center figure, and its volume can be approximated by a sliic ^ 
circular washers similar to the representative washer shown. The volume of the representative 
is the product of us thickness (Ay) and the area of the whole disk (/r R 2 ) reduced by the area o 
hole in its center Orr 2 ). 

Volume = (zr/? 2 — /rr 2 )Ay 

Since this result is exactly the same os the difference in the volumes of two representauve 

Volume = kR 1 Ay — /rr 2 Ay 


c of 


we see that the volume-by-washer method is a difference-of-two-disks method in disguise, 
washers make it easier to visualize the problem, which is why we use them. The total volume is S 1V 
by a definite integral that sums all of these smaller volumes. 




1 1 * 



This is the case when the region has been rotated about they-axis. R and rare represented in 
y, and a and b are the smallest and largest y-values denoting the locations of the vertically s 

washers. 

< r • -yy e can vvrite a similar integral for volumes of solids of revolution rotated about the x-axis 


of 



[ere R and r are in terms of x. and the washers are slacked along the r-axis from a to b 
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example 81.1 


solution 


example 81.2 
solution 


Find the volume of ihc solid formed by revolving the region shown about the y axis. 


g{x) = 2X 2 
f(x) = x 2 



- x 


First we generate the solid and draw a representative washer. 



The volume of the representative washer is (jrR~ — tc r 2 )Ay where R is the outer radius and r is the 
inner radius of the washer. In this case R is determined by the input for the function /, so y — R 2 . On 
the other hand, r is determined by the input for the function g, so y = 2r z or r = ^. These washers 
are stacked from y = 0 to y = 4. Thus the volume of the solid in question is 








= 4rr units 3 


Find the volume of the solid formed by revolving about the y-axis the region bounded by y = x, 
x = 4, and the .r-axis. 


First, we draw the graphs and the solid formed. 

y 














































418 


Calculus 


Lesson 81 


problem set 

81 


S 


U A l O-meter-long trough with n right 
triangular cross section is partially filled 
with a fluid whose weight density is 
9000 newtons per cubic meter. The level 
of the fluid is I meter below the top rim of 
the trough. Find the work done in pumping 
all the fluid out of the top of the tank. 



2. Suppose the function / is defined as /(x) = {** * \ x \ Find the value of b for which / is 

,,Sl continuous everywhere. 

3. Let f be a Quadratic function. The slope of the line tangent to the graph of f at x ~ 1 is 1» and 
,a/J the slope of the line tangent to the graph of / at .r = 2 is 5. The graph off passes through the 

point (0, 1). Find the equation of /. 


In problems 4 and 5, let R be the region in the first quadrant between y = x 2 and the x-axis on the 
interval [0. 3]. 


4. Find the volume of the solid formed when R is revolved about the x-axis. 

(71) 


5. 

(an 

6 . 

(HI) 

7. 

8 . 

(St) 


Find the volume of the solid formed when R is revolved about the y-axis. 


1 _ I 

Let R be the region in the first quadrant enclosed by the graphs of y = x~. - 4- 1 ♦ 

y = 4. Find the volume of the solid formed when R is rotated around the y-axis. 

Let R be the first-quadrant region completely bounded by the graph of y = Vx and y x 
Find the volume of the solid formed when region R is revolved about the x-axis. 


Let R be the region bounded by the graphs of y — x 2 + 1, y = x, x = 0. and x 
the volume of the solid formed when region R is rotated around the x-axis. 


2. Find 


2x 2 - 2x - 4 

9. Write the equations of the asymptotes of the graph of the function y --^"7 

(BO) X 1 


Graph the functions in problems 10 and 11. Clearly indicate all zeros and asymptotes, 


10. y = 


2 + 1 


(BO) 


2X 


11. y = 

(BO) 


x 2 + x — 2 

X + 1 


Evaluate the limits in problems 12 and 13. 


12. lim 

( TV/ X—>0 


14. 

{72\ 

15. 

(7*1 


17. 


sin (3x) 


13. lim 

(TV) x — >2 


3 — x 2 — X — 2 
x - 2 


Write the equation of the line tangent to the graph of y = 2 X at x 
If lim /(x) — 7, which of the following must be true? 


= 2 


x-» 2 


A. / exists at x = 2. 

C. / is continuous at x = 2. 


16. Differentiate 


y = X In jx 3 - x| + 2 


Zr - 3 


B. /(2) = 7 
D. None of the above 


arc tan x with respect to x. 


Anudifferentiate: J \^ x + , + *2 J 
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18. Evaluate | • --. COS x - - dx by changing the variable of integration. 

'«> Jo ^/sin .r + I 

19. Which of the following functions has a graph that is concave upward everywhere. 

H9I . 

a 3 o J2 n u — t* 1 D. y = sin x 

A. y — x B. y = —xr t— y — e ' 

20. If /is a function that is continuous and increasing for all real values of x, which of the following 
must be true? 

A. The graph of / is always concave up. B. The graph of / is always concave down. 

C. /(x,) < f(x 2 ) if x, > x, D. f(* 2 ) > f( x j) ^ x 2 > x \ 

21. Let f(x) = e* x . Find the value of / -, (1). 
r is* 

22. For what values of k does the graph of y = ^x 3 + 2 kx~ + 5x + 3 have two tangent lines 

(/ 5 . 27 ) * • • ■ • 

parallel 10 the x-axis. 


23. The graph of the function / is shown at the 
t2l> right. The graph of g(.r) = /(.x + 2) most 
resembles which of the following graphs? 




x 



X 



24. Determine the domain and range of y = sin (Vx — 1). 

1l &I 

25. Let /(.r) = -x 2 - 4.x + 12 on the interval [-3, 1]. Find the point(s) on the curve where the 
' tangent line is parallel to the line segment joining the point corresponding to x - -3 to the 

point corresponding to x = 1. 
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Li S( V 82 Limits and Continuity • Differentiability 


82.A 

limits and The limit of a function ns .v approaches c is the number that the value of the function approaches as x 
Continuity approaches c. The definition of the limit of a function requires that both the right-hand and left-hand 

limits exist and requires that these limits be equal, ir the one-sided limits exist and are equal ai 
-v = c and if /{c), the value of the function at c, exists and equals the one-sided limits, then the 
function is continuous at c. 


f (*) g{x ) h(x) 

t 1 1 



The function / (graphed on the left) has both a right-hand limit and a left-hand limit as x approaches 
c. but the one-sided limits are not equal, so die limit of the function as .r approaches c does not exist 
The function g has both one-sided limits equal, so the function has a limit as .r approaches c. but the 
function is not continuous at .r = c, because these limits do not equal g(c), which is not defined. The 
function It has a limit as ,r approaches c and this limit equals A(c), so this function is a continuous 
function at x = c. 


The derivative of a function is a special limit. Remember that the graphical interpretation of ® 
derivative of f when x = c is the limit of the slope of a secant line drawn through two points ”, 

/% on the graph of / as P, approaches P, and as the horizontal distance x — c between the points 
approaches zero. Point P, can be to the right of P f or to the left of P r as we show in the following 
figures. 

y y 



It is not obvious, but for a function to have a derivative at x = c it is necessary that the 
function be continuous at x = c. We can see that this might be true if we look at an example o 
function that is obviously discontinuous at x = c. 


y 



X 
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As the point to the left of P moves down the curve and approaches P j, the limit of the slope of 
die secant approaches the slope of the tangent to the curve at P v This is obviously not e same 
limit as the slope of the line through P % and the right-hand point P 2 as P 2 moves down the curve. 

An algebraic proof of the fact that the existence of the derivative implies continuity requires 
a trick. We want to show that if the derivative of / at c exists (is some real number and thus is not 
infinite), then the limit of fix) as x approaches c is /(c). 


If /'(c) exists, then lim fix) = /(c). 


In other words, if / is differentiable at x = c, then / is continuous at x — c. 

We begin by assuming that /'(c) exists and noting that fix) equals fix). 

fix) = f(x) 

On the right side we add and subtract /(c) to get 

fix) = fic) + fix) - fic) 

Next we multiply and divide the last part of the sum on the right-hand side by x — c. Note that .t 
must not equal c, because division by zero is not allowed. 

fix) = fic) + /(V) ~ /(c) (.r - c) x * c 

X — c 

Next we find the limit of both sides as x approaches c. 

lim fix) = lim T/(c) + (x - c)"| 

■I-*C J-»C L X — C J 

We expand the limit on the right-hand side of the equals sign by remembering that, if all the 
individual limits exist, the limit of a sum is the sum of the individual limits and the limit of a product 
is the product of the individual limits. 

lim fix) = lim /(c) + lim -— • lim (.r — c) 

x-*c X—*c x~*c X — C -T —♦ r 

To the right of the equals sign, the limit of /(c) as x approaches c is /(c). The next limit is /'(c), and 
the limit of .r — c as x approaches c is zero. Now we have 

lim fix) = fic) + [/'(c)](0) 

X—¥C 

If f'ic) exists, /'(c) equals some real number, and the product of any real number and zero is zero. 
Finally we have 

lim fix) = /(c) + 0 = /(c) 

x —► c 

We began by assuming that f'ic) existed and were able to prove that the limit of the function as x 
approaches c exists and equals /(c). Thus the existence of the derivative at c tells us that the 
function is continuous at c. 

We must note that the converse of this statement is not true. Namely, a function can be 
continuous at .r = c without being differentiable at .r = c. The function fix) = l.tl is 
continuous at x — 0, but /'(0) does not exist. 
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82 


\, 


Equaling these values gives us our second equation for a and b, 1 = 2a + b. Now we have 


{ 


4 = a + b 
1 = la + b 

The solution to this system is a = —3 and b — 7. Thus, for the function to be continuous and 
differentiable at x = 1, the equation of the quadratic function must be 


y = —3.r 2 7x 


Here we see the graph of 

3 when x 
+ 7x when x 

Note the smooth connection at x = 1 


fix) 



1 

1 



- x 


1. 

( 47 ) 


2 . 

( 52 ) 


3. 

( 78 ) 


4. 

(05) 


5. 

(74) 


A 10-foot ladder leans against a vertical 
wall, and the bottom of the ladder slides 
away from the wall at a rate of 2 feet per 
second. At what rate is the angle between 
the ladder and the ground changing when 
the top of the ladder is 5 feet above 
the ground? 


The figure to the right shows a rectangle 
inscribed in a region bounded by the graph 
of y = 4 — [jc] and the x-axis. 

(a) Express the area of the rectangle in 
terms of x without using 
absolute value. 

(b) Find the maximum possible area of 
the rectangle. 



i 



“ 1 



i 


i 

i 


1 



L 


i 

i 


1 



| 


i 

i 


1 



1 


i 

i 


1 



| 


i 

i 


— r 



1 


i 

i 


i 



1 



10ft 



by 


A particle moves along the x-axis so that its position at time / is g ,ven 
equation jc( 0 = r 2 - 6r + 5. Find the time(s) at which the particle is momentarily at 
times at which it is moving to the right, and the times at which it is moving to the left. 

A ball is thrown straight down from the top of a 100-meter-high building with an ,n ‘ t,a *'Jf 
of 25 meters per second. Develop the velocity function and the height function for the * ifs 
long will it take the ball to hit the ground? (Assume the ball does not hit the building 

descent.) 

A 1 OO-meter-long cylindrical tank whose 
radius is 2 meters is half-filled with a fluid 
whose weight density is 9000 newtons per 
cubic meter. Determine the total force 
exerted by the fluid against one end of 

the 



100 m 





























425 


6. A function / is defined as fix) = *!*" * 4 ! Determine the left- and right-hand 

derivatives of / at x = 1. 

7. For what value(s) of x is the function /(or) = \£ x + \ + * when ^ > 1 not d,ffercnUabIe? 

8. Let g be a function defined as g(x) = . * Z^Z ' > ! How musl onndbbc related for g to be 

<7i> continuous everywhere? 

9. If g(x) = . fc f I What numerical values of o and b make g both continuous and 

differentiable for all values of x? 

10. Let f(x) — x 2 — 1 and /i(x) = — ~ sin x. Suppose that g is a function such that 

l70> fix) > g(x) > /i(x) for all values of x near, but not equal to, 0. Evaluate lirn^—^ £(■*)♦ 

11. Find the volume of the solid formed when the region in the first quadrant between y = 1 and 
<7I> the x-axis on the interval [0, 2] is rotated around the x-axis. 

12. Let R be the region completely bounded by the graphs of y = x 2 + 1 and y — x + 1. Write 
<ai> a definite integral whose value equals the volume of the solid formed when R is revolved about 

the x-axis. 

13. Let R be the region in the first quadrant completely enclosed by the graphs of 
,at> y = x and y = x 2 . Compute the volume of the solid formed when R is revolved around 

the y-axis. 

14. Let fix) = -. 

(SO, J X - 1 

(a) Write the equations of all asymptotes of the graph of /. 

(b) Sketch the graph of /. 


Evaluate the limits in problems 15—17. 

sin (x — jz) 


15. lim 

(70) 


_ K 

2x- 

2 


Integrate in problems 18—22 


18. f cos J r dt 

(7ti) J 


20 

17J) 


. JV 


dx 


22 

< 66 ) 


r . e * + . cos 
1 ^ yie* + sin x 


16. 

<79J 


lim 


x In x 


17. 

(70) 


lim [ 1 — 


1*1 


19. I (sin x cos 3 x — sin x cos 5 x) dx 

(76) J 7 


21. fxe x dLv 

169) J 


23. Find where y 

(71) fix 


X 


sin (1 + x 2 ) 


+ arc sin 


in — + log ? x — 14 


24. Suppose / and g are functions such that /(g(x)) = x. Which of the following are possible 
choices for the functions / and g? 

A. f(x) = In x, g(x) = — B. fix) = 2x - 1, g{x) = -x + I 

*' 2 

C fix) = Inx. g(x) = e x D. fix) - x 3 . g(.v) = 3x 2 

25. Find the domain and range of y = V I — sin x . 











426 


Calculus Lesson 83 



LESSON 83 Integration of Even Powers of sin x and cos x 


To integrate even powers of sin x and cosx, we use the following identities: 


sin 2 .v 



— cos (it) 


COS 2 X 


- + - cos (it) 
2 2 


A close look nt the graphs of v = sin 2 .t and y — cos 2 .r gives us a better understanding of C ? C 
identities. The graph of y = sin x is shown on the left-hand side below. In the center we see ® 
effect of squaring. All negative values become positive. The curve still has a maximum value o • 
the square of any number between 0 and 1 is less than the number, and this causes every other va 
of sin 2 x between 0 and k to be less than the value of sin x. The result is the curve shown. 



In the right-hand figure we draw a dotted centerline at y — 5, and we see that the graph o 
y = sin 2 x looks like the graph of y = j - 7 cos (2x). 

In the first two figures below, we show the corresponding graphs for the square of the 
ion The eraDh of cos 2 x looks like the graph of y ** 3 + j cos ( 2 x). 


function 


y 





example 83.1 Integrate: J cos 2 x dx 


solution 


We substitute — + cos ( 2 x) for cos 2 .r and find that this leads to two integrals. 

J cos 2 x dx = J [7 + J cos (2l) ] ^ = { J + { J C ° 5 (ZV) *** 

second integral needs an additional factor of 2 on the right-hand side of the integn 
additional factor of | in front, which we supply. Then we integrate 


1 ftit + — — f [cos (2x)](2 <±x) = * + 1 sin (2x) 

o J 2 2 J ----~—-—' 2 4 

Ji rftl 


+ c 
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example 83.2 
solution 


example 83.3 
solution 


problem set 

83 


Integrate: J sin 2 .v cos 2 x dx 


Integration of expressions that contain only even powers of the sine and cosine is not difficult buUs 
tedious because of the algebra involved. In this problem we must substitute for both sin x and cos x 
and multiply. Then, to our dismay, we encounter a cos 2 (2x), which requires another substitution. 


7 “ 2 cos + 7 cos (2r) ] 



cos 2 (2x)J dx 


For cos 2 2x we substitute — h -cos ( 4 x) to get 

2 2 |--- 

J {i - + 1 cos (4t) ]} A - J [i _ ~ i cos <4r) ] dr 

Now we simplify and integrate. In the second integral additional factors of 4 and j are needed, so we 
supply them. 




-7 f [cos (4x)](4 dx) = ^ 

4 J ----—.—' 8 

cos i< du 


— sin ( 4 x) + C 
32 


Integrate: J sin 4 x dx 


First we write sin 4 x as (sin 2 x) 2 . Then we substitute for sin 2 x and expand the resulting expression. 


I , 

cos (2x) + — cos - (2x) 

4 


sin 4 x = (sin 2 x) 2 = j"— - cos (2x)l = 7 ~ 7 

Next for cos 2 (2x) we substitute ~ cos (4x)J. 

. 4 1 1 . 1 r 1 1 j 3 1 _ 1 

sin x =-cos (2x) + — — + — cos (4x) =-cos (2x) + — cos (4x) 

4 2 4L2 2 J 8 2 8 

We have reduced sin 4 x to an expression containing cos (2x) and cos (4x), which can be integrated 
after inserting appropriate constants. 


J s *n 4 


x dx 


cos (2x) + — cos (4x) | dx 

S 


- X[t-i 

= § J ^ “ 7 7 J t cos (Zt) ^ 2 ^ r > + 7 7 J [ cos < 4 *)](4 <ir) 


■] 


— — sin (2x) + — sin ( 4 x) + C 
8 4 32 


1. 


A 3 -meter-long trough whose cross section 
is that of the inverted isosceles triangle 
shown is full of water. Determine the work 
done in pumping the water out of the top of 
the trough. Dimensions arc in meters. The 
density of water is 9800 newtons per 
cubic meter. 


y 

4 t 4 



2 . Suppose / is defined as /(.r) = \ j What relationship between a and b will 

/ to be continuous everywhere? 


cause 


3 . Determine the numerical values of a and b that will make /(.r) = j" 4 ,’ 
and differentiable everywhere. ' 


♦ b j £ 1 

*hm % > 1 


continuous 
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4. Let /(.v) = b) 
tut . _ l 2 ' 

values of x. 


'when 
> lit nhen 


* * J Determine the values of o and b that make / differentiable for all 


(71) 


5. Determine the maximum value and the minimum value of the function /(.t) = x~^ 3 on the 
' ’ closed interval [- 1 , 8 ]. 

6 . Find the volume of the solid formed when the region in the first quadrant bounded 
by y = e x and x — 3 is revolved around the x-axis. 

In problems 7 and 8 , let R be the region enclosed by the graphs of y = vx and y = x. 

7. Find the volume of the solid formed when R is rotated about the x-axis. 

mil 

8 . Find the volume of the solid formed when R is revolved around the y-axis. 
tut 

9- (a) Find the Maclaurin series for y = cos x. Write your answer in summation notation. 


(33) 


(b) Find the Maclaurin series for y = cos a* 2 . 


Integrate in problems 10—15. 


10 

<aj> 


. f — cos 2 .r dx 
t J 4 


11. f sin 2 (3x) dx 
(&j> J 


12 . T sin 3 x cos 2 x dx 

(76) J 


14. I (Trcosx)e 
(66) J 


13. f 

U SI J 


x - 3 


dx 


sin x 


dx 


15. 

166) 




dx 


Evaluate the limits in problems 16—18 

3 sin (2a) 


16. 

(TV I 

19. 

(701 


20 . 

(37) 


21 . 

(69) 

22 . 

(67) 


lim 


4„r 


17. 

1 70) 


lim 

-♦o' 


x + sin x 
In x 


,X +h _ 


18. 

(281 


lim 


Let fix) = 2 and /i(x) ss 2|x - 2| -+* 3. Suppose that g is a function such that 

/(.r) < g(x) < b(x) for all values of x near, but not equal to, 2. Evaluate lim j _ > , 2 g(x )- 

Lei / be a continuous function for all real numbers. Suppose J_, fix ) dx = 4 and 
£ /(a) dx = —I. Find J"* fix ) dx. 

Find the area of the region between the graph of y = xe J and the x-axis over the interval [ 1. 3] 
Use y as the variable of in tegration to write a definite integral whose value is the area of the 


region bounded by x 


nteg 

-Jl 


and the y-axis. What is the value of this integral? 


jc — 2 _ 

23. Find the equation of the line normal to the graph of /(x) = - - at x — 4. 

(■(O) 


24. 

(J9) 


(2.27) 


T ft = x 2 . Divide the interval [0.3] into three equally long subintervals, an . 

rectangles over each of these subintervals. From left to nght, the heights of the three rect ^ 
must be /(0), /(I), and /(2). Which of the following must be true? 

A- The sum of the areas of the rectangles is less than x 2 dx. 

f 3 0 

B. The sum of the areas of the rectangles is greater than x* dx 

C. The sum of the areas of the rectangles equals J q x 2 dx 

D. The sum of the areas of the rectangles equals 27. 

i t ftrl = v 2 - 3 x - 10 on the interval [-1,5] Find the point(s) on the curve where 
tangent line is parallel to the line segment joining the point (- 1 , /(- I)) to the point (r>. /<- 
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z^ESSON 84 Logarithmic Differentiation 


Logarithms can simplify the process of finding derivatives of complicated expressions. The process 
of logarithmic differentiation involves no new theory. Logarithmic differentiation is just a 
manipulative procedure that makes differentiation simpler because the laws of logarithms are used to 
turn products into sums, quotients into differences, and exponents into coefficients. 


example 84.1 if y = 


(3x + 2) 4 ’ 


what is — ? 
dx 


solution The derivative could be found using the quotient rule, but we will use logarithmic differentiation. We 

are going to take the logarithm of both y and x 2 divided by (3x + 2) 4 . Since the domain of the 
logarithmic function is the set of positive numbers, certain restrictions are placed on these 
expressions. We discuss that later. 

The first step is to take the logarithm of both sides. Remember that the logarithm of a quotient 
is the difference of the logarithms. 

In 3 ' = In f-—-— 1 In of both sides 

|_(3x + 2) 4 J 

In y = In x 2 — In (3x + 2) 4 property of logs 

In y = 2 In x — 4 in (3x + 2) property of logs 

Next we find the differential of every term and then divide by dx. 


ii 

2 dx 

X 

4(3 4r) 

3x + 2 

differential 

1 dy 

2 

12 

divided by dx 

v dx 

x 

3x + 2 


After multiplying both sides by y. we can solve for 


dy 

dx 


dy 

dx 


= v fl-LL_1 

* ^ 3x + 2 ) 


As the final step, y is replaced with 


x 


(3x + 2) 4 


to get 


dx 


x ~ 

(3x + 2) 4 



solved for 


dy 

dx 


12 

3x + 2 



Whenever logarithmic differentiation is used to find the derivative of a quotient y = f(x), the 
answer has this form 


dx 

-f- = fix) x (a sum of fractions) 
dx 


If the quotient rule is used to differentiate the function, we obtain the following: 


dy = (3x + 2) 4 (2x) - x 2 (4)(3x -h 2) 3 (3) 
dx (3x + 2)® 

= (3x + 2) 3 (2x)[(3x + 2) - 6x1 

(3x + 2 ) b 

2x(-3x + 2) 

(3x + 2) 5 


quotient rule 
factored 


simplified 

















432 


Calculus 


Lesson 


04 


problem set 

84 


Next \vc divide by dx and solve for 


4>: 

(Lx 


1 i 

V dx 



+ 3.v 2 In A' 


divided by dx 


dy 

dx 



— + 3a 2 In a*J 


We finish by replacing v with 



+ 4 


solved for 


dy 

dx 


dy 

dx 



+ — + 3a: 2 In 

X 



This result is valid only for values of a* greater than zero, which is consistent with the domain of the 
function. 


1 . 

(S2 0JI 


Hunsinger has 120 meters of fencing with which to enclose two separate fields. One of the fie ^ 
is square with a side of length y. and the other field is rectangular in shape with a length that 
3 times its width x. The square field must have an area of at least 100 square meters, an 
rectangular field must have an area of at least 75 square meters. 


(a) Find the minimum and maximum values of x. 

(b) Express the sum of the areas of the two fields in terms of x. 

(c) Use the critical number theorem as a guide to find the value of a that maximizes the sum o 
the areas of the two fields. 

(d) Find the greatest total area that can be enclosed in the two fields. 


2 . 

( 62 ) 


A spring whose spring constant is 2 newtons per meter is stretched from x 
x = 4 meters. Find the work that was done to the spring. 


2 meters 


to 


3 . A ball is thrown horizontally from the top of a 100-meier-taII building. It is a physical act 
,6S * the height of the ball above the ground at a given time t after the ball has been 
horizontally is exactly the same as if it had been dropped. 

(a) Find the equation that describes the height of the ball as a function of t. 

(b) How long will it take the ball to reach the ground? 

(c) If the horizontal velocity is 20 meters per second, what is the horizontal distance mc s 
will travel? (The horizontal distance the ball will travel equals the horizontal velocity 

the lime the ball is in the air.) 


4. 


5. 


A cylindrical container 1 meter high with a circular base whose radius is 1 meter is fil e 
fluid whose weight density is 100 newtons per cubic meter. Find the work performed in p 

the fluid out of the cylinder. 


Let / be a function defined as f(x) = j ♦ b »hen x > — I 

make / both continuous and differentiable everywhere. 


Determine the values of a 


and b that will 


Use logarithmic differentiation to find in problems 6-9. 


6 . 

8 . 

ft*) 



X 


A 



7* v 

9- \ 


t 


n a - I(-v^ ~ 1 )(sin v) 
(x~ + 1)(.V J ■+■ I) 


V 
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r 


Integrate in problems 10-14. 




10 . 1 

2 sin 2 x dx 

11. 

r 4 

sin 2 x cos 2 x dx 

f*j> J 


J 

! 


12. 1 

2 sin 3 x dx 

13. 1 

r 2 

sin 2 x cos 3 xdx 

1/6) J 


J 

! 


14. 

(66) , 

j" (cos .r)%/1 — sin x dx 





15. 

IM) 


Let fix) = 


X + 1 


3 - .v 2 + X — 1 


(a) Write the equations of all asymptotes of the graph of the function 

(b) Sketch the graph of /. 


Evaluate the limits in problems 16 and 17. 


16. 

179) 


lim 

r —*0 


2 sin (3x) 
4.t 


17. 

179) 


1 



18. Determine the slope of the line tangent to the graph of y = log .r at jr = 2. 
^19. Write an equation for the line tangent to the graph y — sin (cos x) at _r = —■ 


20. Determine the area of the region between y — xe x and the x-axis on the interval [l, 2]. 


<69) 


21. Determine the area of the region between y = x 2 — x and the x-axis on the interval [—2, I]. 


IS9) 


22. Suppose f{x ) — e x and g(.r) = 5. Determine whether h(.v) = g(/(-v)) is an odd function, an 

lM| r . . . 

even function, or neither. 


23. Differentiate y = + ^ — arctan (2.r) with respect to x. 

iso,aj) ' e — e~ x 


24. 


The graph of the function y 
A. no inflection points. 

C. two inflection points. 


= x i — 27x has 


B. one inflection point. 

D. exactly two local maxima. 


25. Let f(x ) = -r 3 on the interval [-3, 3]. Find the point(s) on the curve where the line tangent to 
' the graph of / is parallel to the line segment joining the point (-3, /(-3» to the point (3, /(3)). 
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LESSON 85 


_ 85.A 

the mean value 

theorem 


The Mean Value Theorem • Application of the 
Mean Value Theorem in Mathematics • Proof 
of Rolle y s Theorem • Practical Application of the 
Mean Value Theorem 


Existence theorems are crucial in mathematics, but tire attention that they are given is often confusing to 
the beginner, because the truth of the theorems is sometimes so obvious. It is hard to understand vv y 
theorems that are so obvious could be so important. Existence theorems are often used to prove o ^ 
theorems. Two existence theorems that we have discussed but have not proved arc 
maximum-minimum value existence theorem and the Intermedi ate Value Theorem . 

Maximum-Minimum Value Existence Theorem 

If / is continuous on the closed interval / = [a, b] t then / attains a 
maximum value M and a minimum value m on /. 


Intermediate Value Theorem 

If / is continuous on the closed interval [a, b\ and N is a number 
between /(a) and f(b), then there is at least one number c between a 
and b, inclusive, for which /(c) = N. 

The Mean Value Theorem is another important existence theorem and is useful in proofs 
first present a graphical interpretation of the Mean Value Theorem. Refer to the figure below as n 
If the graph of a function between x-values of a and b inclusive is a smooth continuous curve a ^ ^ 
no comers and is never vertical, a tangent line can be drawn to ihe graph somewhere between a an 

that is parallel to the line through A and B. 

y 



f'( c \ = IS—L _ fS^L for some value c between a and b 

We must be careful in staling the conditions that are necessary for the Mean Value °ry 

□plied The function must be continuous and must have a denned slope (be differenuable) £ 

P vaJ^e between o and b. Differentiability on an open interval (u. b) implies continuity on* 

„ -iTT* temDted to simply stipulate that the function be differentiable on the open mte jre 

’ w _ ver »he interval (a. b) is between a and b and does not include n and b. We also need o req 
at the functions be continuous at their endpoints, like the one on the left-hand side below. 
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8S.A the mean value theorem 


Functions that arc discontinuous at one or both endpoints (for example, the one on the right h " 
above) must be excluded. This is customarily done by listing two requirements that are somewnai 
redundant. 

1- The function must be continuous on the closed Interval This requirement 

takes care of continuity at the endpoints and ensures that the function is defined on 
the interval. 

2. The function must be differentiable on the open interval This requirement 

prohibits sharp comers and vertical tangents on the graph and again requires that the 
fun ction be defined and continuous between a and b. ___ 

Mean Value Theorem 

If the function f is continuous on the closed Interval [a, ft] and is 
differentiable on the open interval (o, ft), then there exists at least one 
number c in {a, b ) such that 

/•(c) = Kb) - 

b — a 

The Mean Value Theorem states that the number c exists but does not tell how to find iL Even 
so, the Mean Value Theorem is a highly important theorem. 

example 85.1 Demonstrate an understanding of the Mean Value Theorem by applying it to the function 

f(x) = x 2 — 2x — 8 on the interval [—2, 1). 

Solution First we must see if the Mean Value Theorem can be applied to this function. 

1. Is the function continuous on the interval [—2, 1J? Yes. Polynomial functions are 
continuous for all real values of x Thus this function is continuous on the open 
interval (—2, 1) and is also continuous at the endpoints. 

2. Is the function differentiable everywhere between the endpoints? Yes. A polynomial 
function has a defined derivative for all real values of x. Thus the graph has no sharp 
comers or places where the tangent is vertical. 

Both conditions are met, so the theorem can be applied. 

To find the slope of the line that passes through the points whose or-values are —2 and 1, we need 
to find /(—2) and /(l). 

/(- 2 ) = (— 2) 2 - 2 (— 2 ) -8 = 0 
/(I) = (I) 2 - 2(1) - 8 = -9 

Now we find the slope. 

/(—2) - /(l) = 0 - (-9) 

-2-1 -3 

The Mean Value Theorem only guarantees that for some number c between —2 and 1 the value 
of the derivative (the slope of the graph) equals -3. It does not say what that number is. 


y 
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Multiplying both sides by b — a gives us 


which can be rearranged to form 



- Ha) 


f(b) = fia) 

This tells us that if we choose any two real numbers a and b in /. fia ) will equal fib ). This is another 
way of saying that the value of the function described is some constant, and thus the function must 
a constant function over this interval The proof is complete. 


Theorem 

If two functions / and g have the same derivative for every real value 
of .r in /, the functions differ by a constant. 

If f'(x) = g\x) on I. 

then fix ) — g(x) = c on / for some constant c. 


To prove this theorem, we begin by defining a function It. 


h(x) = f(x ) - gix) 

The derivative of a sum equals the sum of the derivatives, so finding the derivative 
sides, we gel 


of both 


ft\x) = /'(*) - g'(x) 

But it was given that the derivatives of / and g were equal, so f'ix ) — g'C*) is zero. Therefore 


h'ix) = 0 

In the preceding proof we showed that if the derivative of a function is zero on an interval I, 
function is a constant function on /. Thus we can subsutute c for /i(.v) and write 


c - fix) - gix) 

IS 

This proves that if / and g have the same derivative on an interval, / and g differ by a constant on 
interval. 



Rolle’s 

theorem 


RolIe*s theorem is a special case of the Mean Value Theorem for which fia) and fib) are equal 
theorem is easier to prove than the Mean Value Theorem. Below, we rigorously prove RoIIe s f 
without assuming the Mean Value Theorem to be true. 


Rolle’s Theorem 

If (1) / is a continuous function on [a. b], (2) fia) = fib) = 0, and 
(3) f is differentiable on (o. b), then some number c exists between a 

and b such that /"(c) = 0. 



The maximum-minimum value existence theorem tells us that somewhere on 
1 n . r r -and a minimum value of / exists. If the maximum and minimum 

a maximum v ^“^h of lhTfun« on would be .he graph of a constant funcuon whose slope s 

everywhere "zeros ITsVcou.d “ number between 8 o and b and the proof is comp.e.e for 













problem set 85 


_85.D 

practical 
application of 
the mean value 

theorem 


example 85.5 


solution 


problem set 

85 
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special case, [f the maximum value and the minimum value differ, ihcn an extreme value mu 
for some value c that is between a and b. (Since f(a) = f(b) and the extreme values dine . 
maximum and minimum cannot both occur at endpoints.) The critical number theorem le . 
maximum and minimum values must occur at critical numbers. Thus c is a critical number an mus 
exist between a and b. We have defined the function to be differentiable on (a, b). so /'(c) must exist. 
Maximum or minimum values must occur where the slope does not exist or is zero, so f*(c) — 

The maximum-minimum value existence theorem tells us that a maximum value and a minimum 
value of the function must exist on [a, b]. The process of elimination proves that such value(s) 
must exist where /'(.t) = 0, so we know that some number c must exist between a and b such 
that /'(c) = 0. 


We can use the Mean Value Theorem to show LhaL during any trip Lhe speed must at some instant equal 
the average speed for the whole trip. For example, suppose two stations are 60 miles apart and we 
drive between the two in exactly 1 hour (i.e., from / = 0 hr to f — 1 hr). Then the average speed for 
the whole trip is 


Average speed 


/(l) - /(0) _ 60 miles 
1 — 0 1 hour 



mi 



The Mean Value Theorem requires that /'(c) = i ^ (1 1 l 2 q >Ql = 60 ^ at some instant c in (0, 1). 
However, /'(c) is our speed at time r = c, and 60 mph is our average speed for the whole trip. 
Therefore, the Mean Value Theorem implies that we must have a speed of exactly 60 mph at least 
once during the trip. If the speed limit between the two stations is 55 mph, then at some instant we 
must have been traveling in excess of the posted limit. Therefore the Mean Value Theorem 
precludes some courtroom defenses from being plausible. 


The speed limit on a highway is 65 mph. At 6:00 p.m. a police officer sees a truck go by at 60 mph. 
That officer radios another police officer seventy miles down the highway who sees the same truck 
go by at 7:00 p.m. traveling at 60 mph. 

(a) Find the average speed of the truck between 6:00 p.m. and 7:00 p.m. 

(b) The truck driver is ticketed for speeding, but he argues that he was never clocked over 60 mph. 
The truck driver is convicted by a judge who points out that he must have been traveling 70 mph 
at least once. Is the judge correct? 


(a) The average speed is the distance traveled divided by the time. 


Average speed 


70 miles 
1 hour 


70 mph 


(b) Yes, the judge is correct. If the driver did not exceed 65 mph for one hour, he could not have 
traveled more than 65 miles. Certainly, the driver had to have been speeding. By the Mean Value 
Theorem the driver’s speed reached 70 mph at least once between 6:00 p.m. and 7:00 p.m. 


1 . 

rr*vi 


The rate of increase of the bacteria was exponential. When / = 0 there were 30 bacteria, and 
when t = 10 there were 100 bacteria. How many bacteria were there when t = 80? 


2 . Punch flows into a hemispherical punch 

4A) 

bowl whose radius is 14 inches at a rate of 
1 cubic inch per second. How fast is the 
punch rising when the punch is halfway to 
the top? The equation that gives the 
volume of Lhe bowl as a function of h is 
shown to the right. 
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3. 


4. 

I78) 


S. 

(8D 


6 . 

(Ml 

7. 

/*3» 

8 . 
( 83 ) 


9. 

(83) 

10 . 

( 83 ) 

11 . 

( 83 ) 


Suppose fix) = sin a* + cos a* and / is defined only on ihc closed interval [0, tt\. Use the 
critical number theorem to determine the maximum value and the minimum value of/- Find t c 
A*-coordtnnte of any inflection points in the interval. 

A particle moves along the .v-nxis so that its velocity at time t is given by 
equation v(i ) = o sin t + b cos t, where a and b are real numbers. The acceleration of c 
particle at time t is given by a(t) = 2 cos t — 4 sin /. Determine the values of a and b. 


Let /(. x) 


{ 2 x 2 — x when x ^ 1 
ax + b when a > 1. 


(a) Find the relationship between a and b that ensures the function / is continuous 
values of a. 



Find the numerical values of a and b that will moke the function / differentiable 
values of a. 


for all 


for all 


Let / be the function defined by fix) — a 2 + 1 on the interval [1, 3]. Confirmthe Mean Valu 
Theorem by finding a number c, where 1 < c < 3, such that /'(c) = —• 


Let / be the function defined by /(a) = 2a 3 — a on the interval [—2, 1]- OonflrTXi^ the Mean 
Value Theorem by finding a number c, where —2 < c < 1, such that /'(c) = i - 


Let / be the function defined by fix) = |a| — 2 on the interval [— 2 , 2 ]. Does the Mean 

Theorem imply that there exists some number c on the interval (—2, 2) sue 
/'(c) — ? Explain why or why noL 


Let f be the function defined by /(a) = 
theorem by finding a number c. where 1 


a 2 - 4x + 3 on the interval [1,3]. Confirm Rollers 
< c < 3, such that /'(c) = 0. 


Let / be the function defined by fix) = x 3 + 3a 2 - 4 on the interval [-2. 1 ]. Confirm Rolle s 
theorem by finding a number c, where —2 < c < 1. such that /'(c) = 0. 


Let / be the function defined by fix) = 
imply that there exists some number c on 


1 — |a| on the interval [—1, 1]- Does Rolle s 

the interval (—1. 1) such that /'(c) = 02 Exp am w 


or why not 


dy 


In problems 12 and 13 find 


12. y = x x 

(8J) 


x 1 IP - 1 

13. > = — - 

l«l Sin A COS A 


Integrate in problems 14—18 
14 . f 6 cos 2 a dx 


16. f 

( 76 ) •> 


sm 


3 a dx 


15. f 3 sin 2 a dx 

(AJl J 


17. I sin 3 a cos a dx 

( 76 ) J 


18. 

f6Al 


19. 

(An 


j e Dn J (sec 2 a) dx 


imegraMvhos^ value^equaJs < the f volume ofthe" fo^ed vLnl !™U 


20 . 

(KO) 


Sketch the graph of the function fix ) 


1 - a* 


*\ 
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21. Evaluate: ljm 

<*** i -♦ k/2 


sin x — 


. 71 

sin — 


.r — — 


71 

2 


22. Differentiate y = x arcsin — -i - 

KH.72) J ^ 


+ 3 ^ — 3 log 47 x with respect to*. 


X 

( 4064 ) s ^°P e the line normal to the graph of y = arcsin — at x 


= 1 . 


24. 

wi 


Which of the following must be true? 

A. If / is continuous on the interval [1,3] and both /(1) and /(3) equal zero, then there exists 
a number c € (1,3) such that /'(c) = 0. 

B. If / is continuous on the interval [0, 3] and is differentiable on the interval (0, 3), then there 
exists a number c € (0, 3) such that /'(c) = 0. 

C. If / is continuous on the interval [1,3] and is differentiable on the interval (1, 3), and if the 
graph of / touches the jr-nxis at x — 1 and at * = 3, then there exists some number 
c e (1,3) such that /(c) = 0. 

D. If a function / has a value of zero at .r = 1 and at * = 3. is continuous on the interval 
[1,3], and is differentiable in the interval (1,3), then there exists some number 
c e (1,3) such that /'(c) = 0. 


25. Let / and g be functions such that /( 1 ) = 2, /"(l) = 3, g(l) = —I. and g'(l) = 4 . Evaluate 

</«>'( i). 


jlesson 86 Rules for Even and Odd Functions 


Sums of even functions are even functions, and sums of odd functions are odd functions. The 
product or quotient of two even functions is an even function, and the product or quotient of two 
odd functions is also an even function. These rules should sound familiar because they are almost 
exactly like the rules for signed numbers. They are easy to remember if we associate + signs with even 
functions and — signs with odd functions. 


Sums: 

Products: 

Quotients: 


(+) + (+) = (+) 


(+)(+) = (+) 


(+) 

(+) 


= (+) 


(-) + (-) = (-) 


(-)(-) = 


(+) 

(-) 


= (-) 


(+) 

(-) 

(+) 


(+)(-) 
= (-) 


The zero function 



fix) = 0 


is both an even function and an odd function because fix), fi-x), and -fix) equal zero for all values 
of .v. Thus 


fi-x) = fix) and fi-x) = -fix) 

If we exclude the zero function, the sum of an even function and an odd funcuon is neither even nor odd 
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example 86,1 
solution 


example 86.2 
solution 


example 86.3 

solution 


Let / be an odd function and g be an even function. Show that fg is an odd function. 


Proofs like this one arc straightforward. AH we have to do is define our notations and substitute. Pirst 
we note what we mean by (/g)(x) and (fgX-x). 

ifgXx) = /(-v)g(.v) ifg)i-x) = fi-x)gi~x) 

If / is odd, then /(—x) = —fix) for all values of x. If g is even, then g(—x) = g(x) for values of 
x. We use the definition of fg and make these substitutions. 


ifgX~x) = /(-x)g(-x) 

= [-/(x)][g(x)] 
= -lf(x)g{. r)] 

= ~<JgXx) 


definition of fg 
substituted 
associative property 
definition of fg 


We have shown that if / is odd and g is even, then ifgX—x) = —(/g)(x) for all values of x. 
function fg is an odd function. 


So tfie 


Show that the sum of two even functions / and g is an even function. 


First we write the expressions for if •+• g)(x) and (f + g)(—x). 

if + g)ix) = fix) + gix) if + g)i-x) = fi~x) + s(-x) 

Now, if / and g are even functions, /(—.x) = /(x) and gi—x) — g(x) for all values of x. 
definition of f + g and make these substitutions. 


We use trie 


if + gX-x) = /(-x) + g C-X) 

— fix) + g(x) 

= if + gXx ) 


definition of / + g 
substituted 
definition of / + g 



We have shown that if / and g are both even the sum of /(—x) + gi-x) equals the sum /C*) . n _ 

for all x. which is the same as if + g)(x). Thus, the sum of two even functions is an even run 


Show that the quotient I- is an odd function if / is an odd function and g is an even function. 

g 


recall 



= 


(x) and 


/(x) 

£(x) 




te>- - 1 


—x) 
X) 


if f is odd and g is even, then the following are true for all values of x: fi-x ) f( x > 

_ X ) = gix). We use the definition of j and make these substitutions. 


«)- • 


/(-x) 
g i — x) 
-/(X) 

£(x) 

fix) 
gix) 


■-[ 

- -(f) 


definition of — 

g 

substituted 


associative property 


/ 


definition of — 
v a / & 

e have shown that, if / is odd and g is even. ( 7 )(-•*> = “(i K T > for aI1 r Thus - lh,s <* uoUcnl ,S 
d function. 
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praoicm sei Db 


4 -—2 

example 86.4 Let / be an even function such that J f{x)dx = 7. Evaluate J ^ /(*) 


solution This problem requires that the reader know the 

characteristics of an even function. Since the 
function is an even function, its graph is a mirror 
image of itself about the 3 r -axis. If the integral 
from 2 to 4 is 7, then the integral from —4 to —2 
must also be 7 . 


y 



example 86.5 If 



2 

e x ~ dx 


J 'l 2 

e x ~ dx? 
o 


solution This problem, is carefi^ly contrived to see if the reader recognizes that c* is an even function 

because = e* ■** . This integral cannot be evaluated using a technique of integration with 

which we are familiar. But since the value of the integral from —1 to 1 equals k, half of this integral 
occurs from 0 to 1 and must equal 4 . 



example 86.6 If / is an odd function and 



is 16, what is the value of 



dx? 


solution If an odd function defines an area above the axis 

between 0 and 2 , it defines an area of the same 
size below the axis between —2 and 0 . and the 
definite integral from —2 to 2 must equal zero. 

We drew the graph of / as one that is above 
the x-axis on [0, 2], However, the reasoning 
described still holds true even if f{x) is not 
always positive over the interval [0,2]. The 
crucial point is that the graph of / is symmetric 
about the origin because / is an odd function. 


y 



P r °kl ern se * 1 . A rectangular lank 8 meters deep is half filled with a fluid whose weight density is 3000 newtons 

86 ' 7 477> per cubic meter. 

(a) Find the total force exerted by the fluid against one of the walls if the width of die wall is 
2 meters. 

(b) Find the work performed in pumping the fluid out of the top of the tank if the length of the 
tank is 6 meters. 


2. A panicle moves along the x-axis so that its acceleration at any time t is given by 

a{t) = 6 1 + 18. At time i = 0 the velocity of the panicle is 20, and attime t = 1 its position 
is 21. Find the equations for the velocity and position of the panicle. 
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3. Suppose /(.r) ~ ae x + b sin.*, /'(O) s= 4 , and /'(— | = 1 . Find a and b. 
tn \2 J 


4. 

t*2t 


Let / be the function defined below. Find die numerical values of a and b that make the function 
/ differentiable for all values of x. 


fix) 


3 . 

I Ait 


confirms the Mean Value Theorem 


6 . Let / be the function defined by fix) = x 


\x- + 1 

[(iff-' + 

bx 

*1 

X + X 


= -r 3 + 

3.v 


when x > 0 
when x < 0 


IK3f 


3.v 2 on the interval [—2, 1]. Find a number c tb»* 


confirms the Mean Value Theorem. 


(05» 


7. Let / be the function defined by /(x) = sin x on the interval 10, tt]. Confirm Rolle s theorem 
by finding a number c. where 0 < c < n, such that f\c ) = 0. 

= .r 3 — x on the interval [-1, 1]. Find a number c chut 


8 . Let / be the function defined by fix) 


IAS) 


confirms Rolle's theorem 


9. Prove that if / and g are both odd functions, then fg is an even function. 

10. The function / is an odd function and | fix’) dx = 7. Evaluate I /(-*) dx . 

(5A) Jo 

11 . The function g is an even function and f g(x) dx = 4 . Evaluate f g(x) dx. 

,SA) J-4 JO 

f'{x) 

12. Use logarithmic differentiation to compute —-where fix) = x sin x cos x. 

urn / (x) 


Evaluate the limits in problems 13 and 14. 


13. 

(TV/ 


lim (x esc x) 

i—*0 


14. 

(TV/ 


lim 


x + e 


— x — e 


15 _ L e t R be the region between the graph of y = e* and the x-axis on the interval [ 1 . 2 ]- *7 

(7, ’ > definite integral whose value equals the volume of the solid formed when R is rotate 


the x-axis 


16. Let y = aresm — where a is a constant. Find y . 

(6-l’t ° 


17. Differentiate y — arcsin (cos x) 
r sad*) 


e — x 


sin ( 2 x) + cos .r 


— 2 esc 2 x with respect tox. 


18. 


21 . 

(S7> 




r dx 

19. 

f 2 xe x dx 

20. 

f 2 xe~*~ dx 

J 49 - x ~ 

i6V) 

J 

i*6) 

J 


5 

-> 


Suppose / is a continuous function such that f(x) dx 

(a) Find the value of (2/(x) + 6 ) dx 

(b) Suppose fix) = ax + b. Find the values of n and b. 

Suppose both / and g are differentiable everywhere and /(1) 
= 2 . Use the quotient rule to compute [ r j (1). 


and 


f 5 /<*> 


dx = I O' 


= 4. /'(I) = 2. g(D = 


_ i „ and 


Let fix) = x 3 + I-Find / ‘(2) 
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24. 

W) 


A funclion that is continuous and differentiable everywhere passes 
(6, 2). Which of the following must be true7 


through die points (1.3) and 


A. There exists some c such that 1 < c < 6 and /'(c) — \ 

B. There exists some c such that I < c < 6 and /'(c) — —5. 

C. There exists some c such that I < c '< 6 and /'(c) = 0. 

D. There exists some c such that 2 < c < 3 and /'(c) = —~z 


25. 

(SO) 


x 3 - I 

Let /(*) = -- 

x — 2 

(a) Find the zero(s) and the vertical asymptote(s) of the function. 

(b) Determine the end behavior of the function. 

(c) Sketch the graph of the function. Clearly indicate all zeros, all asymptotes, and its end behavior. 

(d) Determine the domain and range of the function. 


JUZSSON 87 Solids of Revolution III: Shells 


The lateral surface area of a right circular cylinder equals the circumference of the cylinder times its 
height. We can see this if we take the can shown, cut it vertically from top to bottom along the dotted 
line, and unroll it. 



If the can has a thickness of Ax, we can find the volume of metal in the flat sheet by multiplying the 
area times the thickness Ax. 


Volume = (2nv7i)Ax 

We have already seen that the volume of a solid of revolution can be approximated using disks. 
The disks are generated by taking representative rectangles in the region to be revolved that are 
perpendicular to the axis of revolution and revolving those rectangles around the axis. We can also 
approximate the volume of a solid of revolution by summing the volumes of n concentric sheets, or 
shells, similar to the can above. The shells are generated using rectangles that are parallel to the axis 
of revolution. 


y 

i 



y 


I 



—- X 


x 
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solution 


example 87.4 


solution 


A representative shell is indicated in the figure. The radius of the shell is y, the height of the shell is 
x t and its thickness is Ay. 


Volume = I 2 irxy dy 

Jy«*0 

The dy reminds us that the variable of integration is y, so the only variable in the integrand should bo 
y. Therefore we replace x with 4 — y 2 . 


Volume = 2/r r (4 - y 2 )y dy 


Now we simplify this expression, integrate, and evaluate. 


Volume = 2/r (4y - y 3 ) dy - 2/^2} 

= 2/r(8 — 4) = 8 x units 3 



Use the shell method to find the volume of the 
solid formed when the region bounded by the 
x-axis and y = —x 2 + 2x is revolved about 
the y-axis. 



We begin by sketching the problem. On the left-hand side we show the representative shell of the 
solid, which is formed by revolving the representative rectangle around the y-axis. On the right-hand 
side we show the solid of revolution. 



The radius of the shell is its distance from the axis of revolution. Thus the radius is x. The height of 
the shell is y. the thickness is Ax, and the shells cover the region from x = 0 to x = 2. 

Volume = I 2/rxy dx 

Jo 


The dx reminds us that x is the variable of integration, so the only variable in the integrand should be 
x Therefore, we replace y with —x 2 + 2x. 

Volume = 2/r f x(—x 2 + 2x) dx 

Jo 


Next we multiply and integrate to get 

C x 3 -+• 2x 2 ) dx 

o 

We finish by evaluating. 

Volume = 2/r f —4 + J 



—ir units 3 
3 
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problem set 87 

problem set 

87 


1. The money was compounded continuously, so the rale of increase of money nrcsent 

Initially there was SI000. After 100 days there was SI050. Find the amount of y P 
after 200 days, assuming no additional deposits or withdrawals. 


2. Let f(x) = .re -1 . 

49} 

(a) Find all the critical numbers of /. 

(b) Use the second derivative to determine where / attains local maximum and local m’ 
values, and find what those values are. 


(c) Find the x-coordinate of any points of inflection. 


3. 

( 78 ) 


A panicle moves along the x-axis so that its acceleration function is a(t) 
velocity at / = y is 4, and the position when / = 1 is 4. 


—4/ + sin itt. The 


(a) Find the velocity and position functions for the particle. 

(b) Find v(0) and -t(0). 


4. Any ball thrown horizontally falls at the same rate as a dropped ball. A particular ball is thrown 
horizontally from a height of 200 meters. 

(a) How long will it take for the ball to hit the ground? 

(b) If the horizontal velocity of the ball is 40 meters per second, how far will it travel 
horizontally before it hits the ground? 


^5. The slope of the line tangent to y = x 3 + kx is 5 when x = 1. Find the value of k. 

6 . Let R be the region between y = tan x and the x-axis on the interval [0, 3 ]. Use the method of 
<B>> shells to write a definite integral whose value equals the volume of the solid formed when R is 
rotated about the y-axis. 


7. The region R is bounded by the x-axis and y = sin x on the interval [0, zr], Find the volume of 
,B7> the solid formed when R is revolved around the v-axis. 


8 . Let R be the region bounded by x — y 2 , jc = jy 2 , and .r = 4. Find the volume of the solid 
( 81 ) ~’ P 
formed when R is rotated about the .r-axis. 


9. Let g(x) = cos.v and f g(x) dx = k. Evaluate 

(SO) J—l 


10 

I Ml 


. If f e x ~ dx = L, what is f e T ~ dx? 
1 Jo J-fr 



11 . 

mil 


Let/be the function defined by f(x) = .v 3 
Theorem by finding a number c, where 1 


+ .r on the interval [1,3], Confirm the Mean Value 
: c < 3, such that /'(e) = /< 3 j: . 


12. Let / be a function defined by f(x ) = --- - J - on the interval [0, 2]. Does the Mean Value 
' Theorem imply that there exists some number c in the interval (0. 2) such that /'(c) = /< *j ' „° ! ? 
Why or why not? 


13. Let / be the function defined by /(.v) = x 3 - 2r 2 - .t + 2 on the interval [1,2]. Confirm 
,M ’ Rolle’s theorem by finding a number c, where I < c < 2. such that /'(c) = 0. 

14. Let / be the function defined by /(.t) = x 2/3 - 1 on the interval [-2, I ]. Does Rolle’s theorem 
>HS ' imply that there exists some number c in the interval (-2. 1 ) such that /'(c) = 0? Why or 

why not? 


15. Lines are drawn through the point (1, 2), each one forming a right triangle with the positive 
‘ ‘ r-axis and positive y-axis. Find the slope of the line that forms the right triangle of least area. 





Calculus Lesson BO 


1<>. hind —-— where fix ) — 


V-v — 1 sin a 


i VW i 


/(A) 


(,t 3 + l) ,00 (.V — l ) 5 


Integrate in problems 17 nnd 18. 


17. f 4 sin 2 (2.v) dx 
(K.U J 


r<v#.7ri 


24. 

(S8) 


( 28 ) 


18 

( 66 ) 


; 


16 


dx + 


J 


4*r 


.r 


16 


dx 


19. Sketch the graph of y = -— .r)(.r -fr_l) 

J (*■ J. I A /" .-2 ... o\/.. , 


(.r + l)(.v 2 + 2 )(.v + 3) 


20. Find the area of the region between the graph of y — 10 x and the .v-axis on the interval [ 1. 11 


21. Find the area of the region between the graph of y — x sin x and the .r-axis on the 


interval [0, ;r]. 


22. Suppose fix') = v = .v 3 + x 

<S/H 

(a) Write an equation that expresses the inverse of y implicitly. 

(b) Evaluate f~\ 2) by finding the value of .r for which f(x ) = 2. 


X 1 — 

23. Differentiate v = arctan-1- 


+- sin x col x with respect to x. 


The point (1, 3) lies on the graph of a function whose inverse is also a function. Which of 
following must be true? 

A. The point (1,3) lies on the graph of the inverse function. 

B. The point (1,0) lies on the graph of the inverse function. 

C. The graphs of both the function and the inverse of the function pass through the origin. 

D. The point (3, I) lies on the graph of the inverse function. 


25. Let / be the function defined by fix) = 


2x 3 - 4.r 2 + 6 


_ o 


(a) Find all the zeros and vertical asymptotes of the function. 

(b) Determine the end behavior of the function. 

(c) Sketch the graph of the function. Check your graph with a graphing calculator. 

(d) Determine the domain and the range of the function. 


Separable Differential Equations 


A differential equation is an equation that contains one or more derivatives or differentials 
following are examples of differential equations: 


dy 

— = x sin x 
dx 


dy = le x dx 


The solution to a differential equation is the set of all functions that satisfy the differentia^ 
tion Without developed procedures, making a good guess is an excellent way to find the 
^^differential equation. Mathematicians have developed procedures that can be used to find 

solutions to certain types of differential equatrons 
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example 88.1 
solution 


If it is possible to use the rules of algebra to put all terms involving x on one called a 

sign and all terms involving y on the other side of the equals sign, the differentia equa i . Qn ^ 

separable differential equation. We can find the solution to a separable differentia ^ 

integrating both sides of the equation. The differential equation (1) below is a separa e 
equation because it can be written with the variables separated, as we show in (2). 

(1) = 4 (2) dy = 4 dx 

dx 

If we integrate both sides of equation (2), we can find a function that is a solution to the original 
differential equation. Notice that we can combine the constants of integration. 

J dy = J 4 dx - y + C, = 4x + C, -- y = 4x + C 

The function y = 4j + C is called the general solution to the differential equation ( ), 
because it contains an unspecified constant C and thus represents a family of functions. 

Separating the variables and integrating does not work on all differential equations because the 
variables in some differential equations are not separable. However, the technique did wor' ere • 
we had been solving a particular problem and information had been given to allow us to find at e 
value of C was 15, we could have written 

y = 4_r - 4 - 15 

This would have been the particular solution to the particular problem we were solving. 


Solve the following differential equation: 


dy 

dx 


4 cos .v 


We guess a function y whose derivative is 4 cos x, for example y — 4 sin x. Taking the derivative 
gives us 


dy 

dx 


4 COS -T 


Actually, y = 4 sin x + 10 is also a solution to the differential equation, because 


—— = —(4 sin x + 10) — 4 cos x 
dxdx 

We see that the general solution to this differential equation is 

y = 4 sin x + C 

Some differential equations occur so often that we know just what wc should guess to solve 
them. Many applied problems are modeled by the equation shown in (1) below, where Q represents a 
function whose value is always positive. If we take the differential of both sides, we get equation (2). 

(1) Q = Ae k ' (2) dQ = Ake kt dt (3) dQ = kQdt 

But in (1) wc see that Q — Ae kt . Thus, we replace Ae kt with Q in (2) to get equation (3). Now, if the 
statement of a problem says that the rate of change of a quantity is proportional to the amount of the 
quantity, wc can write 

= kQ or dQ = kQ dt 
at 

The k is necessary because k is the constant of proportionality. To solve this differential equation, wc 
guess that the function Q is 

Q = Ae kt 

because if we take the differential of this function, we get 

dQ = Ake kt dt 
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Jf wc multiply every term by 3y and solve Tory, we gel an expression that contains 3 C. Then we 
replace 3C with C to get the general solution. 


-3 = 4x 3 y + 3yC 

-3 = y( 4.v 3 + 3C) 

3 


y = - 


4 a 


multiplied by 3y 
factored 

simplified 


y = ~ 


4x 3 + C 


replaced 3C by C 


To get the particular solution, we replace y with —1 and x with 1. 


-1 = 


1 = 


4(1 ) 3 + C 
3 


4 + C 
C 


4 + C 
3 




Now we have the particular solution. 


y = 


4 a: 3 - l 


or 


y = 


1 - 4x 


This function is a solution to the original differential equation. Differentiating y with 
x yields 


to 


problem set 

88 


"V 


y = 


dy 

dx 

dy 

dx 


I — 4x 3 
0 - 3(—12.r 2 ) 
(1 - 4x 3 ) 2 

36 a : 2 

(1 - 4a 3 ) 2 


solution 


quotient rule 


simplified 


Note that \~ — 


(1 - 4x 3 ) 2 


—. so that 


-i 


4x~y~ = 4x~ 


36x 2 


(1 - 4x 3 ) 2 


(1 - 4 a : 3 ) 2 


So we see 


dy Ail 
—=— = 4x y 

dx 


1. 

( 62 ) 


2 . 

(7■*) 


3. 

( 67 ) 


4. 

( 67 ) 


s. 

( 62 ) 


A force of F(x) = 3x 2 + 1 newtons (forx given in meters) is applied to an object to move n 
along the x-axis in the direction of the force. How much work is done between x — 1 meter 

and x — 5 meters? 

A rectangular tank is 3 meters deep and is filled with a fluid whose weight density »s 
2000 newtons per cubic meter. The width of the tank is 4 meters. Find the force exerted by e 
fluid against one of the faces of the lank. 

R is the region between the x-axis and v = e 1 on the interval fl. 2], Find the volume of the 
solid formed when R is revolved around the y-axis. 

R is the region between the x-axis and y = sec x on the interval [0. |]. Write a definite integral 
whose value equals the volume of the solid formed when R is rotated about the y-axis. 


Lei / be a function defined as fix) = {"' ’ t » Fmd the numencal values of and b that 


(cir * ♦ tin m i i O 

make /differentiable for all values ofx 
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Find 

6 . 

(Ml 

8 . 

(Ml 


9. 

(Ml 


10 . 

1221 

11 . 

<asi 


12 . 

1461 


13. 

(761 


n general solution to the differential equations in problems 6 and 7. 

xdx - ydy = 0 7. — = 4xV 

(Mt dx 

The slope of the graph of a function / at any given point is 3 times the ^oarticular 

or that point. The graph of the function passes through the point (2, 3). nte 
solution of /. {Hint: Begin by writing the implied differential equation.) 

Suppose f(x) = cosx and g{x) = x s — x 3 + x. 

(a) Determine whether ifg)(x) is an even function, an odd function, or neither. 

(b) Evaluate: J (fg)(x) dx 


Find the 6lh term of the expansion of (3x -+- 3’ 2 ) 9 . 

Let / be a function defined by fix) = e 2 * on the interval [0, 1]. Confirm the Mean Valu 
Theorem by finding a number c that satisfies the conclusion of the Mean Value Theorem. 

J 

The volume of a cube decreases at a rate of 6 cubic meters per minute. 

(a) Find the rate at which the edges of the cube are changing when the volume of the cube is 
64 cubic meters. 

^ m 

(b) Find the rate at which the surface area of the cube is changing at the instant in time 
described in (a). 


Find the area of the region between y 


sin 3 or and the x-axis on the interval 



14. Differentiate y 

IS0.64I 


x sec (2x) — - 


a 

b 


— sin x 
+ cos X 


X 

arcs in — 
a 


with respect to x. 


Integrate in problems 15 and 16 

15. f x 2 JP - 1 dx 
<66/ J V 


16. 

< 66 / 


J 


1 


X 


- - 1 


-\/a 2 — .i 


dx 


17. The figures below show the graphs of four functions over the interval [a, b]. Which of them are 
<AS> graphs of functions for which the Mean Value Theorem can be applied on the interval [a, h]? 



18. Let / be the function defined by f{x) = x 2 — 9.r + 14 on the interval [2, 7], Show that for the 
,ss> interval 12, 7] the number c guaranteed by Rotle’s theorem is the midpoint of [2, 7], 

19. Let / be the function defined by fix) — -^4x — x 2 on the interval [0, 4]. Confirm Rolle’s 
<Ki> theorem by finding a number c that satisfies the conclusion of Rolle’s theorem. 


Evaluate the limits in problems 20—23. 

r 3 - 1 

20. lim -- 

< 14 / i-»0 .t — 1 


21 . 

<70/ 



j-»0 X 


22 . 

rr.fj 


In (x + /») — In x 

ltm - 

A-0 h 


23. lim [jc esc (3x)] 

<79/ Jt-»0 J 


24. Let v = acosx + b sin x where a and b are positive constants. Evaluate* v *4- - 

' ' ' dx 2 

25. The graph of fix) = ax 3 + bx 2 + cx + d has a relative maximum at (0, 0) and a point of 
inflection ai (1. —2). Find the equation of / by determining a, b, c. and d. 
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LESSON 89 Average Value of a Function • Mean Value Theorem 

for Integrals • Proof of the Mean Value Theorem for 
Integrals 


89.A 


average value 
of a function 


The average value of a function can be explained graphically by using a side view of a tank made of 
glass that is sitting on the .v-axis and is partially filled with water. 



In the figure on the left-hand side above, the surface is smooth and the depth of the water is given by 
the constant function g(.r) = k = h av . The area A of the rectangle is the length b — a times the 
height h * 

=• aijf 


Area = {b — a)h 


OVR 


In the figure on the right-hand side the water has been disturbed, and the depth of the water against 
the front glass of the lank is given by fix). If we assume that the depth of the water is fix) everywhere 
from the front of the tank to the back of the tank, the area A is unchanged, because the amount of water 
m the tank is unchanged. This area can be described by the following integral. 



Since the areas are equal, we can write the following equality and solve for/t . by dividing both sides 
by b — a. 

< h - a >v,= r /<r) dx — h -* = r /( r> * 

This tells us that if we divide the area by the length of the tank, the result is /i . the average value of 
the height of the water. This value js the same whether the surface is smooth or the surface is 

not smooth. 

We can extend this idea to define the average value of any continuous function on a closed 
interval [a. b] where b is greater than a. Symbolically, there is only one difference: we use lo 

mean average value rather than h for average height. 


Definition of the Average Value of a Function 


If / is continuous on the closed interval / = [a, b\. where b > a. 
then the average value of / is given by 



If the average value computed for a given function on a particular closed inierval / is negative, 
we know that more of the area between the x-axis and the graph is below the v-a.vis than above the 

jr-axis on the interval. 
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example 89.1 
solution 


example 89.2 
solution 


_ 89.B 

mean value 
theorem for 
integrals 


Find the average value of the function f(x ) = x 2 - 10 on the interval / = M* 2 *' 

To find tlic average value between —I and 2 inclusive, we divide the definite integral b 
2 by the distance between the .r-values of—1 and 2, which is 3. 


v 

tn-g 


-1- f 2 (x 2 ~ 10) dx 

2 _ (_l) J-t" 


Now we integrate and evaluate the result at 2 and — 1. 



We remember that the definite integral assigns a plus sign to areas above the x-axis and a min 
to areas below the.t-axis. The average value of y(—27) tells us that the algebraic sum of the areas _ 
the .T-axis and the negative of the areas below the x-axis is —27 and that the average va ue o 
function is —9. 


y 



Approximate the average value of the function /(.r) = Ae 2 * on the interval / = [0,31. 

The average value of the function on [0, 3] is the value of the definite integral of the function from 0 
to 3 divided by the length of the interval. 




= —-— f 3 4 c 2x dx 
3 - 0 Jo 


To integrate, we need a constant factor of 2 to the right of the integral sign. 


avg 


" I J„’ dx = f(i) Jo’ '"' <2) * - fb 1 '] 


V = -(e 6 - e°) = 268.2859 
3 


3 

o 


In Lesson 85 we discussed the Mean Value Theorem. In this section we will discuss a different 
theorem with a similar name, the Mean Value Theorem for Integrals. It is an existence theorem that 
is used in the proof of other theorems. In a later lesson, the Mean Value Theorem for Integrals is used 
to prove that every continuous function over a closed interval can be integrated. The Mean Value 
Theorem for Integrals says that if a function is continuous on the interval [a. h], then there exists at 
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least one number c between o and b such that /(c) is equal to the average value of the function on the 
interval [a. b]. 


y 

y = ((*) 



a 



y 



On the left-hand side above, we show the graph of a function f on the interval [o, t]. We know that 
the average value of the function v on this interval is the area A divided by b — a- 


v 



The Mean Value Theorem for Integrals says that there must be at least one number c between and 
b such that /(c) equals the average value of the function on [a. b}. For the function graphed above 
there are three such values of x, which we have labeled c,, c n , and c in the right-hand figure. 


Mean Value Theorem for Integrals 

If / is continuous on the closed interval / = [a, b], there exists at 
least one number c between a and b such that 

/(c) = —-- f fix) dx 

b — a 


example 89-3 Given that the average value of fix ) = 2x 3 on the interval [0, 3] is y, use the Mean Value Theorem 

for Integrals to find some number c such that /(c) = y. 

solution The Mean Value Theorem for Integrals cannot be used to find such a value. The theorem simply states 

that such a c exists. We use algebra to find the value of c. 

/(c) = 2c 3 = = f -- c = 3^ - 1.8899 

Note that 0 < c < 3. 


89.C 

proof of the 
mean value 
theorem for 
integrals 


now prove Lhe Mean Value Theorem for Integrals. 

First note that if / is constant on the interval [a, by i.e. /(.v) = K for all values of -r in the 
interval la, b) with K constant, then 




a 



K dx 


-lib - a)/C] 
a 


substituted 

evaluated the integral 
simplified 



So we can choose c to be any value in the interval, since fix ) = A' for all values in the interval. 

Next we assume / is not constant on the interval [a, b\. By the maximum-minimum va * u ^ 

existence theorem (from Lesson 63). we know / attains both a maximum value. M = /</). ar * a 

... — r/t-\ on In hi Assume k < I for the remainder of the argument (If A 


minimum value, m = /<*>, on la. *]. Assume 
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problem set 

89 


a similar argumcru will work.) Note that k and / arc in the interval [a, b\. so [k, /] is comp ele y 
[a. b\. So m < fix) <, m for ail x in [a, b]. Therefore 



m dx <, 



dx 5 



M dx 


from the integral properties found in Lesson 57. Since m and M are 
inequalities becomes 


constants, this system 



m(b — a) < f f(x)dx£M(b — a) or 

Ja 

m < —-— f* fix) dx < M 
b — Q 

This last system is the same as 

f(k) < \ b fix) dx < fU) 

b — a Ja 

Since [fc /] is contained in [a. 6], we know / must be continuous on [L /] since it is continuous 
[a, b\. Therefore, we can apply the Intermediate Value Theorem to conclude there is some c m ' 
(and therefore in (a, b)) such that /(c) = N for any number At between fik) and fit)- In particu 
there is a c such that 

/(c) = —^— f fix) dx 
b — a Ja 

This completes the proof. 


1. The end of a triangular trough is shown. 

The trough is filled with water to a depth of 
2 meters. 

(a) Find the total force on the end of 
the trough. 

(b) Find the work required to pump the water out of the trough, assuming the trough is 
3 meters long. 

2. The function fix) = Tx 273 is defined on the closed interval [—1, 8]. Use the critical number 
,&J> theorem to find the maximum and minimum values of / on this interval. 



3. Let the functions / and g be defined for all values of x; and let / be an odd function and g be an 
even function. Determine whether each of the following functions is an even function, an odd 
function, or neither. 

(a) — (b) fg (c) f 2 g 

8 

4. Find the average value of the function fix) = x 2 + 6 on the interval [—1. 31. 

ISV) 

5. Find the average value of the function fix) = xe x on the interval [0, 21. 

<SV) 

6. Let / be the function defined by fix) = x 3 + 4 on the interval [-2, 21. Find a number 

I AV| ^ 

c 6 [—2, 2] guaranteed by the Mean Value Theorem for Integrals. 

7. Suppose that the average value of the function fix) = 3x 2 on the interval [-1,2] is 3. Is there 
l!tv> a number c e [—1,2] such that /(c) = 3? If so, what is the number? 


Find general solutions to the differential equations in problems 8 and 9. 


8. x dx + 2v dx = 0 

(Ml 


9* 

f&Jt 


Jy 

dx 


6x 


2 5 

V 
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The slope of a curve at any given point on the curve is twice its x-coordinatc. Find the equation 
of the curve given that it passes through the point (I, l). 

If tTioney is compounded continuously, the rate of increase is proportional to the money present- 
This statement can be expressed as the following differential equation: ^ = kB . The solution 
to this differential equation is B = Pe r \ where B is the balance in the account at some time /. 
P is the amount of the initial deposit, and r is the annual interest rate. How much money should 

be invested in an account with 8 percent continuous compound interest to reach a value of 
S20.000 in 21 years? 


Lel f be lhe function defined by /(.r) = 4x 2 - 36x + 89 on the interval [3, 6], Show that, for 
the interval 13, 6], the number c guaranteed by the Mean Value Theorem is the midpoint 
of [3. 6]. 


|3. Let f and g be continuous functions that are defined for all real numbers x and that have the 
following properties: 


fix) dx = 2 
Jo 

(a) Find the value of 

(b) Find the value of 





14. Let R be the region completely bounded by y = x(I — x) and the x-axis. Write a definite 
<tt7> integral whose value equals the volume of the solid formed when R is revolved about the y-axis. 


15. Let R be the region in the first quadrant bounded by y = 1 — x 2 and x + y = I- Find the 
lSI> volume of the solid formed when R is rotated about the x-axis. 

16. Let R be the region bounded by the graph of x + 2y — 3 and the coordinate axes. Use y as the 
,7r7 * variable of integration to write a definite integral whose value equals the volume of the soli 

formed when R is rotated about the x-axis. 


Differentiate m problems 17 and 18 with respect to x 


17. f(x) = 

<tU) 


18. y 

lX> (V». 72} 


= arc tan x + In (sin x\ + 14 x — 


sec x + e 
1 + x 


19. Find the area bounded by one arch of the graph of v 

fgJJ 


= sin 2 x and the x-axis. 


20. Graph: y = 


x 2 + I 


r«v 


Integrate in problems 21 and 22 
21. f cos (2x ) e i,n 12 x> dx 


22. r-jS 

I<*|| J X 


+ 1 


dx 


Find if 
dx 


xv + J 


y 2 = 0. 


<3*> 
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24. Shown at right is the graph of the 
derivative /' of a function / Which of the 
following graphs could be the graph of /? 




25. 

|7.M> 


Given /(x) = sin ( 2x — zr) and g(x) = cos (2x + zr), which of the following statements 
are true? 


A. The graphs of / and g are identical. 

B. Both / and g are even functions. 

C. The period of / equals the period of g . 

D. The amplitude of g is greater than the amplitude of /. 


JLESSON 90 Particle Motion II 


If the graph of a continuous function / is above the /-axis between / Q and /,, the definite integral of the 
function from z Q to / ( is a positive number equal to the area between the graph of / and the /-axis 
between t Q and z r If the graph of / is below the /-axis between / ( and r,. the definite integral of the 
function from /, to z, is a negative number equal to the negative of the area between the graph of / and 
the /-axis between /, and /,,. The definite integral of / from t Q to /, for the curve shown below is the 
sum of the area above the /-axis and the negative of the area below the /-axis. 


f(0 



The definite integral of the velocity function of a particle moving along the x-axis represents the 
algebraic sum of the left (—) and right (+) distances traveled by the particle, because 

J v(r) dr 


represents the sum of many terms (infinitely many) of the form 

rate - time 



Since distance = rate - lime, the net accumulation or change in position is simply [ v(/) dt. 
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example 90.5 


solution 


problem set 

90 


What is the total distance traveled to the left by the particle in example 90.4 between times t — O 
and / = 2? 


The velocity is zero when t equals — and —. 

2 2 


WO 



The particle is moving to the left when the velocity is negative. Thus we integrate KO from 
* = 2 = | to obtain the desired result. 

2 Ji/2 ^ C ° S dr) = 2 t sin = 2^ sin - sin = 2(-l - ]) = -4 

The negative sign on the definite integral indicates that the area is below the.v-axis and that the particle 
moved 4 units to the left between i = ± and / = 2 

♦ 4 * 


1. A cone whose dimensions are as shown 
contains water that has a depth of h cm, but 
the water is dripping out at a rate of 
5 cm 3 /s. How fast is the depth of the water 
decreasing when the depth of the water 
is 2 cm? 



2 - 

190) 


3. 

190) 


4. 

190) 


5. 

1*9) 


6 . 

iS9j 


7. 

f*v> 


8 . 

IS9i 


Let v(r) be the velocity of a particle moving along the x-axis. Suppose that 

v(f) dr — 6 J* v(/) dt — —3 

The particle's position at t — I is 5. Find the particle's position at t — 5. 

A particle moves along the x-axis so that its position as a function of time / is given by 
,rf/) — / 3 — 3/ -4* 2. 

(a) What are the positions of the particle at t = 0 and t = 3? 

(b) What is the total distance traveled by the particle between / = 0 and t = 3? 

When 1 f — 2 the velocity function for a particle moving along the number line is given 
by v(/> = 2jt sin (tt/). 

(a) Find the time(s) / for which the particle is momentarily at rest. 

(b) Find the total distance traveled in the negative x-direction by the panicle. 

Find the average value of the function /(.t) = sin (2x) on the interval 




Gottfried drops a ball from a height of 576 feet. Find the ball's average height between the time 
it is dropped and the time it strikes the ground 


The acceleration of a particle moving along a number line is given by the equation 
fl (/) ^ 4^rsin/. The velocity of the particle at t = 0 is n Find the average velocity of the 

particle over the interval 0 < t < n 

f(jc) = r 2 + 1 on the interval 13, 4J. Find the number c guaranteed by the Mean Value 
Theorem for Integrals. 
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9. 

MW 


Given that the average value of the function /(x) — 


on the 


interval [0. 3] is 5 , find ^ 


10 . 

(Mf 


. M 1 ♦ 16 

number c guaranteed by the Mean Value Theorem for Integrals. 

Jan put $1000 in the bank. The money is compounded continuously, which jjj®® j year 
amount in the account increases at a rale proportional to the amount in the accou 
the account held $ 1100 . 

(a) What annual interest rate did the bank pay? . . 

(b) If the bank always paid the interest rate found in (a), how much should Jan have d po 
to have $90,000 after 20 years? 


Find general solutions to the differential equations in problems 11 and 12. 

dy _ J_ 
x 


11 . 4 xdx — 2 y dy = 0 


12 . ^ 

dx 


13. The slope of a function / at any given point on the graph of the function equals the rcc *P^ oC ^ 
<8a * the .^-coordinate of the point. Find the equation of / given that its graph passes oug e, 

14. Let / be a function defined by /(x) = 2 sin x on the interval (0, jr]. Find a number c e [0» 
guaranteed by Rolle's theorem. 

Let / be the function defined below. Find the numerical values of a and b that make the function 
/ differentiable for all values of x. 

2 + bx when .t > 1 
when x < 1 


MS» 


15. 

<51) 


/(-t) 


- fes 


16. 

(B7i 


I 

Let R be the region between y — — and the x-axis on the interval [1,2]. 


x 


(a) Use x as the variable of integration to write a definite integral whose value equals the 
volume of the solid formed when R is revolved about the y-axis. 

(b) Evaluate this integral. 


Integrate in problems 17—21 

J 3* dx 


17. 

(7Jt 


20 . 

(«> 


f cot x esc 2 x dx 


18. 

t69) 


21 . 

(«■*< 


Jxln 


x dx 


19 

<0Al 


; J 


3xe s ~ dx 


T 5 
J 1 + x 2 


Find: — 
dx 


[ arctan (sin x) + In (x 2 — l) + —-— 1 

x + lj 


4i 1 - 16 


23. Let /(x) = . 9 . Determine whether / is an odd function, an even function, or neither. 

Sketch the graph of /. Clearly indicate all zeros and asymptotes. 

If / is a function whose inverse is also a function, which of the following sets of points could lie 
on the graph of f? 

A. {(1.3). (-1,3), (2, 4)} 


(SQM) 


24. 


C. {( 1 . 2 ), ( 2 , 3), (3, 1 )} 

25. Let / be the function defined by /(x) = 


B. {(3. 1). (3, 2). (2, 3)} 

D - {Gr , M4 , } ( - , - 2) } 


X 3 - 2x - 1 
x + 2 


(a) Determine the vertical asymptotes and the end behavior of the function. 

(b) Sketch the graph of the function. 

(c) Determine the domain and range of the function. 
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LESSON 91 Product and Difference Indeterminate Forms 


example 91.1 


Wc have seen various techniques for finding limits. For example, when we encounter 


x~ — 4 
Iim - 

x — 2 


wc factor ihc numerator and cancel 


- J'i" ~ x + r 2) - ( ~2 2) = i’ii (x * 2) = 4 


lim - 

2 , r - 2 

In the special case of the limit of a rational function as x approaches +°° or we simply 
terms by the highest power term in the denominator (coefficient excluded). 


all 


lim 


1 lx — 3 r 2 

-- lim 


5x 2 t 17.x 

*r -r- 


5 + 


17 


x 


6x 2 — 4 


6.r 2 


= lim 


6 - 


.v 


5 + 0-0 
6-0 


5_ 

6 


Some limits cannot be handled by these techniques. The following are two examples: 


lim 

x —»0 


sin .v 


In x 
lim - 

e x 


L’HopitaTs Rule was introduced in Lesson 79 to evaluate such limits, and we repeat that rule hereu 


L’Hopital’s Rule 


If lim - - is an indeterminate form and if lim - exists, then 


gC*) 


x—*a 


g'(x) 


lim = lim f ' M 


x—* a 


g(x) 


JC • £J 


g\x ) 


In this lesson we introduce two new indeterminate forms, 0 - «> and — «*. Handling these 
forms requires algebraic manipulation. In the case of 0 • », which involves the product of two 
terms, we divide by the reciprocal of one of the terms to obtain either of the indeterminate 
forms § or L’Hopital’s Rule can then be applied. When the indeterminate form 00 ~ 00 ,s 
encountered, we simply find a common denominator and combine the two terms into a single fraction. 

yielding the form or — - 
Evaluate: liin [r(csc J )] 


solution The form 0 


is indeterminate, so we rewrite xfese at) as a ratio. 


x(csc .r) = x 


1 


x 


sin x 


jsJq w we can use L’Hopital s Rule. 


lim [x(csc x)] 

j —»0 


,. X 

_ ], m - 

*—*o sin x 

= lim —-— 
jr -»0 cos x 

I 


sin x 


indeterminate form — 

0 


L’Hopital’s Rule 


* 


I 


evaluated limit 


























r 
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example 91.2 
solution 


example 91.3 
solution 


I 

example 91.4 
solution 


Evaluate: lim in x) 


X —♦ 


Again we have an instance of the form 0 • «>. We can rewrite the function as a ratio and app y 
L'Hopital’s Rule. 

lim In x) = 


jr—> — 


lim 

In x 

indeterminate form 

lim 

e x 

2 

X 

L'Hdpital’s Rule 

JI-»“ 

lim 

e x 

1 

simplified 

0 

xe* 

evaluated limit 


Evaluate: lim f--?—1 

\ x sin x ) 

This is an instance of the indeterminate form 00 — 

l,m a - -L-) 
x—»o ^ .t sin x ) 


o, so we rewrite the problem as the limit of a ratio. 

sin x — x 

= lim- 

x-»0 X sin x 


This rewritten version has the indeterminate form —. Thus we apply L.’H6pital s Rule. 

0 


,. sin x — x 

lim - = urn 


cos x — 1 


x-*o x sin x 

0 


x—*o .x cos x + sin x 


We again have the indeterminate form —. Thus L’HdpitnJ's Rule must be applied once more. 


lim 


cos x — 1 


= lim 


—sin x 


x—»o x cos x + sin x ■*—*0 x(—sin x) + cos .r + cos x 

_2_= 2 = o 

0+1 + 1 2 


L’HopitaPs Rule 


evaluated limit 


Evaluate: 




The indeterminate form «*» — «■» arises in this problem. Since we have two fractions, we combine 
them by using a common denominator. 


lim 

x—*0'*' 






As x approaches 0 from the right, the numerator approaches 1 and the denominator approaches 0. Thus 

the quotient approaches +«. Therefore, lim x r ^ f -j - -M = +■». We confirm this result with a graph 

of the function y — 7 — -7=-. 

1 %■» 
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example 91.5 
solution 


problem set 

91 


Notice that L^HCpitaPs Rule was not needed even though we had an indeterminate form. This usually 

is not the case. Wc only avoided having to use L’Hdpital’s Rule by choosing the common 
denominator carefully. 


Evaluute: lim f —--esc .vl 

V x ) 


We check the one-sided limits first, beginning with the right-hand limit. 


lim [—5-esc x I = -oo — 

r-.0 + V x ) 


O 00 ) 


This is not an indeterminate form. There is no ambiguity here, because both terms contribute to the 
total expression becoming large and negative as x approaches 0 from the right. 


lim [ —- — esc x ] = — 
^-♦o* k -v ) 


Now we check the left-hand limit 


lim f —--esc -r | = 

I-. 0 - v x ) 


- (-~) 


Again, this is not an indeterminate form. 


lim f-i - 

x— »o~ k .r 


esc x 


Y 


Since these two one-sided limits differ, we know lim f —--esc x \ 

.r J 


docs not exist. 


1. A right circular cylinder is inscribed in a right circular cone of radius 4 cm and height 6 
shown The radius of the right circular cylinder is r, and the height is h. 




2 . 


3. 

1901 


(a) Express the volume of the right circular cylinder in terms of r. {Hint: Use the figure on the 
right-hand side and the properties of similar triangles to find h in terms of r.) 

(b) Use calculus to find the radius and height of the right circular cylinder of greatest volume 
that can be inscribed in the right circular cone. 

(c) What is the maximal volume that the inscribed right circular cylinder can have? 

The time-dependent velocity function for a particle moving along the .r-axis is v. Suppose 

j~ v{r) dt — 3 J ^ v(t) dt — -5 v{t)dt = 10 

(a) How much does the position of the panicle change from / = 1 to / = 6? 

(b> if the particle is at x = 9 when r = 2, what is the position of the particle when t — o - 

A particle moves along the .v-axis so that its position as a function of time / is given by 
,v(/) = Y - 6 r z + 9r + 2. 

(a) What is the position of the particle at i = 0 and at / = 4° 

(b) What is the total distance traveled by the particle between / = 0 and / = 4 1 
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The velocity function for a particle moving along the number line is *'(/) — 
where 0 < i < |. 

(a) Find the time(s) i for which the particle is momentarily at rest- 

(b) Find the total distance traveled by the particle in the negative x-dircclion. 


Evaluate the limits in problems 5—8. 


5. lim (x esc x) 

(Wl i-»0 

,7,: ,im t sec x cos C3*)l 

iyit x —»( n/2 

JJ* t ^ le average value of the function /(x) 


6. Iim (x In x) 

tvt> jt-.O’' 


8 . 

i »it 


. im f-i- - 

x —wO Vsin x x J 


cos (2x) on the interval T ^ * 



10. Isaac drops a ball from a height of 576 feet. Find the ball’s average velocity between the time it 
is dropped and the time it strikes the ground. 


LL The acceleration of a particle moving along a number line is given by the equation 
n(f) — 2jz cos (2/). If the velocity of the particle at t — 0 is 2, what is the average velocity of 
the particle over the interval 0 ^ r < ht. 


LL Let / be a continuous function on the closed interval [a, b]. Suppose that 
j M fix) dx = 10, a = 3, and the average value of the function / on fa, b\ is 5. Find b. 

13. Let / be a function defined by /(x) = j on the interval [1, e]. Find the number c e [I. 
guaranteed by the Mean Value Theorem for Integrals. 

14. Let / be a function defined by /(x) = x on the interval [a, b]. Show that for the interval [a, b] 
the number c guaranteed by the Mean Value Theorem for Integrals is the midpoint of [a, b]. 


15. 

1 871 


Let R be the region between y = x — 2 and the x-axis on the interval [2, 5]. Use the shell 
method to find the volume of the solid formed when R is revolved about the y-axis. 


16. Let R be the region in the first quadrant bounded by x = 9 — y 2 and the coordinate axes. Use 
the shell method to find the volume of the solid formed when R is rotated around the x-axis. 


17. 

/«) 


18. 

(Ml 


Find the general solution to the differential equation — dx — — dy = 0. 

y x 


Find the particular solution of = 4x 3 y~ that intercepts the point (1. 2). 


19. 

(Ml 


(a) 

(b) 


Let / be an even function, and suppose that 
Let / be an odd function, and suppose that 



5. Find the value of J" /(x) dx. 
5. Find the value of f fix) dx. 


The speed limit on a highway is 65 mph. At 5:00 p.m. a police officer patrolling the highway 
secs a truck go by at 60 mph. The officer radios another police officer seventy miles down the 
highway who secs the same truck go by at 6:00 p.m. traveling 60 mph. 

(a) Find the average speed of the truck between 5:00 p.m. and 6:00 p.m. 

(b) The truck driver is ticketed for speeding but argues that he was never clocked over 60 mph. 
The truck driver is convicted by a judge who points out that he must have been traveling 
70 mph at least once. Is the judge correct? Explain your answer. 


21. Find the equation of the line tangent to the curve x y + y 2 = y at (0. 1) 
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Integrate in problems 22 and 23. 

22. f cos 2 (3.x) dx 

r«jj J 


23. f cos 3 (3.x) dx 

J 


24. 


25. 

I27t 


Let /(.x) = Vl + 6.r. 

(a) Find the domain and range of /. 

(b) Find the coordinates of the point on the graph of / where the tangent line is parallel to 
y = .x + 12. 

Let f(x) = 2.x 2 4- 1. 

(a) Find ,x 0 such that the tangent lines to the graph of / at (.r Q , /(,v Q )) and (— arC 
perpendicular. 

(b) Find the slopes of the tangent lines in (a). 

(c) Find the coordinates of the point of intersection of the tangent lines in (a). 





We remember that a function is a one-to-one function if no two different input values produce 
same output value. Both of the following graphs represent functions, because every value of x is 
paired with only one value ofy. (Any vertical line will touch either graph at only one point.) However, 
both graphs are not one-to-one. The horizontal line y = 2 touches the graph on the left in two places, 
and both x. and x^ are paired with the y-value of 2. The function graphed on the right is a one-to-one 
function, since no horizontal line touches the graph twice. 




Every one-to-one function has an inverse function whose graph is a mirror image of the function 
in the line y = x. On the left we show the graph of a one-to-one function that we call / and the 
of its inverse function f~ l . The symbol /~‘ is read as “/ inverse.” If the point (a, b) is on the ® 

/, then the point (b. a) must be on the graph of /” 1 . The slope of / at (a, b) is the reciprocal of the s ope 

of /-* at ( b. a) and vice versa. 
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In the figure on the left-hand side above, we show the point (4, 2) on the graph off and the po. 
(2,4) on the graph of/" 1 . For both functions * is the independent (input) variable, an y 
dependent (output) variable, as shown in the function machines below. 


x • 
4 - 



m 

2 



f~\x) 

4 


From the graph on the right-hand side above, we see that the slope of f 1 when x ^ is 
the slope of the graph off when x = 4 is f Since 4 is f~ l evaluated at 2, we can write 4 - / 14J* 
Because the slope of the graph of a function of f is determined by its derivative, we can write or i 
example that the derivative of the inverse function evaluated at x = 2 equals the reciproc o t c 
derivative of the original function / evaluated at 4, which we know is equal to f (2). 


(/“')'( 2) = | = 



1 1 

/'( 4) /'(/■'( 2)) 


In general we can say the following: 


cr'no 


i 

rcr'oo) 


Of course, this is only true for those values ofx for which both sides of this equation are defined. 

The notation can be confusing, but the important thing to remember is that the slope of the 
inverse function at (c, d) equals the reciprocal of the slope of the original function at (d t c). We 
investigate this in two steps. First wc use the function fix) = x 3 and its inverse function 

= V^. 


Function 


Inverse Function 


fix) = x 3 /-«(x) 

fix) = 3x 2 (/ -l )'(x) 

1 

But what is \fx in the lower right-hand equation? It is the output of the / -l machine when the input 
is x, which is expressed mathematically as /~'(x). If wc replace *fx with f~\x), wc get the following 
expression for the derivative of f ~ 1 evaluated at r 


= \fx 

1 

3(V^) 2 


(/-* Yix) 


1 

3(/~’ (x)) 2 


1 

nr x 


Following a different approach, consider the one-to-one function / and its inverse function g . 
We use the definition of inverses and the chain rule to give a general proof of the boxed 
equation above. 


figix )) 
r(s(x))g\x) 

g'(x) 


X 



risix)) 


definition of inverse functions 
differentiated both sides with respect to x 

divided by /'(g(x)) 


We use g rather than / 1 so that using the chain rule Tor derivatives to get the second equation does 
not cause confusion. Replacing g with / -l at this point gives 


(r 1 Yix) 


i 

nr 1 ix)) 
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example 92.1 


solution 


example 92.2 

solution 


The function /(.r) — x 3 *♦* x — 1 is a one-to-one function. Find the slope of the graph of the inverse 
function f ~ 1 at the point (-1, 0). 


y 



We want to find the slope of the graph of the inverse function at the point (—1, 0). Because there is 
abundance of information, the answer can be found in two ways. The first is to find the equation o 
the inverse function, differentiate, and evaluate at (—1, 0). 


y = x 3 + x — 1 
.r = y 3 + y — 1 

dx ~ 3 y 2 dy + dy 
dy _ I 
dx 3 y 2 + 1 


(/-•rw 


i 

3y 2 + 1 


function 
inverse function 
differential 

simplified 

derivative 


Since the point (—1. 0) lies on the graph of the function, we use x = — 1 and y = 0 in the equation 
above to get 


(/-* )'(-D = 


1 


3(0) 


1 


= 1 


Notice that the graph seems to justify this answer. 

The other way to arrive at this answer is to use the equation 


(/-’ )'(-D = 


1 


/'(/-'(-u) 


First we find /'(at), 


f*{x) = 3x 2 + I 


We remember that/"'(-I) is the value of y = f l (x) when x = -1. which is 0. Therefore 


(/"* )'(-!) = -77 


1 


/'(/"■ (-D) 3(0) 2 + 1 


= 1 


Let f( x ) = X 3 + X and let h be the inverse function of /. Find /j'(2). 

u inctead of f~ l because it is less confusing. The function / must be a one-to-one function 
because its inverse is a function, and only one-to-one functions have inverses that arc functions 

know from this lesson that 

h ' M - TUm) 
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Thus, we begin by finding the derivative of /. 

fix ) = x 3 + x 
fix) = 3x 2 + I 

Substituting in the equation for the derivative of /i gives us 

h'Cx) — —-- substituted 

3 (Hx)) 2 + I 

/i'(2) — -5—- evaluated 

3(/i(2)) 2 + 1 

But what is /i(2)? Since h is the inverse function of /, it is the value of x for which fix) — Thus, 
we need to solve 


2 — X 3 + X 

Usually we would have to solve this cubic for x, buL the solution is apparent by inspection. We can 
see that x has to equal I. 


2 = (l) 3 + 1 

So our answer is 


h'i 2) 



1 

4 


Had we been asked to find the value of /i'(12), we would have been in trouble, because this 
would require that we find the roots of the cubic 


12 = x 3 + x 


In that case we would use our calculator to approximate the value of x by finding the intersection point 
of the functions Vi =12 and V2 = X 3 +X or by finding the root of the function Vl=X^+X“12. 
The drawback is that we would not get an exact answer. 
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1. A particle traveling along the x-axis begins at x = 4 when t = 0 and moves along the axis so 
that when t > 0 its velocity is given by v(r) = - . 

(a) Write the equations that describe the acceleration and position of the particle ns a function 
of time. 

(b) What velocity does the particle approach as t increases without bound? 


2. A particle moves along the x-axis so that its position function is given by the equation 
,90 ‘ xit) = 2f 3 -9 1 2 + 12r + 9. 

(a) Determine the positions of the particle at t = 0 and t = 2. 

(b) Determine the total distance traveled by the particle between / = 0 and t = 2. 

2 

3. Suppose fix) = xe~ x ~. Find all the critical numbers of /, and determine whether / attains a 
local maximum ora local minimum at each of the critical numbers found. Use the first derivative 
test to justify the answer. 

4. Suppose that fix) = x 3 - x - 1. Find the slope of the graph of the inverse of / at the 
' *' point (-1,0). 

5. Suppose fix) = x 3 + 2x and h is the inverse function of /. Evaluate h (3) and /»'(3). 

6. Suppose /(x) = x 3 + x and h is the inverse function of /. Evaluate /i(0) and /i'(0). 

Evaluate the limits in problems 7—10. 


7. 

lim 

[4x 

esc (2x)] 

8. 

,. In x 

lim — 

(W» 


1 7VJ 


9. 

hrn 

* 

In x 

10. 

lim (tan 

iv; i 

X t 



i9f) 



— sec x) 
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11 . 


12 . 

(Ml 


13. 

|«U/ 


14. 

i«# 


15. 

ttfV) 


16. 

ISSI 


17. 

(&ji 


18. 

171 ) 


19. 


20 . 


21 - 

*<WI 


22 . 

1501 


23. 

I TO ~<*l 


An account continuously compounds interest at un annual rate of 9 percent. How much money 
should be deposited in the account so that it will contnin $50,000 in 30 years, assuming no 
further deposits or withdrawals? 


Find the general solution to the differential equation v tlx — dy — 0. 

A particle moves along the x-axis so that its acceleration at time t is given by a(t ) — 3 sin t. If 
the velocity of the particle is 3 at t = 0, what is the average velocity of lire particle on the 
interval 0 < t < k. 

Let f be the function defined for all real numbers x by f (.v) — .v 3 + ax 2 ■+• bx + c with the 
following properties: 

(1) The graph of / has a point of inflection at (0, —3). 

(2) The average value of f on the closed interval [0. 4] is — 1. 

(a) Find the values of a. b, and c. and write the equation of /. 

(b) Find a number in the interval [0, 3] that confirms the Mean Value Theorem (for derivatives! 
for the function /. 

Let / be the function defined by f(x) = 3x 2 + 2x + 1 on the interval [—1,2]. Find a number 
c that confirms the Mean Value Theorem for Integrals. 

At 1:00 p.m. a car traveling 65 mph along an interstate enters a 4-mile speed trap. Exactly 
3 minutes later the car exits the speed trap traveling 65 mph. 

(a) Find the average speed of die car while it is in the speed trap. 

(b) Suppose the posted speed limit along die interstate is 70 mph. Was there some instant when 
the driver of the car was speeding while traveling through the speed trap? Explain. 


Use logarithmic differentiation to compute 


/'(*) 

fix ) 


where fix) — 


sin x 


(x 3 + l) 3 (x 4 + O'* 


Let R be the region bounded by the graph of y = sin x and die x-axis on the interval [O. tt\. Find 
the volume of the solid formed when R is rotated about the.r-axis. 

The definite integral J 0 # * (cos .r)[cos (sin x)] dx is equivalent to which of the following definite 
integrals? 



f cos it du 


i-x/2 


r*/2 

D i 

A 

B. 

cos it du 

1 n 

c 

j sin // du 

J n 


J-l 


•*0 


» u 



Suppose b > a and 

(a) dx 

Jb 


rb 

I 

Ja 


dx = k Determine the values of the following 


(b) 

J-h 


cov X 


dx 


arcsin 


^ ■+■ r 


i 






.r 




Differential v — 


% x 


+ 2 In |sin x + cos x\ with respect to .r. 


Which of the following limits does not exist? 


A. hni 


i-»u sin x 


B. lim sin — 

* -»o 1 


^ . I 

C lim sin — 

» -.0 



1 
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24. Suppose the poinis (4, 2), (3, 4). and (5, 6) lie on the graph of the function /. Which of the 
following statements must be true? 

A. The poinis (-4, -2). (-3, -4). and (-5. -6) lie on the graph of the inverse of /. 

B. The points (4, 2), (3,4), and (5, 6) lie on the graph of/ -1 . 

C. The points ~ j, JL\ and lie on the graph of f~ l . 

D. The points (2,4), (4, 3), and (6, 5) lie on the graph of/ -1 . 

25. A right circular cone is inscribed inside a hemisphere so that the base of the cone Is the same as 
the base of the hemisphere. The radius of the hemisphere is r. Find the surface area o e cone 
(including the base) and the volume of the cone. 


wesson 93 Newton’s Method 


Since your earliest algebra courses you have used various methods to find the roots of equations. 
Simple algebra can be used to solve linear equations, while the quadratic formula can be employed to 
solve quadratic equations. Factoring techniques allow us to solve equations of higher degree, but these 
are not always applicable. Some rather complicated formulas can be utilized to solve cubic and quartic 
equations, but, because of their length and intricacy, these are not often employed. However, it has 
been proven that no formulas exist for quintic (5th order) and higher-degree equations. Indeed, the 
number of equations for which we can find exact roots is quite small. From a practical standpoint, we 
need only be able to numerically approximate the value of the root of an equation. With this in mind, 
we turn to one of the best known methods for approximating roots of equations, Newton's method. 



We are interested in approximating the value of r, which is the jc- intercept of the graph of/. We begin 
this process by choosing a seed value. x y near r. (The term “near" is highly relative, which we 
discuss later.) 

Next we draw the line tangent to the graph of / at the point (x,, /(*)). Notice that this tangent 
line crosses the .r-axis at a point closer to (r, 0) than (x. 0). We call this point (x 0). 

y 
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example 93.3 
solution 




Pressing 0^9 produces the first corrective approximation. 

-1- 375000039 

Successively pressing Q) yields die next several approximations of the zero prescribed by 
Newton’s method. 

-1.079313593 

-1.004627413 

-1.000017045 

-1 

We see that the zero is — 1. If we continue to press —1 keeps appearing. The answer can be 

checked by noting /(— I) = —I — ] +2 = 0. 

One of the most important aspects of Newton’s method is beginning with a good seed value. 
noted in example 93.1 that jTj = 0 was not a good guess, because it resulted in a division by O n 
general, care should be taken to avoid using seed values that are equal to or close to critical numbers 
of the function in question. The number 0 is also a critical number of the funcuon 
fix') = jr 3 — x 2 + 2, which means we cannot use it as a seed value, because it leads to division by 
0 in Newton’s method. 


Approximate the root(s) of the function y = x 3 — 2x — 1 to nine decimal places. 


A note is in order: It is tempting to use the calculator’s zero finder; however, that function is not 
accurate as Newton’s method, which is why we must use Newton’s method instead. 


We see from the graph that there are three distinct roots. 



WINDOW 

Xnin= 

-2.5 

Xroax= 

2-5 

Xscl= 

.5 

Vnin= 

-2-5 

Vnax= 

i ! 

Vscl = 

-5 

Xres= 

1 


We begin with the seed value jc, = -0.5. We enter this value by using the^ key 

example 93-2. Using the function editor screen. we define V1 —X 2?s 
V 2 =nDer i V < Y1 ? X ? X > . Hence Y1 represents the function in question, and Y 2 is the 
of the function. As in example 93.2 we calculate the next approximation of the z ero and store 11115 
value as X by using X~<Vl /V2 >->X. This allows us to simply press to obtain succ 

corrective approximauons. The approximations to the roots that appear are as follows: 



-.60000003 


-.6130339887 

-.6180339887 

- one of the roots is approximately -0.6180339887. Using a seed value of 0 5 yields a root of-» 
while aninitial guess of 2 leads to an approximation of 1.618033989 for the third root 
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1. A right circular cylinder is inscribed in a 

sphere of radius v3 meters, as shown. 

(a) The radius of the right circular 
cylinder is r and the height of the 
cylinder is ft. Express the volume of 
the right circular cylinder only in 
terms of the variable r. 

(b) Find the radius and the height of the 
right circular cylinder of greatest 
volume that can be inscribed in 
the sphere. 

(c) What is the maximal volume of this 
right circular cylinder. 



2 . 

( 90 ) 


The time-dependent velocity function for a particle moving along the x-axis is v. Suppose 

3 B 

v(r) dt — —4 J i»(r) dt = 5 J v(r) dt = —7 v (0 dr — 3 

(a) How much does the position of the particle change during the interval [I, 8]? 

(b) If the panicle is at x — 3 when / — 3, what is the position of the particle when r = 7? 


3. A panicle moves along the x-axis so that its position as a function of time t is given by 
909 x (/) = r 3 - 9 1 1 + 15r + 3. 

(a) What are the positions of the particle at r = 0 and r = 2? 

(b) What is the total distance traveled by the panicle between t = 0 and / = 4? 


4. The velocity function for a panicle moving along the number line is v(r) = 6tr sin where 

0 < t < 1. 

(a) Find the time(s) t for which the panicle is momentarily at rest. 

(b) Find the total distance traveled in the negative x-direction by the panicle. 


5. Use Newton’s method to approximate the positive zero of the function /(x) = x 2 + x — 3 to 
nine decimal places. 


6. Use Newton’s method to approximate the zero of the function /(x) = x 3 + x — 1 in the 
interval [0, 1 ] to ten decimal places. 

7. Suppose that /(x) = x 3 + 2x + 2 and f~ l is the inverse function of/. Find the slope of the 
*' graph f~ l at the point (2, 0). 

8. Suppose that /(x) = x 3 + 2x and f ~ 1 is the inverse function of /. Evaluate /"‘(3) and 

(T*)'<3). 


Evaluate the limits in problems 9 and 10. 


9. lim [4x esc (3x)] 

( 91 1 .t —*o 


10 . 

19 1 ) 


(A - jh) 


11. Find the particular solution to 2 dx — x dy — 0 that intercepts the point (e, 2). 


dy 

12. Find the particular solution to — 

(At! (lx 


13. Find the average value of the function y = sin 2 x on the interval 


l .TV i 


= 1 + y 2 that intercepts the point l\ 

["• f ] 
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iwl 1 / be a continuous function on the closed interval \ci, b\. Suppose that 
j„ fix) dx = 18, b = 8, and the average value of / on [a, b\ is 3. Find <i. 

J5- ^‘ ,c * = ^' v + on the interval [—2,0]. Find a number c g [—2,0] that confirms the 

' Mean Value Theorem for Integrals. 

|4. Let fix') = In J.vJ on the interval [—1, I], Does Rolle’s theorem imply that there exists some 
number c in the interval (— 1, 1) such that /'(c) = 0? Explain. 


Integrate in problems 17—19 


17. J 

f re» J 


cos' x sin x (lx 


18. f cos (2.v) sin (2.t) dx 

(7t>l J 


19. 

«*H 


J 


sin (2.v) 
sin 2 a* 


dx 


20 . 

tir?) 


21 . 

(57) 


22 . 

t-tZsVi 


24. 

(27 > 


(OH) 


Let R be the region in the first quadrant bounded by the graph of y = -x 3 + 3.v 2 — 2x and the 
.r-axis. Wnte a definite integral that can be used to find the volume of the solid formed when R 
is revolved about the y'-axis. 

Del / and g be continuous functions that are defined for ail real numbers x and that have the 
following properties: 

J o fix) dx = 2 f(x) dx = 3 f g (.v) dx — —1 g(x) dx = —5 


Find the value of f [2/(.r> — 3g(.r)] dx. 

Jo 


Let R be the region in the first quadrant bounded by the y-axis and the graphs of the functions 
y = e x and y = k where k > 1. 

(a) Express the area of R as a function of L 

(b) Find the value of k such that the area of R is I square unit. 

(c) If the line y = k is movingjipward at a rate of 4 units per second, at what rate is the area 
of R changing when k = fe ? 

23. Determine the area of the region between v = 4* and the .r-axis on the interval [—2. 2]- 

l7Jl 


Let fix) = ox 2 + bx + c for all real numbers x. Suppose that y = 2x is tangent to the 
of / at the origin and that the graph of / passes through (2, 1). Find the values of a, b. and 
write the equation of /. 


•, and 


Let / and g be odd functions. Determine which one of the following statements is not true. 

A. / + g is odd 

B. fs * s evcn 

C. / ° g is even 

D. / - £ i s odd 




far we have considered solids of revolution formed by rotating regions about the y-axis or 
i* If a recion is rotated about a line parallel to the v-axis or the v-axis. a different solid is to 
j one formed when it is rotated about the a- or > -axis However, we can still use the Integra 
miques from previous lessons to calculate the volumes of such solids 
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example 94.1 
solution 


Let R be the region bounded by the coordinate axes and the lines y — x and x 5. Find the 
of the solid generated by rotating R about the line x ~ 5. 

There are two ways we can find the answer to this example. First, we sec that the solid in question is 
simply a cone of radius 5 and height 5. 



Applying the formula for the volume of a right circular cone, we find the volume to be 


V = ^(5) 2 (5) 


x units 


The volume can also be determined using calculus. We draw the solid, as well as a 
representative disk. 



The volume of the representative disk is x r 2 A y, or x(5 — .r) 2 Ay. Since the disks are stacked from 
y = 0 to y = 5, the volume is 


f>=s o 

= 7t{5 - .r ) 2 dy 

J y=Q 


We must write everything in terms of y. Since y = .r on the diagonal line, r 

r s 

V = I /r(5 — y) 2 dy 
Jo 


= 5 — y also, 


Now we evaluate the intecral. 


V — X f (25 — lOy 4- y 2 ) dy 


■'[ 


25 y — 5y 2 + 


ill 5 

3 Jo 


125 - 125 + 


x units 3 


The answer confirms the work at the beginning of this example. 
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example 94.5 Let R be the region bounded by y = the x-oxis, x = 1, and jt = 2. A solid of revolution is 

formed when this region is rotated about the line x = 3. Use the shell method to write an integral that 
could be evaluated.to find the volume of this solid. 


solution We show the region R, a sketch of the solid of revolution, a representative shell, and a flattened 

version of the shell. 




The volume of a representative shell is the area times the thickness. 


^.hell = Ax 

The shells are stacked from jc = 1 to x = 2. The radius of each shell is 3 — x, the height is . 
the thickness is Ax. Thus, the volume of the solid is 




x)e x dx 
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When we multiply, we get 


= 6tt J* e x dx — In J : 


xe 1 dx 


The value of the first integral is 

[6ne x ]* = 6n(e 2 - e) 

and the value of the second integral, which can be found using integration by parts, is 


I. 

f<6> 


2 . 

IVO) 


A right circular cone is inscribed in a hemisphere so that the base of the cone is the same 
base of the hemisphere. Suppose the surface area of the hemisphere, including its t* 

increasing at a constant rate of 24 cm 2 /s. 

(a) Find the rate at which the radius of the sphere is increasing when r = 4 cm. 

(b) Use the information in (a) to find the rate at which the volume of the cone is 
when r = 4 cm. 

The time-dependent velocity function for a particle moving along the t axis is v. Suppose 


f 2 v(r) 
Jo 


dt = —5 


s: 


v(/> dt = 7 


J 


v(r) dr = —2 


(a) How much does the position of the particle change during the interval [0. 6]? 

(b) If the particle is at x = 5 when / = 0. what is the position of the particle when / = 


= 6 
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3. 

(74.77) 


4. 

(S4) 


5. 

rw» 


6 . 

(9-1) 


7. 


8 . 

(94) 


9. 

<9JI 


10 . 

{931 


11 . 

(92) 


12 . 

(92) 


A rectangular tank 4 meters wide, 5 meters long, and 4 meters deep is three-quarters full of a 
fluid whose weight density is 5000 newtons per cubic meter. 

(a) Find the total force on the side of a wall whose width is 4 meters. 

(b) Find the total work done in pumping the fluid out of the top of the tank. 

At / = 0, a ball is 20 meters above ground and moving upward at 20 meters per second. 

(a) Find the height, velocity, and acceleration functions that describe the ball s motion from 
this point until the ball hits the ground. 

(b) Find the height, velocity, and acceleration of the ball at / = 2 seconds. 

(c) When does the ball hit the ground? 

Region R is bounded by the .r-axis, >• = x 3 . and x = 1. Find the volume of the solid formed 
when R is revolved about the line x = 1. 

Region R is bounded by x = y~ + 1 and x = 2. Use y as the variable of integration to write 
a definite integral whose value equals the volume of the solid formed when R is revolved about 
the line at =: 3. 

Let R be the region between the .r-axis and the graph of y — tan x on the interval [0, fj. 
Express the volume of the solid formed when R is rotated about the line x = — 1 as an integral 
in the variable x. 

Let R be the region bounded by y = e J , x = 2, x = 3, and y — 0. Use .t as the variable of 
integration to write a definite integral whose value equals the volume of the solid formed when 
R is rotated about the line .t = 4. 

Use Newton’s method to approximate the positive zero of the function fix ) = x 2 — x — 1 to 
nine decimal places. 

Use Newton’s method to approximate the zero of the function fix) = x 3 — 3 at + 3 to nine 
decimal places. 

The function fix) = x 3 + x + 1 is a one-to-one function, and thus its inverse f~ l is also a 
function. Find the equation of the line tangent to the graph of /“* at the point (1,0). 

Suppose that fix ) = sinx where —f 5 x 2 f and that f~ l is the inverse function of /. 
Evaluate (f~ x )' at x = j. 


Evaluate the limits in problems 13 and 14. 

* 

13. lim (esc x - cot x) 14. lim J ~ * in - r 

(91) i—>0 (79) x— »0 r 3 


15. Find the particular solution to —- = e x ~ y that intercepts the point (1, 1). 

16. Find the average value of the function fix ) = -> J9 — x 2 on the interval [0, 3]. {Hint: Find 
the value of the definite integral by interpreting it as the measure of the area of a familiar 
geometric figure.) 


Iw Let * ** ** funclion defined by fix) = x 3 + 2 on the interval [0.2], Find a number 

c e 10 , 2 ] that confirms the Mean Value Theorem for Integrals. 

IS; ^ ^ the function defined by /(x) = x 2 + 1 on the interval (-1. 1]. Find a number 

c e [— 1 , 1 ] that confirms the Mean Value Theorem (for derivatives). 


19 . 


Region R is bounded by the graphs of x - ~y~ - y + 2 and y = -x - 2. Use v as the 
variable of integration to write an integral whose value equals the area of R 





486 


Calculus Lesson 95 


20. Let / be a function defined ns /{/) = - frc,K * • * x/z Find the values of a and b that 

|71| , _ . _ J V / , ulten i < jt/2 

make / continuous for all vnlucs of t . 

2L Region R is bounded by the graph of v = tan.v and the x>nxis on the interval [f, f]- Find the 
exact area of R . (A fore: The integral can be evaluated if tan x is rewritten as a quotient of two 
functions ) 


22. Suppose /(.v) — e x and gfv) = sin .v. Let /i(.r) = /(g(.r)). Evaluate It' 


23. 

tMlM) 


24. 

I Ml 


Evaluate: -—I si 


dx |_ 


• t -> . x sin x + 1 "1 r x~ 

sin (.v- - 1) + ---— + —- 

e x - 2 j J a 3 - I 


dx 


Suppose / is a function and so is its inverse. Which of the following sets of points could lie on J - 
A. {(1,2U2,3).(3.4),(4,5)} B. {(1. 2). (2, 3). (1, 3). (4. 5)} 

C. {(1. 1). (2. 2). (1.2). (3.3)} D. ((l.-l).(-L 1).(2,-D.(3. I)} 


25. Let /(.v) = 

1&.M* 


2a: 3 - .r 2 + 3 


-) _ 


x 


(a) Determine the zeros, vertical asymptotes, and end behavior of the function, 

(b) Sketch the graph of the function. 

(c) Determine the domain and range of the function. 


LESSON 95 Trapezoidal Rule • Error Bound for the 


95-A 

trapezoidal 

rule 


Trapezoidal Rule 


We have conducted a rather extensive investigation into evaluating integrals through many dif ert "” 
methods of integration As extensive as it may seem, however, this investigation is far from comp e 
Even if it were complete, the fact remains that some simple functions do not have simple mtegra - 
Such an example is J S2 r L dx. In cases like this we may wish to approximate the definite Integra y 
summing a finite number of areas. Such techniques are usually referred to as numerical Integra * ~ 

The methods of upper and lower rectangles, which we have already studied, are methods of nume 
inteiiration. You might recall that the upper and lower rectangle methods did not produce res 
whose accuracy was particularly outstanding For this reason a great deal of effort has been pu 
studying other methods of numerical integration 

In this lesson we consider another method, the trapezoidal rule. As far as numerical integration 
techniques go. the trapezoidal rule is quite simple, and it produces results with a fair degree of * CCU 
In order to derive the trapezoidal rule, we first recall that the area of die following trapezoid is g 

by the formula to its right. 
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Suppose we wish to approximate the definite integral f f(x) dx. (For now. we assume /is a 
positive-valued function over the interval ( a, b ).) As before, we divide the interval into n subintcrvais, 
each of which has a width of h = - - a 

n * 


y 



x_ = 


X. — 


x_ — 


X , = 


a 

a + h 
a + 2h 
a + 3h 


>o 

y 2 

>3 


/(*) 

/(*,) 

/(O 

/(x 3 ) 


x „-l = a 

x = fr 


(« - 1)/* 


>■_ = /w 


Now, rather than using rectangles to approximate the area under this curve, we use trapezoids. 


y 



We see that the exact area A is approximately equal to the following: 



“ T = ^O’o + >’»)* + -^(y, + 3’ 2 )/t + + 3* 3 )ft + ••• 

= T /,( * V o + 2 - V 1 + 2 >2 + 2 >*3 + — + 2 3'„_2 + 2 3*„_1 + v ) 



This formula is known as the trapezoidal rule. 
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problem set 

95 


These lost two examples dealt with integrals that we know how to integrate. Keep in mind that 
the purpose of the trapezoidal rule is to approximate definite integrals, such as the one in example 
95.2, that we cannot evaluate for exact answers. 


1 . 

152) 


2 , 


3 . 

i-*6) 


4. 

(7Sf 


5. 

1901 


6 . 
195 / 


7. 

f 95/ 

8 . 

(9J/ 


9. 

192/ 

10 . 

(92) 


A conical tent with no floor is to be shaped 
like a right circular cone, as shown. The 
volume of the conical tent must be 
100 cubic meters. The radius of the conical 
tent is r and the height is h. 

(a) Express the lateral surface area of the 
conical tent in terms of r. 

(b) Find the values of r and h that minimize the tent's lateral surface area (the amount of 
material used to construct the tent). 



A variable force of F(x) = ->/l 6 — x 2 newtons (for x measured in meters) is applied to an 
object, moving it along a number line in the direction of the force. Find the work done by ^ c 
force in moving the object from x = 0 meters to x = 4 meters. {Hint: Interpret the definite 
integral geometrically.) 

A point moves along the curve 3 ' = x 2 + 2 so that its x-coordinate is increasing at the constant 

rate of j units per second. 

(a) Find the rate at which the ^'-coordinate is changing when the point has coordinates (1 - 3)- 

(b) Find the rate at which the distance from the origin is changing when the point 
coordinates ( 1 , 3). 

A particle moves along the x-axis so that its position as a function of time t is given by 
,x(r) = 2r 3 — 21 / 2 + 60r + 2. How many times does the particle reverse its direction o 


movement between t = 0 and t = 7? 

The velocity function for a particle moving along the number line is v(r) = 8 ;r cos (4/rr 

(a) Find the time(s) r, 0 < t < 1, for which the particle is momentarily at rest. 

(b) Find the total distance traveled by the particle in the positive x direction over 
interval 0 < t < 1 - 


§) 


(a) 

(b) 

(c) 

(d) 


J 4 ^ 

x~ dx using the trapezoidal rule with n — 4 . 

Find the exact area under the curve /(x) = x 2 on the interval (I* 4] by integrating 
Compare this answer to the estimate in (a). 

Find the maximum possible error in the answer to (a). 

Find the number of equal-width subdivisions required to approximate J, x~ dx with 
error of less than 0 . 001 . 


Approximate j sec 3 x dx using the trapezoidal rule with n = 4 


between 
val 


If ffx) = x 4 - 3, then /(1) = -2 and /(2) = 13. This means / has a zero 
L 1 and x = 2. Find the zero of / in 11. 21 using Newton's method Begin with a t 
of I 5 . and find the second approximation without using a calculator 

Suppose that /(x) = x 3 — 8 and that /“ 1 is the inverse function of / Evaluate (/” 1 ) (O)- 

Suppose that /(*) = COS .r. where 0 < x < n. and that / 'is Ihe .averse funct.on of f 
Evaluate (/ _I ) (j)- 
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Evaluate the limits in problems 11-14. 

Ui ( e ~ J ln 

13. lim f —=——- 

r9/ , x _»_ 3 ^ x 2 + 2x ^ 3 


1 

x + 3 ) 


12 . lim see x 

(?o) x—* m2 



15. Let R be the region bounded by y = sin x and the x-axis on the interval [0, 7 t\. 

(a) Find the volume of the solid formed when R is revolved about the x-axis. 

(b) Find the volume of the solid formed when R is revolved about the line x — — 1 * 

15. Find the particular solution to the differential equation ^ = 2 xy 2 that intercepts the point 

' 0 ,- 1 ). 


17. 

(83) 


The general solution to the differential equation 


dy_ _ 1 - 2x 
dx 2 y 


A. Straight lines B. Circles 

D. Ellipses E. Hyperbolas 


is a family of 
C. Parabolas 


18. Let / be the function defined by /(x) = jx| on the interval [—2. 3]. Find a number c 
that confirms the Mean Value Theorem for Integrals. 


[-2, 3] 


19. In the aftermath of a car accident it is concluded that one car slowed to a stop in 12 seconds while 
(SSJ skidding 600 feeL 

(a) Find the average speed of the car durtng the 12 -second interval. 

(b) If the posted speed limit along the road is 30 mph, can it be proved that the driver had been 
speeding? Explain. {Note: 1 mile = 5280 feet) 


Integrate in problems 20 and 21 . 

3 


20 . 


( 750 ) 


J X“ + 


16 


dx 


(6A) 


J e x + cos x , 

— -:- dx 

e + sin x 


22. Suppose f{x) = arctan (x 2 ) and g(x) = e 1 . Let /i(x) = f(g(x)). Evaluate /i'(0). 


23. Let/be a function defined as fix) — I 

<S2> make / differentiable for all values of x. 


* tz. Find the numerical values of a and b that 


24. Let R be the region between y = cos x and the x-axis on the interval [0, f]. Find the value 
of c 6 [0, f] for which the vertical line x = c divides R into two regions of equal area. 

Which of the following functions shows that the statement “If a function is continuous at 
x = 0 , then the function is differentiable at x = 0 ” is false? 

A. fix) = x 2 B. /(.v) = x 172 c. /(x) = x 572 

D. /(x) = x 372 E. /(x) - x 273 
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LESSON 96 Derivatives and Integrals of Functions Involving 

Absolute Value 


In Lesson 72 we found thm the derivative of |y(-v)| equals the derivative of fix') when /(x) is positive 
and equals the negative of the derivative of fix) when f (.v) is negative. This rule can be recalled easily 
by visualizing the graph of y = sin.v and the graph of y = |sin.x|. 



-^-Jsin x\ 
dx l ' 


{ COS -V 

not defined 
—cos .v 


when 

sin 

X 

> 

0 

when 

sin 

X 

— 

0 

when 

sin 

X 

< 

0 


When x = a the lines tangent to the two graphs have the same slopes, because sin x is positive when 
x equals a. When x — b the lines tangent to the graphs have different slopes, because sin .x is 

negative when .r equals b. 


The derivative of |/(.r)| can usually* be written as 


The value of /(.v) divided by |/(x)| is 1 when fix ) is positive, -1 when f(x ) is negative, and not 
when fix) equals zero. Thus 

d , . , sin ,r . 

|sin .rj = —--(cos .r) 



dx' ' |sin x 

makes exactly the same statement as the three-part piecewise definition above. 

If the absolute value notation is used only with the independent variable 

y = /<U I) 

the meaning is entirely different. This function is an even function because it has the same 
_jc that it has for +.r. The graph of the function to the left of the origin is a mirror image oLUi S P 
to the ncht of the origin. Graphing the function y = /(|.t|) requires that die graph of y - JW 
the left of the origin be replaced with the mirror image of the graph of v = fix) to the ngh 
origin The graph of v = fix ) is shown in the figure on the left-hand side below 

y y y 





z= 0 when fix) — 0 In this case “l/I*)! — ® 
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example 96.1 
solution 


In the center figure we discard the portion ofthe graph to the left of the origin, and in die figure on 

the right-hand side the discarded portion has been replaced with the graph of y — / x w 
x S 0. Since x is negative, every value of /(—x) on the left is exactly the same as the correspon 
value of /(.v) on the right. 

To find the derivative of a function of the absolute value orx, we redefine the function as a 
piecewise function that does not use absolute value. 


Let y = Find —. 

dx 


We begin by redefining the function without using the absolute value notation. 


{ e~* when „r < 0 
e x when .r > 0 


y 



When x is greater than zero. 



e 


When x is less than zero, we use the chain rule to get 


dx 


. 1*1 _ 


= —O") = e~*(-l> = 

dx 


~e 


-Jt 


Because the left-hand derivative at x — 0 does not equal the right-hand derivative at x = 0, the 
derivative at x = 0 is not defined for this function. 



graph of y' 
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example 96.7 


solution 


problem set 

96 


On the right-hand side we show the graph of ihc absolute value of the function. Its maximum value is 
7* The .graph on the right-hand side was really not necessary, because the graph on the left-hand side 
went down to a y-valuc of — and the absolute vnlue of - j is In this example a careful 
interpretation of the graph, not calculus, was used to find the maximum value of/. 

Given that / is a continuous function for all real numbers and given that the maximum value of f is 6 
and the minimum value of / is —12, which of the following must be true? 

A. The maximum value of )/(.r + I)| is 6. 

B. The minimum value of /()jc|) is 0. 

C. The maximum value of |/(.r)| is 12. 


This question is typical of questions that appear on multiple-choice calculus tests. One 
counterexample is enough to eliminate a choice. We can eliminate A and B by using the graphs 
shown below. 



The graph of / shows that / has a maximum value of 6 and a minimum value of—12. The next graph 
shows that |/(x + 1)| has a maximum value greater than 6, which eliminates choice A- The final grap 
shows a minimum value that is less than zero, which eliminates choice B. Choice C is correct because 
the maximum value of the absolute value of a function whose extreme values are 6 and —12 is 12. 


1. A particle moves along the x-axis so that its position at lime r (t > 0) 

,m x(t) = 2r 3 - 9 1- + I2t + 1. 

(a) Find the times when the particle is moving to the left. 

(b) Find the total distance traveled by the particle between the times t = 0 and 

2. Suppose / is defined on the interval I = -1, ^ by /(x) = \x 2 - 11. 

t 96} *- ~ -* 

(a) Find all the critical numbers of / on I. 

(b) Use the critical number theorem to determine the maximum and minimum values of f- 


is given by 

/ = 4. 


Evaluate the definite integrals in problems 3 and 4. 

3. f 3 lx + H d* 

<**»/ J—2 



2 + x\dx 


5. 

6 . 

(001 


Suppose /(-x) 


cos .r 



Determine the maximum value of/. 


Let / be a continuous function for all real numbers. Assume the maximum value of / is 7 and 
the minimum value of / is -10. Which of the following statements must be true? 

A The maximum value of |/(x)| is 7. 

3 The minimum value of /(M) is 0. 

(2 The maximum value of |/(x)| is 10. 
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7. (a) Use the trapezoidal rule with n — S lo approximate f x 3 

(b) Find the exact area under the curve fix) — x 3 on the interval fO, 1] by integrating 
Compare this answer to the estimate in (a). 

(c) Find an upper bound for the error in approximating the value of j 0 x dx using the 
trapezoidal rule with n = 5. 

(d) Find the number of equal-width subdivisions that must be used with the trapezoidal rule to 
approximate J o j 3 dx with an error of absolute value less than 10 


8 . 

(95) 


Use the trapezoidal rule with n = 5 to approximate 


f 1 sfl + x 3 dx. 
Jo 


9. Let R be the region between y = x J and the x-axis on the interval TO, I ]. Express the vo ume 
*** of the solid formed when R is rotated about the line x = I as an integral in terms of e 
variable x. 


10. Let R be the region completely enclosed by the graphs of y = x 2 and y = x. Use x as _ e 
> variable of integration to write a definite integral whose value equals the volume of the solid 

formed when R is rotated about the line y — —1. 

11. Let R be the region bounded by >• = sin x and the .v-axis on the interval [0, 7t\. Express the 
volume of the solid formed when R is rotated about the line x = 2jt as an integral in terms of 
the variable x 


12. Without using a calculator, use Newton’s method to approximate the zero of the function 
t93> fix) = x 4 + x — 3 on the interval [1.2]. Begin with the seed value x t = 1.5 and perform 
one iteration. 


13. 

(92) 


Suppose that fix) = .r 3 + 3x — 4 and / 1 is the inverse function of /. Find the slope of the 
graph of the inverse function at the point (—4. 0). 


Evaluate the limits in problems 14—16. 

14. lim (x 2 In x) 15. lim * + lan — ij m £-— 

(9i) x-*o* ,T9 > t —♦ cj2 tan x (■**) x—*3 x — 3 


17. If interest is compounded continuously, the rate of increase of money in an account is 
( ‘ 6> proportional to the amount of money present. If $500 is deposited in an account at a particular 
continuous interest rate and grows to S911 in 10 years, how much must be deposited in the 
account for it to reach $20,000 in 20 years? 


18. 

(Ml 


Suppose that / is an odd function, g is an even function, and both functions are defined for all 
real numbers. Determine whether each of the following functions is odd, even, or neither. 


(a) f S 


(b) - 


(c) / 


2„ 3 


(d) f~g 


19. Differentiate y = .t' * with respect to x. 


tfU) 


20. Find the area under one arch of the graph of y = 2 sin 2 x. 


21. Suppose / is a function that is continuous at x = 2. Which of the following statements must 


be true? 

A. lim fix) — /(2) 


t —»2 


lim ^= fi2) 


x 




B. /is differentiable at .t = 2. 


D. / attains a maximum value at x = 2. 


22. Find the interval(s) on which the graph of y = x 3 - 6x 2 + 6x + 1 is concave upward 
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23. 

fi?i 


Compute • 



where 



(.v - 4) ft + sin (2.v). 


^ 1C ^ uncl ' on denned by fix) = .v 3 + kx for oil real numbers .v, then / has one local 
minimum value and one local maximum value 

A for any real value of B. when k > 0. C. when k = 0. 

D. for no real values k. E. when k < 0. 


25. Which of the following is the inverse function of y = x? 
A. v = x B. y = -x C. — 


D. y — 


LESSON 97 Solids Defined by Cross Sections 


example 97.1 


All of the volumes of solids we have found up to this point have been solids of revolution. In some 
cases we can find the volume of radier interesting solids dial are not solids of revolution. In this lesson 
we shall investigate solids that have parallel cross sections that are all of the same simple geometric 
shape, such as squares, circles, or triangles. What you should see as we progress is that problems o 
this type are simply generalized disk problems. In the disk method the volume of a solid is represente 
by the following integral: 


L 


7T r dx 


(Here we are assuming the solid was formed by revolving a region about the.r-axis.) In essence, this 
integral represents a sum of volumes of arbitrarily thin disks. 

b 

jzr~ dx 


L 

J 


t 


i- i -1 

sum area of width of 
circular disk 
disk 


However, there is nothing special about circular disks. In general, it should be possible to find the 
volume of any solid with well-defined cross sections, which leads to the following general formu as. 


rx^b 


r> =* 

V — A(x) dx 

or 

V= A(y)dy 


a 
the 


T . vr ,i ume formula on the left-hand side is used when the cross-sectional slices are stacked along the 
* ” . .. oara iieI to the y-axis), while the formula on the right-hand side is used when the slices are 

jr-axis, i ♦ ...^5 (i e.. parallel to the .r-axis). The functions A(x) and 4(y) represent the area o 

stac e ^ hi j e and dx represent the thickness of the slice. The integrals simply sum t 

volumes of an infinite number of infinitesimally thin slices. 

The base of a solid is the region R which is bounded by y = \x . y = -4* + 4. and the>-axi^ 
Every vertical cross section of the solid parallel to the y-axis is a rectangle with a height of 5. Find th 

volume of the solid. 
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solution 


example 97.2 

solution 


First wc draw a picture. The shaded portion 
represents R as given. 

Our procedure is actually quite similar to the 
disk method. In this particular situation, 
however, each slice is a rectangle of height 5 
instead of a circular disk; but a general formula 
still applies. 

v = f Mx) dx or V = \ b A(y) dy 
*4 J a 



Since the slices are parallel lo ihe^-axis* we use the first formula. The plates are stacked from x 
to .r = 4. The area of each rectangle is 

(- 1 * + 4 - i*) 

height ' " 

base 



So the volume is 




A(.r) dx 


r s ( _ 2 r+4 - {*) ** 

5 f (-x + 4) dx 
Jo 


f-T 


+ 4 



5(—8 4- 16) = 40 units 


general formula 
substituted 
simplified integrand 

integrated 

evaluated 


Since this object is a prism, the result can be confirmed using geometry. The volume of a prism equals 
the area of the base times the height of the prism. From the diagram we see that the triangle has a base 
of 4 units in length and that the height (of the triangular base) is also 4 units. The height of the solid 
is 5, so the volume is 5 x (^(4)(4)) — 5 x 8 = 40 units 3 , as expected. 


The base of a solid is the region enclosed by a circle with a radius of 2 units centered on the origin. 
All vertical cross sections parallel to they-axis are squares. Find the volume of the solid. 


It is particularly important to begin with a picture. We draw the base first. Vertical cross sections 
perpendicular to the .v-axis are squares, as shown. 



The base of this solid is defined by x 2 + v 2 = 4. Each vertical slice is a square whose base is a chord 
of the circle parallel to the v-axis. So the area of each slice is 

(2y) 2 = (2^4 - x 2 ) 2 = 4(4 - x 2 ) 
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1 


example 97.3 
solution 



- eh 

We use V = J A(x) dx since the slices are perpendicular to the .v-axis. 




V 


= f A (.v) dx 

Jlj 

= 4(4 — .v 2 ) dx 

= 2 f" 4(4 - .v 2 ) d 
Jo 

= 8 f (4 — .r 2 ) dx 
Jo 

- *[’ - - 41 


units 3 


general formula 


substituted 


used symmetry 


simplified integral 


integrated 


evaluated 


A solid has a circular base of radius 2. Vertical cross sections perpendicular to the base 
triangles. Find the volume of the solid. 

We draw a picture as the first step. 


are equilateral 



We orient the solid in such a way that the base of the representative cross section (an equilate 
triangle) is parallel to the y-axis. The base of the solid is given by .r 2 + y 2 = 4. We use this equation 
and a picture of the vertical slice to determine its area. 


A{x) = l<2y)(>/3y) 

= VJy 2 

= v3(4 - x 2 ) 



The area is expresseu in terms of jc. because the cross sections are parallel to the y-axis, which 
the thickness is dx. Now we can determine the volume. 


rh 

1 A(x) dx 

general formula 

-v/3(4 - -r 2 ) dx 

substituted 

2 f 2 V3(4 - x 2 ) dx 

Jo 

used symmetry 

2 V 3 f (4 - -r 2 ) dx 

Jo 

simplified integral 

2^(8 - |) 

recalled integration in example 97.2 

32 ^ 3 units 5 

simplified 


3 


* 
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1 . 

Hat 


2 . 

152 ) 


3. 

( 90 ) 


4. 

( 90 ) 


5. 

( 97 ) 


6 . 

( 97 ) 


7. 

(97) 


An inverted conical tank has a radius of 5 meters and a height of 15 meters. Water runs ,nl ° c 
lank at the rate of 4 cubic meters per minute. Find the rate at which the water level is rising w cn 
the water in the tank is 9 meters deep. 

A tank with a rectangular base and rectangular sides is to be open at the top. The tank must be 
constructed so that its length is 6 meters and its volume is 72 cubic meters. The material used 
for the base of the tank costs S3 per square meter, and the material used for the four sides o e 
tank costs $2 per square meter. The height of the tank is y, and the width of the tank is x. 

(a) Express the total cost of the tank in terms of x. 

(b) Find the width and height of the tank that minimize the cost of the tank. 

(c) What is the cost of the least expensive tank? 

The time-dependent velocity function for a panicle moving along the jr-axis is v. Suppose 

v(/) dt — 8 £ v(r) dr = —3 v(r) dt — 1 v(/) dr — -6 

(a) How much does the position of the panicle change during the interval [0, 6]? 

(b) If the particle is at x = 4 when t = 2, what is the position of the panicle when / = 6? 

(c) What overall distance does the particle travel during the interval [0, 6]? 

A particle starts at time t = 0 and moves along the x-axis so that its position as a function of 
time r is given by x(r) = (f — l) 3 (r - 5). 

(a) Find the time(s) when the panicle is momentarily at resu 

(b) Find the time(s) when the particle is moving to the right. 

(c) Find the lime(s) when the particle changes its direction of movement. 

(d) Find the farthest point to the left of the origin that the panicle reaches. 

The base of a certain solid is the region in the first quadrant bounded by the graphs of 
y = jjc, y — — § x + 6. and the y-axis. Each vertical cross section is a rectangle whose height 
is 6 units and whose base is parallel to the y-axis. Find the volume of the solid. 

The base of a solid is the region enclosed by a circle with a radius of 3 units. Each vertical cross 
section is a square whose base is a chord of the circle parallel to the y-axis. Find the volume of 
the solid. 

The base of a solid is the region enclosed by a circle of radius 3 units. Each venical cross section 
is a rectangle with a height of 2 units whose base is a chord of the circle parallel to the y-axis. 
Find the volume of the solid. 


Evaluate the definite integrals in problems S and 9. 


8. 

r6 

1 |x — 21 dr 

9 . 

f |x~ — xl dx 

(96) 

J-i 

(96) 

J-I 1 1 


10. Let f(x) 

(96) 


sin x 



. Determine the maximum value of /. 


11. Let / be a continuous function defined for all real numbers. Suppose that the absolute maximum 
value of / is 7 and the absolute minimum value of / is —15. Which of the following statements 
must be true? 

A. The maximum value of /(|x|) is 7. B. The maximum value of |/(.r)| is 7. 

C. The minimum value of /(|x|) is 0. D. The minimum value of j/(.r)| is 0. 


12 . 

f95f 


(a) Use the trapezoidal rule with n = 4 to approximate f x 4 dx. 

Jo 

(b) Find the exact value of | x 4 dx by integrating. 

Jo 


(c) Find an upper bound for the error in the calculations made in (a). 

(d) Find the number of trapezoids that must be used to approximate J : .t 4 dx with an error 

whose absolute value is less than 10 -3 . 0 
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Usc thc rule with n = 6 to approximate J c~ x2 dx. 

14* L* 11 R be the region bounded by y = e x , the.v-axis, x = l, and .v = 2, Find the volume of thc 


solid formed when R is revolved around the line x = —1. 

Approximate, to nine decimal places, the zero of the function /(x) = x 3 + 2x — 4. 

_ .5 


*^ u PP osc — A *♦* 2x + 1 and / * 1 is the inverse function of f. Evaluate (/ *)*(4) 


Evaluate the limits in problems 17 and 18. 


17. lim r.T(e ,/jr — 1)1 

I9tt x-*— J 


19. Find where v = x ,in 
(W ir 


18. Iim f——--—1 

x—»l v In x In x J 


dy 


im f|. e ). 


20. Find the particular solution of —— = y cos x that intercepts the point 

f*sj dx 

21. Let f{x) — (x — I)(x 2 + x + 1). Find a number c e [—2,4] that confirms the Mean Value 
(K9) Theorem for Integrals. 


22. Evaluate: I 

J 


dx 


a/ 9 - x 2 


23. Which of the following limits does not exist? 

(70) 

sin (2x) x 3 — 1 

A. Iim - 

x—>0 _r 


B. 

Iim 

- c. 



x — 1 

for all 

X ^ 

0 in the interval — 


Vl + X - 1 


D. Iim 

x—*o 


( 73 . 831 


no X . 

so that / is continuous for all x in the interval —1 < x < I ? 


1. How should /(0) be defined 


25. Suppose f f(x)e x dx = fix)e x - J 2xe x dx. Find /(x). 

r<vs) J 


"lesson 98 Fundamental Theorem of Calculus, Part 2 • The 

Ffatitral Logarithm Function 


98.A 

fundamental 

theorem of 
calculus, 
part 2 


■\ 


Wp have uscd the Fundamental Theorem of Calculus to evaluate the mtegral of a continuous f 111101 *®" 
j^on the interval [a, b J by subtracting the value of some antiden vative F evaluated at a from the val 

of°the same antiderivative evaluated at b. 

j* fix) dx — F{b) — F(a) 

The Fundamental Theorem of Calculus also guarantees that every continuous function has an 

antiderivative. 
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A function is an input-output process that has exactly one output for every input value of x. With 
the function machine below any input is squared. Thus, if the input is x, the output is x‘; and if the 
input is 3, the output »s 3 2 or 9. 



The next function machine integrates the function f and evaluates it from t 


a to / = x 


x 




But what is the output of this machine? Using the first part of the Fundamental Theorem of Calculus, 
the output is 


F(r)|* = Fix) - Fid) 

where F is an antiderivative of f. Wc sull havex as the input and as the upper limit, butx is no longer 
the variable of integration. To use this machine, we must first specify the function / and the lower 
limit a. To demonstrate, we use the function /(/) = t and a lower limit of 2. In the box we use t 
instead of x in the integral. 


x • 






For a graphical consideration of such an integral as a function, we let x be a variable on the f-axis. 


Shaded area = J fit) dt 



If the graph of a function is above the r-axis on the interval [2, x], as shown, the area between the r-axis 
and the graph equals the definite integral from 2 to x. 

fit) 


t 


The leftmost figure above shows that if x is 3 the area is 4. The second and third figures show us that 
if x is 4 the area is 9, and ifx is 5 the area is 10.3. The left-hand boundary of each of the areas is fixed 
at 2, and thus each of the areas under the graph of / is a function of the position of the right-hand 
boundary x This is the reason the area can be described by the definite integral 

A(x) = J fit) dt 

If we remove the restriction that the graph be above the r-axis, we are no longer describing area 
but are still describing a definite integral. 

Fix) = f fit) dt 
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example 98.4 
solution 

problem set 

98 


Two comments arc in order here. First, since J ( * f(t ) dr — 0, we see thm In 1 — J, y dr = O. 
So we have n well-known result. In 1 = 0 . Second, we enn provide a new, qualitative definition for 
the number e. The number e is the unique number with the property dial the integral of 7 from 
t ~ I to t = e is exactly 1 . That is, the only solution to the equation 

f'irf, = . 

Jl t 

is the value x — e. 

1 

— dr with respect to .r. 


The Fundamental Theorem of Calculus allows us to write 


d d 

—In x — - 

dx dx 


r = ± 

Jl / X 


Thus the natural logarithm function has the derivative we expect. We will consider this fact further in 
Lesson 102. 


1 . The length of a rectangle is increasing at a rate of 2 centimeters per second, and the width of the 
( '* 6f rectangle is decreasing at a rate of 1 centimeter per second. Find the rate at which the area of the 
rectangle is changing when the length of the rectangle is 12 centimeters and the width of the 
rectangle is 10 centimeters. 


2. A trough 5 meters long whose cross 
771 section is as shown is completely filled 
with a fluid whose weight density is 
600 newtons per cubic meter. Dimensions 
shown in the figure are in meters. 

fa) Find the force against one end of 
the trough. 

(b) Find the work done in pumping all the 
fluid out of the top of the trough. 


f 



3 . A particle starts at lime / = 0 and moves along the x-axis so that its position as a function of 
,v °‘ f time / is given by xfr) = (4/ — !)(/ — l) 2 . 

(a) Find the limefs) when the particle is momentarily at rest. 

(b) Find the intervalfs) of time when the particle is moving to the left. 

(c) Find the number of times the particle reverses its direction of movement. 

(d) Find the time during the intervalfs) found in fb) when the particle is moving most rapidly 
(i.e., when the speed is a maximum). 

A The acceleration of a particle moving along the x-axis at time t is given by nfr) = * sin f^rO- 
(e9jo> Thc ve i oc ity of the particle at / = 0 is 0. Find the average velocity of the particle over ih 

interval 0 ^ — 1- 


Simplify the expressions in problems 5 and 6 . using each of the two following methods 
(a) Evaluate the definite integral first and then differentiate, 
fb) Apply the Fundamental Theorem of Calculus 


5 . lf/^/ 

I 98 ~) dx Jl 


6 . 



sin f dt 
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Simplify the expressions in problems 7 and 8 . 


7. 

t98) 


10 . 

t96) 

11 . 

197) 


12 . 

i97) 


13. 

197) 


dxJ 18 


Jl 


- ,2 dl 


8 . 

ivn 


d f 5 cos t_ 
dx Jjr t 


dl 


9. Which of the following equals In 4 ? 
A. In 3 + In 1 


B. 


C. 


The area of the region between the graph of y — —- and the x-axis on the interval [1,4]. 

x 

The area of the region between the graph of y = lnx and the x-axis on the interval 
[It In 4J. 

D. The area of the region between the graph of y = In x and the x-axis on the interval [1.4], 
Let /(-*) = |2 sin x — 11. Find the maximum value of /. 

The base of a solid is the region in the first quadrant bounded by the graphs of 

y = - jx + 6 , the x-axis, and the y-axis. Each vertical cross section is a rectangle with a height 

of 6 units whose base is parallel to the y-axis. Find the volume of the solid. 

The base of a solid is the region enclosed by a circle with a radius of 4 units. Each vertical cross 
section is a rectangle with a height of 3 units whose base is a chord of the circle parallel to the 
y-axis. Find the volume of the solid. 

The base of a solid is the region enclosed by a circle with a radius of 4 units. Each vertical cross 
section is an isosceles triangle with a height of 2 units whose base is a chord of the circle parallel 
to the y-axis. Find the volume of the solid. 


14. Let R be the region between y logx and the x-axis on the interval [1, 10]. Write a definite 
(WJ integral whose value equals the volume of the solid formed when R is revolved about the 

line y = — 1 . 

f 2 1 

15. (a) Use the trapezoidal rule with n — 4 to estimate the value of I — dx. 

vs) J i , r 

f 2 1 

(b) Find the exact value of I — dx by integrating. 

h x 

(c) Find an upper bound for the error in the calculation made in (a). 

(d) Find the number of trapezoids that must be used to approximate f 1 7 dx with an error whose 
absolute value is less than 10 -3 . 

r\ 2 

16. Use the trapezoidal rule with n = 6 to approximate J e x ~ dx. 


dy 

17. Find the general solution to the differential equation —— 
mu dx 


= sin ( 2 x). 


18. Suppose /(x) = sinx and g(x) = e x . Determine whether each of the following functions is 


even, odd, or neither. 

(a) f + g (b) f 2 


(c ) g 0 f 


(d) fg 


19. Suppose log |/(x)( = log |x 2 + l| + log |sin x|. Develop an expression that equals 

/(-t) 

20 . Use interval notation to indicate the values of x for which Jx — 2 | < 3 . 


ft ^ 

21. Simplify: —[tan (sin x) + 3* ] ■+* I -- dx 

I V7 An *i fix J I + 
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(f\t 

22. Find for the curve described by y = sin (.vy). 

r * n2 , 

23. Evaluate: sin 2 (2.v) dx 

Jo 

Suppose /(■*■’) ~ {ai »\ 2 fel ^ } Find the values of a and b for which / is continuous and 

differentiable everywhere except at x = 0 . 

25. Two boats leave a buoy at the same time. One of the boats travels due north at a rate of miles 
per hour, while the other boat travels due east at a rate of 4N miles per hour. What is the distance 
between the boats 30 minutes after both boats leave the buoy? 


LESSON 99 Linear Approximations Using Differentials 


example 99.1 


solution 


One of the most common themes in calculus is approximation. For example, techniques such as 
Newton’s method and the trapezoidal rule are used to approximate roots of equations and values of 
definite integrals respectively. Now we turn our attention to the approximation of the change of 
function values as input values change slightly. 

Differentials can be used to get a quick approximation for the change in the value of a function 
Ay caused by a small change in the value of the independent variable. We remember that dy is an 
approximation for Ay and is defined as the product of the derivative and the change in x, which can 
be labeled Ajc. 

dy = f'(x) Ax 

Suppose a farmer who has a square field whose sides are 100 meters long idly wonders now 
much the area of the field would increase if each side was 7 meter longer. With a calculator the farmer 
could compute the new area and subtract the old area, and the difference would be the increase- 
However. using a differential can give a quick approximation that is almost as good as the answer 
from a calculator. The area and the differential of the area are given by 

and dA = 2xAx 


= x 


The change 


in area dA caused by a -meter increase in x can be mentally computed. 


dA = 2(100) 




50 square meters 


Using a calculator, the farmer would find that the exact change in area is 

(100.25) 2 — (100 ) 2 = 50.0625 square meters 

As we can sec. using the differential quickly produces surprisingly accurate results with little effort. 

. Jen have a solid brass ball whose radius is 20 cm. They want to know the change in volume 

^en a 0.02-cm coating is applied. Estimate this change using differentials. 

We write the equation of the volume of a sphere and find its differential 

y — —jrr 3 -— dV — Ajzr~ dr 

3 

We substitute 20 for r and 0.02 for dr to get the estimate. 

dV - 4^r(20) 2 (0 02) = 100.5310 cm 3 

The difference between the old volume and the new volume is 100.6315 cm\ which is quite close to 
the estimate. 
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solution 


example 99.3 
solution 
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If .t represents the number of units produced by a company in a given period, the profitp in dollars for 
the period is given by the equation 

p{x) = (500x - x 2 ) - (jx 2 - 72x + 3000J 

Using differentials, estimate the change In profit when the production is increased from 115 units to 
120 units. 

All we have to do is find the differential and then use 115 forx and 5 for Ax. 

dp = [(500 - 2x) - (x - 72)] Ax 

dp - [500 - 2(115) - (115 - 72)]5 = 1135 

Since dp is positive, the change in profit is positive and would be approximately $1,135. This is a rather 
quick and painless calculation. 

We can compute the exact change in profit. 

p(115) = S42,942.50 and p(120) = $44,040 

So the exact change in profit in this problem is 

544,040 - S42.942.50 = 51,097.50 

Our estimated change is within S38 of the actual value, an error between 3 % and 4%. 

Use differentials to approximate -J9 .4 . 

We noted at the beginning of the lesson that dy = f*{x )Ax is an approximation of Ay. To use this, 
we need a function, a value for x, and a value for Ax. We let /(x) = -n/x and choose x = 9. The 
input values of 9.4 and 9 differ by 0.4, so Ax = 0.4. 

Ay = -J9A - V9 = dy = ^(9) (0.4) 

Here, f'(x) = ~x~ in . so /'(9) = 1 • i = 1. Thus 

2 2 3 G 

~J9A - V9 ~ -(0.4) 

6 

-J9A «= V9 4- -(0.4) 

6 

V*9^4 = 3.06 

Note that %/9.4 = 3.065941943... via the calculator, so the estimate 3.06 is quite accurate. 
Moreover, it is a quick calculation that does not require any difficult computations. 

1. Find the area of the largest rectangle that can be inscribed in the region bounded by y = 9 — x 2 
and v = x“ — 1. 

•p 

2. A metal ball 50 centimeters in diameter is coated with a 0.01-centimeter layer of gold. Use 
<9 * > differentials to estimate the increase in the volume of the ball. 

3. If x represents the number of units produced by a company in a given period, the profit p in 
lVV> dollars for the period is given by p(x) = (750x — Zv 2 ) — (x 2 — 99x + 4000). Use 

differentials to estimate the change in profit if the production is increased from 125 units to 
130 units. 

4. The base of a solid is the region bounded by the coordinate axes and the line v = -Zt + 4. 

. Q~j *■ 

Every vertical cross section perpendicular to the base and parallel to the v-oxis is an equilateral 
mangle Find the volume of the solid. 
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A particle moves along the .v-nxis so that its velocity ai lime t (/ > 0) is given by v(/) — 

The particle's position at / = 3 is x = 5, Write an equation for the position function. 

An ob J cct is propelled along the .x-axis in the direction of the force F(.v) = jx 2 newtons (for x 
given in meters). Find the work done on the object as it is moved from the origin 
to .x = 6 meters. 


Simplify the expressions in problems 7 and 8. 
d 


7. 

dxJ 2 


J> 3 


dr 


8 . 

|M) 


d_ 

dx 


j; 


lft dr 


9. Find the volume of the solid formed when the region between y = e x and the .x-axis on the 
interval [0, 2] is revolved around the line .x = —1. 


10. Integrate: I (sin 2 x + sin 3 .x)dx 

(76.SJ) J 

11- Use the trapezoidal rule with n = 6 to approximate the area under y = ^ on the 
IVS> interval [1, 4]. 


12 . 


13. 

1 921 

14. 

(961 


_ .. f{x 4- /») — f(x — li ) . t — 

Evaluate lim ---, where fix) — >/x. 

h —*0 2/1 

Suppose fix) — x 5 + x and f~ l is the inverse function of/. Evaluate (/"’) (2). 

The absolute maximum of fix) is 4, which occurs when x is 2. The absolute minimum of f(x) 
—6, which occurs when x is —3. What is the absolute maximum value of j/(x)|? 


Evaluate the definite integrals in problems 15 and 16. 

15. f 4 \x + 2| dx 16. \ \x 2 + 4\dx 

fvaj J2 

Ld R be the region bounded by the hyperbola Jty = 1, the y-axis, and the lines _>’ 
,67> y — 2. Express the area of R as an integral in the variable y. 


1 and 


18. 

(as > 


Find the general solution of the differential equation 


dy 

dx 


e 2x-3y 


19. 

(70\ 


20 . 

(IS> 

21 . 

tS9t 


22 . 

H7i 


Given the function / and g such that fix) = 4 and lini^, g(.x) - —1, evaluate 

lim j _ >2 Lf(*)] 2 sC*)- 

Use interval notation to indicate the values of x for which |x + 3| < 1. 

Determine the area between the graph of y = xe x and the x-axis on the interval (1.2). 

Two boats leave a buoy at the same time. One of the boats travels due north at a rate of N miles 
hour while the other boat travels due east at a rate of 4 N miles per hour. At what rate is tne 
distance between the boats changing 30 minutes after both boats leave the buoy? 


( 75.63) 


-T,. nocition of a particle moving along the x-axis is denned by a umc-dependent continuous 
function The value of x(r) when r = 1 is I. and the value or x(r) when t = 3 is 5. Which 

the following statements is true? 

A The velocity of the particle is always positive on the interval (1.31 
B At some lime on the interval [1.3]. the velocity of the panicle is +2 
C. The velocity of the particle is never zero on the interval 11. 3J. 

D The velocity is zero when t = 3 







Integrals of powers of tan x 


511 


I^ESSON 100 
_ 100. A 

integrals of 
powers of 
tan x 


example 100.1 

solution 

example 100.2 

solution 


24. If / is a function such that f\x) > 0 for all real values ofx. which of the following statements 
must be true? 

A. f{x ) > 0 for all values of x. 

/(•*,) > f{x 2 .) for every x, and x 2 where x, > x r 

C. Tlie graph of / is concave up everywhere. 

D. The graph of f is concave down everywhere. 

25. Suppose / is a function that exists for all real x and lim j tg f(x) — /(<*) for any real numbers. 
Which of the following statements is true? 

A /(0) = 0 

B. f\x) = /(.r) for all real values of x. 

C. The function / is differentiable at all real values of x. 

D. The function / is continuous at all real values of x. 


Integrals of Powers of tan x • Integrals of Powers of 
cot x • Integrals of sec x and esc x 


The integral of tan x dx can be found because sin x and cos x can be used to wnte the integral in the 
form dii over u. 

du 


J 


tan x dx 




—sin x dx 


cos .T 

--v-' 

u 


— —In |cos x\ + C = In 


1 


cos x 


+ C = In |sec x\ + C 


Now we consider the integral of tan" x dx, where n is an integer greater than 1. If n equals 2, we use 
the Pythagorean identity 

tan 2 x + 1 = sec 2 x 

and replace tan 2 x with sec 2 x — 1. If n is greater than 2, we rewrite tan" x as tan" ~ 2 x ton 2 x and 
replace tan 2 .v with sec 2 .r — 1. Throughout such calculations it is useful to remember that the 
derivative of tan x is sec 2 x. 

Integrate: f tan 2 .r dv 

Replacing tan 2 .v with sec 2 x — 1 gives two integrals that we can evaluate. 

J tan 2 .v dx = J (sec 2 x — 1) dx = J sec 2 x dx — J *£r = tan x — x + C 

Integrate: f tan 3 x dx 

First we separate a factor of tan 2 x and replace it with sec 2 x — 1. 

J tan 3 xdx = J (tan x)(tan 2 x) dx = J (tanx^scc 2 x — I) dx 

When we multiply, we get two integrals. 

J (tan x)(sec 2 x rfx) - J tan x dx 

du 


u 
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example 100.8 Integrate: J esc x tlx 


solution 


As in the cose of the integral of sec x, this integral also requires multiplying the integrand by I • but 
this time in the form of ^ ^ ^°* * 


x - ct* X • 


I 


esc x dx 


= J 
= J 


(CSC .v — cot a) . 
esc x -' dx 

(esc x — cot x ) 

CSC 2 X — CSC X cot X 


dx 


CSC X — cot X 

The differential of the denominator is the numerator. 

du 


J 


(esc 2 x — esc .r cot a:) dx 

esc x — col x 


It 


Therefore 


f cscxaUr = In |cscx — cotx| + C 


For summary and reference we display the integrals of all six trigonometric functions. 
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l. 


2 . 

(S9) 


3. 

( B5t 


4. 

fPi> 


5. 

(9C> 


Let R be the region bounded by y = sinx and the x-axis on the interval [0, tt\. 

(a) Find the volume of the solid formed when R is revolved around the line x = —1- 

(b) Find the volume of the solid formed when R is revolved around the line y = —2. 

The Mean Value Theorem for Integrals says that every continuous function attains its average 

value on an interval at some point in the interval. For the function y = tanx. find some number 

t£ £i suc h that /(c) equals the average value of the function on the interval. 

C ^ L. 4 f 4J 

Determine the slope of the line that joins the points (1,/<D) and (3./(3)) on the graph of 

_ 3 . 2x + 1- Illustrate the Mean Value Theorem (for derivatives) for / on the 

J\X) — x 

interval [I, 3]. 

Use the trapezoidal rule with « = 6 to approximate J q ^ dx 

/■ be a continuous function whose domain is the set of all real numbers, whose maximum 
value is 8. and whose minimum value is -10. Determine the following 
(a) the maximum value of |/(.r)l < b > the maximum value of/<|.t|) 

(c) the minimum value of |/(.r)| < d > the minimum value of /(| r|) 
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Evaluate the limits in problems 6 and 7. 

6. lim (In x tan x) 

<»>> *-*0+ 


7. lim 
r<M( /i-»o 


fjx + h) — /(x — /i) 

2h 


_ 2 


, where /(x) = x 


Find the general solution to the differential equation Y — Vx>' 2 - 
Integrate in problems 9—14. 


9. 1 tan x dx 

10. [ cot x dx 

( tool J 

um J 

11. 1 sec x dx 

12. f tan 2 x dx 

(IOOI J 

(loot J 

13. f tan 3 x dx 

14. 1 sec 2 x dx 

(100) J 

IIOOI J 


15. 

(97) 

16. 
(97) 

17. 

I9J) 

18. 

f loot 

19. 

<W) 

20 . 
(99/ 

21 . 

mi 

22 . 

(27) 

23. 

(I Sl 

24. 

(ja«j 

25. 

H7.7JI 


The base of a solid object is a circle with a radius of 4. Every vertical cross section is an 
equilateral triangle. What is the volume of the solid? 

The base of a solid object is the region in the xy-plane bounded by the graphs of >• = x 2 and 
>• = 4. Every vertical cross section parallel to the y-axis is a rectangle with a height of 3. What 
is the volume of the object? 

Approximate the root of y = x 3 — jc — 7 to nine decimal places. 

Find the volume of the solid formed when the region between y = tan x and the x-axis on the 
interval [0, f] is revolved around the x-axis. 

Write an integral in terms of a single variable that can be used to find the volume of the solid 
formed when the region between y = tan x and the x-axis on the interval [0, f] is revolved 
around the line >• = —1. 

Use differentials to estimate 4.1 4 . 

Write the equation of the line that is tangent to the graph of y = 2 X at x = 2. 

Approximate the ^’-coordinate of the point on the graph of y = 2 X corresponding to x = 1.9, 
using the tangent line at x = 2. 

Use interval notation to indicate the values of x for which |2x — 3| < 0.5. 

Simplify: -^-Fsin (x 2 — 1) + S - ^ X J + J ——- dx 
Assume J 2 X dx = F(4) — F(2). Determine F(x). 
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LESSON Ml Limit of for Small x • Proof of the Derivative of 


sin x 


_ 101 .A 

limit of x for In Lesson 26 we claimed without proof that the derivative of sin .v with respect to x is cos x. Then in 

II Lesson 48 we used this fact to prove that the derivative of cos.v with respect to x is —sin .t, and we 
showed how to use the derivatives of sin.v and cos.v to find the derivatives of other trigonometric 
functions. In this lesson we prove an important fact that is essential in proving that die derivative oF 
sin .v is cos x. The key to proving that the derivative of sin ,v equals cos x is that we be able to evaluate 
the following limit when r is measured in radians: 

sin x 
lim - 

x *o 

The graphing calculator can be used to estimate this limit. Let V1 =s i n < X > /X. (Remember to use 
RRDI AN mode.) After setting Tb 1 S'Lar k 'L=0 - 1 and e>Tbl=—0.01, we observe the table- 


X 1 

Vi 



-99B33 


.OB 

.99B65 


.OH 

.99993 


.0? 

.9991H 


.06 

.9994 


.05 

.9995 B 


.OH 

.99973 


X 

II 

■ 


Using we scroll down to the portion of the table where X=0 is located. Note that the 
V1 are very close to 1 when X is close to 0. So it appears the limit is 1. 

Using a straightforward geometric proof, we will show that the following inequality is 
small -v and then complete the proof by letting jc approach zero. 


sin .v 

cos x < - < 1 

.t 


As r approaches zero, cos .v approaches 1. From this we see that sin x over .v is between 1 and a 
quantity that is approaching 1. By the squeeze theorem for limits, the limit of sin.v over .v as x 

approaches zero must also be 1. 

To prove the inequality, we shade different parts of the same figure, as shown below. Point O is 
the center of a unit circle, so lengths OA and OC equal 1. We see that the area of the big triangle on 
the left-hand side is greater than the area of the sector of the circle shown in the center, which is greater 
thLi the area of the triangle shown on the right-hand side 






Area I 


Area 2 > Area 3 
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r 


limit of 


x 


for small x 


Area I is the area of the big triangle. Since the base of this triangle has length 1. tan x equals //, over 
I, or lan.v = H . 

Area I = —BH, - —(I)(tan x) 

2 ‘ 2 

__ tan X 
~ 2 

Area 2 is the area of a sector of a circle whose central angle is x and whose radius is 1. 

Area 2 = -^-(nr 2 ) = 

2ST 2 7T 

_ x 

~ 2 

Area 3 is the area of a triangle whose height is H , and whose base. OC, has length 1. We can find H 3 
because the hypotenuse of the right triangle it forms also has length 1. Thus sin x = which 
means H 3 = sin x. 

Area 3 = —BH = —(I)(sinx) 

2 3 2 

sin x 



Now we substitute the values found for the three areas and get 

tan x -t sin x 

'j 'j -y 


Multiplying every term by 2 gives us 


sin j 
cos .r 


x 


sin x 


Now we divide every' term by sin x, knowing sin x > 0, and get 


1 


x 


cos X 


sin x 


I 


As the last step, we invert each term and reverse the inequality symbols to get 


cos x 


sin x 
x 


1 


which squeezes the middle term between cos x and 1. Because our drawing shows x to be positive and 
less than f, we know this inequality to be true when 



7T 



Thus we may only take the right-hand limit of asx approaches 0 if we intend to use this inequality. 


lim cos x < lim 

5,11 * £ lim 1 

took limit 

-*0* 

X x-*0* 


1 £ lim 
x-#o + 

sin x _ . 


— s i 

.V 

evaluated bounding limits 

lim 

*-♦0* 

sin x 

X 

squeeze theorem 


'Vote. We assumed that lim^ >Ir cos x = 1. However, this is a fact that must be proved. Though there are 
many ways to do this, we omit the proof here. 
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problem set 

101 


^ j ^ square is inscribed inside n circle whose radius is increasing at a rate of 5 cm/inin. 

(a) How fast is the area of the circle clinnging when the radius of the circle is 10 centimeters'? 

(b) How fast is the area of the square changing at this same instant in time? 

(c) Another circle is inscribed inside the square. How fast is the area of this circle changing at 
the same instant in time? 

2. Find the derivative of v = x v< *. 

3. At the holiday parade Lilly sells 30 drumsticks per hour when she sells them for $2.50 each- For 
every 250 she decreases the price, she can sell 5 more drumsticks per hour. At what price should 
Lilly sell her drumsticks to maximize her hourly income? 

4. The base of a solid is the region bounded by y = sin.r and the x-axis on die interval [O, •Ji’J- 
Every vertical cross section of the object taken perpendicular to the x-axis is a square. 

(a) Write the integral used to find the volume of this solid. 

(b) What is the volume of the solid? 

5. The base of a solid is the region bounded by y = sinx and the x-axis on the interval fO, 7t\. 
,97> Every vertical cross section of the object taken perpendicular to the x-axis is a rectangle whose 

height is the square of its base. 

(a) Write the integral used to find the volume of this solid. 

(b) What is the volume of the solid? 


6. Use the trapezoidal rule with n 

i9ii 

7. Let /(x) = e w . Find /'(x). 

196) 

8. Evaluate: [ e 1 * 1 dx 

<96) J -1 

Evaluate the limits in problems 9—12. 

sin x 


= 4 to approximate 


f 4 ^rdx. 

Jl X“ 


9. 

lim - 

(tot) 

x O 

11. 

lim ( 

(91) 

jf—»o \ 

13. 

Prove 

(tot) 



ntegrate in problems 14—17. 
|4. I tan x dx 

IOOI J 


toot 

16. f sec 2 x dx 

iOO\ J 


18. 

iw 


Use differentials to approximate 1/ 60 


10. Iim ——— 
f/o/> j-»o sin (3x) 


12. Iim xe~ 3x 

<91) X —» — 


15. I sec x dx 
//OP) J 


17. f tan 4 x dx 

I ICO! J 


19. 

\9i) 


V60 


{Hint: Find the zeros of the function 


Use Newton’s method to approximate 
v = x 3 — 60.) 

J 

0. The position of a particle moving on the r-axis is given by x(f) = sin /. 

(a) what is the total distance traveled by the particle from r « 0 to i = 5? 

(b) What is the average velocity of the particle? 
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_ 102. A 

derivatives of 
In x and e x 


21- Given that /(.r) = 3 c At , find /"■(*). 

22. Determine the area of the region between y = xe x and the x-axis on the interval f 1* 2J. 

23- The region between y = xe* and the x-axis on the interval [1.2] is revolved around the line 
x — —1. What is the volume of the solid formed? 

24. Determine the next number in the following sequence: 0, 3, 8, 15, 24, .... 

25. Find the equation of the quadratic function that passes through the points (—1. -1), (I, 0), and 
(3, 6). {Hint: Use a generic quadratic function such as y — ax 2 + bx + c to set-up a system 
of 3 equations with 3 unknowns.) 


Derivatives of In x and e x • Definition of e 


The natural exponential function is the exponential function whose base is e. The natural logarithm 
function is the inverse function of the natural exponential function. The base of the natural logarithm 
function is also e. We designate this function by writing either log x or In x. 

Function Inverse Function 

by definition 

y = e x - y = log^x 

In this lesson we use this defined relationship to prove that the derivative ofc ' with respect tox is e*. 
First we recall from Lesson 98 the alternate definition of In x: 


In .r = I" I 

J| t 


dt 


As noted in Lesson 98 the Fundamental Theorem of Calculus implies that 


dx 


In x = 


dx 


(r h - i 


We use this to find the derivative of y = e x . Rewriting this equation in terms of the natural logarithm 
function yields 


x = Iny 

Now y is defined implicitly as a function of x. (This equation is true because /(x) = e x and 
g(x) = In x are inverse functions.) Next we differentiate implicitly. 



- £ (,n >■> 
_ ^ dy 
y dx 


After rearrangement 


dy 

dx 



Since y ~ e x . this last equation can be rewritten as 



which proves that the derivative of e* with respect to x is itself. 
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102.B 


definition Of e One or the definitions of e is 


e = lim ^1 + 

At first it appears that this limit is really just 1, because — approaches 0 as x approaches so that 

(' + i)' — •* — 1 

But this is an incorrect set of assumptions, since the j term is changing at the same time as the 
exponent x. These two changes combined actually cause the limit to equal a number greater than one- 
We can see this phenomenon on the Tl-83 calculator. Define Vi — C 1 + 1/X^X. In the TRBI—^ 
SETUP menu, set TblSt-ant, and ^.Tbl to 100. Accessing the TfiBLE feature we see the 
tendency of Vi as X increases. 


X ! 

Vi 


200 

200 

400 

500 

goo 

700 

2.704H 

2.7115 

2.712B 

2.7149 

2.7156 

2.716 

2.7162 


X=I00 


As we scroll down this table, we see that the values of S J 1 are approaching 
approximation of c. 


2 . 718 . a deeexit 


It should also be noted that 


= lim ^1 + = Jim, ^ 

for any real number a. Though we omit the proofs, we demonstrate how they might be proved in 
example. 


example 102.1 


Evaluate: (a) 






jr/4 


solution (a) 


Rather than using the fact above, we use a w-substitution, u 


! ' + f) - 


(b) This does not require 


a //-substitution 


n 


= lim 

r. ♦ ±r 

substituted 

rz u — ► — 

V. u) 


= lim 


K 

simplified 

u — * “ 

_V M / 


= e T 


definition of e 


fi + i] 

X 4 

= lim 


f 

V x ) 

I —* •— 

V x J 



-11/4 




















problem set 102 

problem set 

102 


l. 

146) 


2 . 

194} 


3. 

(B9.90) 


4. 

(4J} 


An equilateral triangle is inscribed inside a circle whose radius is increasing at a rate of 5 cm/s. 

(a) How fast is the area of the circle changing when the radius of the circle is 8 centimeters. 

(b) How fast is the area of the triangle changing at this same instant in time? 

The base of a solid is a circle with a radius of 3. Every vertical cross section of the object taken 
perpendicular to the base and parallel to the jr-axis is a rectangle with a height of 2. Find the 
volume of the object. 

The position of a particle moving along the x-axis is given by x(/) = r 3 — 9/ + 24/ - 8 . 

(a) Find the total distance traveled by the particle on the interval [ 0 , 5J. 

(b) What is the average velocity of the particle? 

(c) What is the maximum velocity of the particle? 

Find the exact area under 3 * = 2x + 1 on the interval [0, 3] by using an infinite number of 
circumscribed rectangles. 


5. Identify the conic section described by 9 jc 2 — I 8 x + y 2 = 18, and rewrite the equation in 
1 J standard form. 

6 . Prove that the derivative of In x with respect to .r is —. 

002} X 


7 . Given that the denvative of In x with respect to x is 7, prove that the derivative of e x with respect 
002 } 


8 . 

Of 


to x is e 


X 


Fast Freeda found that the rubber lost from each tire after a race varied directly with the 
temperature coefficient of the tire and inversely with the humidity. The amount of rubber lost 
was 1.5 mm when the temperature coefficient was 3 and the humidity was 60%. How much 
rubber did Fast Freeda lose from each tire when the humidity was 75% and the temperature 
coefficient was 2 ? 


9. 

(93) 


d V s 

Simplify •—- I cos / dr using the two following methods: 

ds Ja 

(a) Evaluate the definite integral first and then differentiate. 

(b) Apply the Fundamental Theorem of Calculus. 


10. Simplify: —— 
imi ds 


f 


cos r~ dt 


11. Use the trapezoidal rule with n = 5 to approximate f v/7 
<VS} Jo 


4- .v 3 dx. 


Evaluate the limits in problems 12—14. 

sin (7.r) 


12 . 

t ton 


lim 

r —*0 


13-T 


13. 

<9 /> 


lim f-L - 

,r 4 ) 


14. lim xe~ lx 

tv}} re¬ 


integrate in problems 15—18 


15. f 

t /CM) J 


CSC x dx 


16. I cot x dx 
OOO} J 


17. I tan 3 .V dx 
J 


18, f cot* x dx 
(loot J 


dy 

19. Find the ceneral solution to the differential equation —=- = sin (2.x) 

• KS > *" dx 


r r 4 

20. Evaluate: I tan x dx 

JO 
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Cafcu/us Lesson 103 


"^ c function fix) » x 3 — 6x 2 + IZv — 4 is reflected about the line y = x to form a new 
function. Whnt is the slope of the new function nt the reflection of the point (3, /(3))? 

22. Use interval notation to describe all the values of x for which |.v + 3| < 0.004. 

23. Evaluate: f |2.v — 41 dx 

(90/ JO 


24. Use the equation of the line tangent to the curve x 2 y + 6 = xy 3 at the point (1. 2) to 
f ‘ 7> approximate the coordinates of the point where .v = 1.2. 

25. Let fix) = \ * J Find the values of a and b that make / differentiable everywhere 

except at x = 0. 



LESSON 103 Proof of the Fundamental Theorem of Calculus 


103. A 
proof of the 

fundamental 
theorem of 
calculus 


Epsilon-Delta Proofs 


The Fundamental Theorem of Calculus has two parts. We covered one part in Lesson 47 and the 
in Lesson 98. 

Fundamental Theorem of Calculus 
Suppose / is a continuous function on the interval [a. b]. 

Part 1: If F ts any antiderivative of /, then 


f f(x) dx - Fib) - F(a) 
J a 


Part 2: If c is any number in the interval [a. fc], then / has 
an antiderivative F that can be defined on [a, b ] as 


F{x) = f fit) dt 


Since F is an antiderivative of /, the derivative of F equals /. 


d cv . d 

— F(x) = — 
dx dx 


[f* fit) dt'j = /(x) 


The easiest way to prove the theorem is to begin with Part 2. 

Proof of Part 2: Let c e [a. b] and let F(x) = J fit) dt. By the definition of the 


= i^o 


Fix + h) - Fix) 


= & [K-fr" /w * - r m d, )_ 


From 


the properties of definite integrals in Lesson 57, wc know 

J x + h r j r , + / 

fit) dt - f(t) dt = y 


fit) dt 


Therefore 


F'i.x) = lim 


, fi 

o l /» J* 


fit) dt 


) 







epsilon-delta proofs 


By the Mean Value Theorem for Integrals (Lesson 89), there is a number* in the [x,x + h] such that 

1 c x + h 

- I /(/) dt = /(*) 

h Jx 

By the squeeze principle, as It approaches zero, k must approach x . 

F'{x ) = lim f— f fit) dt\ = lim fik) — lim fik) = fix) 

h—*0 \^fi Jx ) A-»0 J 

Hence F is an antiderivative of /. More explicitly, / has an anti derivative defined as prescribed. 

Proof of Part 1: We use Part 2, which tells us that if a function / is continuous on [a, b), then / 
must have an antiderivative G on [a, £>], which can be defined as 


0 ) 


C(x) = V f{t) dt 

Jo 


Since both G and F are antiderivatives of f, the derivative of G equals /, and the derivative of F 
equals /. 

G* — f and F' = f 

By a corollary of the Mean Value Theorem, any two functions having the same derivative differ by a 
constant (as discussed in Lesson 85). Thus F and G differ by a constant, so we can write 

(2) G{x) = Fix) + C 

for some constant C. To find the value of the constant C, we let jc equal a and get 

G(a) = F(a) + C 

This allows us to solve for C. By equation (1), G{a) is zero since the integral of fix) from a to a is 
zero. (This is another one of the integral properties from Lesson 57.) Thus we have 

0 = Fia) + C 
C = -Fia) 

We substitute — Fia) for C in equation (2) and get 

(3) Gix) = Fix) - Fia) 

Combining equations (1) and (3) gives 


f / (r) dr = F(.t) — Fia) 

Ja 


This is true for any real number .r in the interval [a. £>]. If we let j: equal b, we can write 

b 


f fit) dt = Fib) - Fia) 

J<3 


At this point, we may replace the dummy variable t with x and write 

f fix) dx = Fib) - Fia) 

Ja 

This completes the proof of the Fundamental Theorem of Calculus. 


_ 103.B 

epsilon-delta 

proofs 


Consider the function fix) — ^.r — 1. As the value of x gets closer and closer to 8. the value of fix) 
gets closer and closer to 3. This happens whether x approaches 8 from the left or from the right, and 
wc say that the limit of fix) as x approaches 8 is 3. 



However, this is not a rigorous definition of the concept of a limit. “Closer and closer” is an 
ambiguous phrase. To define limits rigorously, wc need an explicit treatment of the concept. 

For the function above, a student asked how far x could be from 8 for the value of v to be within 
±0.01 of 3 The teacher's answer was that x had to be within ±2(0.01) of 8. The student asked how 
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Calculus Leecon 103 


example 103.2 
solution 


problem set 

103 


Prove thru the limit as .v approaches 3 of 3a* — 5 is 4 by finding a 5(f) greater than 0 for every f 
greater than 0 such that 0 < |.v - 3| < 5(f) implies |(3.v - 5) - 4| < f. 

We begin by supposing e is some small real number greater than 0. The value of 3* — 5 must be 
between 4 — f and 4 + e 


4 — f < 3 a- — 5 < 4 + e 


Wc solve for a. 


9 — f 

3 -f 


3.r < 9 + e 

x < 3 + — 

3 


added +5 


divided by 3 


Thus wc have found that 5(f) = £. Now we need to confirm that 0 < |a — 3| < 5(f) implies 
|(3a — 5) — 4j < f. 


0 


| a — 31 < 5(f) 
I* - 3| < f 


condition in definition 


substituted 


3|a- - 3| 
I3a - 9| 
I(3a - 5) - 4| 


- 5) - 4| 


1 . 

l6Jt 


2 . 

f-*a» 


f multiplied 

f simplified 

f rewritten 

Again the initial steps are reversible. So, if 0 < |a — 3| < 5(f), then |(3a 
we have satisfied the definition of limit, the limit is proved. 

When Forrest sells a tree for S20. he can sell 25 trees a day. For every SI.50 he lowers the price, 
he sells 7 more trees each day. At what value should he fix the price per tree to maximize s 
daily revenue? How many trees should he expect to sell at this price? 

A car travels west through an intersection at 40 miles per hour and continues in this direction at 
a constant speed. Thirty minutes later a car traveling south at 50 miles per hour passes throug 
the same intersection and continues at a constant speed. How fast is the distance between the cars 
changing one hour after the south-bound car passes through the intersection? 

Find the equation of the line that can be drawn tangent to the graph of the function y = 2 on 
the interval [0. 3] at the point guaranteed by the Mean Value Theorem. 

4. (a) What is the average value of y = on the interval [0, 3]? 

,sv> At what value of a is the average value attained? 

The base of a solid is the region bounded by the graphs of y = a 2 - 2 and y = 2 - 
the volume of the solid given that each vertical cross section perpendicular to the 

parallel to the y-axis is a square. 

The base of a solid is the region in the xy-plane bounded by v = e*. the. coordinate 
the line x — 4- Every vertical cross section of the solid parallel to the y-axis and perpena 

to the base is a semicircle. 

(a) Write the integral that can be used to find the volume of the solid 
Find the volume of the solid. 

■rove that ihc limits in problems 7 and 8 are correctly stated 

° lim (3.v 


3. 

(AS) 


5. 

( 97 ) 


6 . 

( 97 ) 


7 . lim (a — 3) — 1 
r oi) *-** 


8 . 

( IOJI 


- 1) = 5 


9. 

(lot) 

lim 

i — »o 

COS A — 1 

10. lim f 1 

X 

i 102) ft—V 


lim 

h-*o 

f (x + /l) ^ 

where /(a) — 

12. 

t±*> 

2/i 


11. lim x~e 
t 0/| 1 —* — 


_■> 


J X 






graphs of solutions of differential equations 
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13. Prove that the derivative of In x with respect to x is — - 

(102, r x 

a 

14. Without using L/H6pital's Rule, prove that lim —-— = 1- 

f ton 1 .r—*0 X 


15. Use the 
( 60 ) , 
when 


ie definition of the derivative to prove that the derivative of sin x with respect to x is cos x 
x is measured in radians. You may use the fact that lim y0 — I* 


16. Evaluate: f I —x + ' 2\ dx 

Jo 1 1 

i*1.4 

17. Use the trapezoidal rule with n = 4 to approximate J sin (x ) dx 


18. Evaluate: — 

(981 dx 


f sin k 
Jo 


dk 


19. Approximate the root of y = x 3 -+- 4x — 4 to ten decimal places. 


|0J) 


2 

20. Sketch the graph of y = —- - . 

( 80 , fe 1 - X 2 

21. Antidifferentiate: I tan 4 x dx 

(too, J 

22. Use the equation of the line tangent to the curve y 
,w> approximate the coordinates of the point where x 


x 3 j’ 3 — 4x 3 y 2 

1 . 8 . 


25 at the point (2. 1) to 


23. The function / is quadratic. Find the equauon of / given that /(2) = 0, /(—l) = 13, and 
,w /(4) = 38. 

24. What is the 40th term in the arithmetic sequence whose first 4 terms are —5, —2, l, and 4? 

(ft, 

25. Form the contrapositive of the following statement: If a building is tall, then it is a skyscraper. 

(S, 


Z^ESSON 104 Graphs of Solutions of Differential Equations • 

Slope Fields • Recognizing Graphs of Slope Fields 


104. A 


graphs of 
solutions of 
differential 
equations 


A differential equation is an equation that involves derivatives or differentials as discussed in 
Lesson 88. Some simple examples of differential equations are shown below. 


V\t) = JfcY(0 



If A: is a constant, the solutions of these differential equations ore: 

Vfr) = Ae kt where A is some constant 

y = x 2 + C where C is some constant 

These equations are said to be general solutions to their corresponding differential equations. 
Wc say that we have determined explicit solutions of the differential equations, since the solutions are 
described as functions of x. (Sometimes, solutions of differential equations cannot be explicitly 
written as functions and must be defined implicitly.) 
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Calculus Lesson 104 


example 104*1 


Note that y = .v 2 + C describes an entire family of solutions, including the following: 



+ 1 » 




+ V3, 



K 


Each of the equations listed is called u 
particular solution of the differential equation. 
We enn graph some of the particular solutions of 
the differential equation to gel a sense of the 
family of solutions. Notice the visual similarity 
of each of the graphs. We do not graph all of the 
particular solutions because they would cover 
every point in the coordinate plane, producing a 
black blob. 


y 



Solve the differential equation 37 = — 2x. Graph four particular solutions to this equation, including 
one that passes through the point ( 1 , 1 ). 


solution 


We solve the differential equations using separation of variables. 


—= —2x equation 

dx 


dy = — 2x dx 

separated variables 

f dy = J — 2x dx 

integrated 

y + k = —; x 2 + c 

antidifferentiated 

y = x 2 + C 

simplified 


To find the equation of the graph that passes through (I. 1 ). we need to find the value of C for whic 
(1,1) satisfies the equation y — —x~ + C. 

y = -x 2 + C 

1 = -(1)“ + C 

2 = C 


Therefore y = -a : 2 + 2 is the equation of the 
graph that passes through (I, 1). We graph this 
equation and three other arbitranly chosen 
equations of the form y = —x~ + C. 


y 



104-B 

slope fields 


^ section we were able to graph equations that satisfied a specific differential 

In the P r ® somc diff ercntial equations it is more difficult (and sometimes impossible) to r *" 
equauon. solutions. In this section we show how to obtain some visual sense of th 

the equation ®. fferentiaI cquall0 n without actually solving the differential equation. 









slope fields 


531 


For demonstration we use the differentia] equation 


dy _ —x 
dx y 

This equation indicates that the slope of the 
graph of a solution at the point Ox, y) is For 
example, at the point (2, I) the slope of the 
graph of a solution is or -2. To get some 
sense of the graph of the solution that passes 
through (2, 1), we plot a short line segment at 
(2, 1) that has a slope of —2. For a sense of the 
general solution, we do this for more points. 

For convenience we often choose points whose 
coordinates are integers. At the right we show a 
coordinate plane with dots at those points 
whose coordinates are integers. 


y 

i 



t 





-i-i-— X 

2 3 



At each of these points we can determine since we know 

dx dx 


—x 


.r 

y 

Slope 

0 

0 

indeterminate 

1 

0 

undefined 

0 

1 

0 

-1 

0 

undefined 

0 

-1 

0 

2 

I 

_2 

2 

-l 

2 

-2 

1 

2 

_2 

-1 

_2 

% 


• 

• 

• 


• 

• 

% 


y 

i 


/ 


\ 


♦ 



x 


\ 


/ 



If we continue building the table and plotting the 
appropriate tangent segments, we get the graph 
at the right. The solutions appear to have a 
circular pattern, but note there is no segment at 
the origin. 



'V \ 

\ s 


tty 
H-!- 1 - 

\ \ x 

\ x 


X 



X 

+ 


\ \ 

H-\—— x 

t / 


y / 


/ 


'Note An expression like £ is an undefined expression, but it can be represented with a vertical line segment; 
however, the expression § is indeterminate and cannot be represented by any line segment. Rather than give a 
rigorous explanation, we provide an intuitive one. Slope can be thought of graphically as “rise overrun.** - can be 
thought of as rising l unit over a run of 0; the result is a vertical segment having infinite slope. The expression 5 
unfortunately cannot be expressed graphically as the slope of a line segment, because both the rise and run are 0. 
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Calculus Lesso n 104 


example 104.5 


For D we consider n specific point in the plane, such ns (—2,4). At this point 
in = —2 +4 = 2, which means the slope of the tangent line at the point (—2, 4) should be 
positive. However, it is clear from the graph of the slope field thnl the slope of the line segment at 
(—2, 4) is negative. Therefore, choice D is eliminated ns well. 

By process of elimination, the only viable choice is C. 

Some may feel uncomfortable solving this problem simply by the process of elimination. We 
take the time to verify that the differential equation in C does indeed give rise to the slope field 
shown. We sec that the differential equation 


dy 

dx 


*y 

2 


has positive slope when x and v are both positive or both negative and negative slope when exactly 
one of the two is negative. Further, as x or y increases in absolute value (meaning as we venture 
farther and farther from the origin), the slope becomes sleeper, either positively or negatively 
these traits are consistent with the slope field. 


All 


Shown below are four slope fields. Each slope field arises from a differential equation- For each 
of the graphs, select the equation that could be a particular solution of the differential equation that 
determines the slope field. The choices are given below the slope fields. 


(a) y 




unit 

nun 

///./// 

>////// 

+ ^ ^ ^ ^ ^ ^ 

\ \ \ N. 

l \ \ — 

\ \ \ ^ ~- 

\ \ \ N 

t \ \ "v -- — 

t \ \ >. — 

-- \ \ l 

I \ \ 

"S. \ \ t 

t \ \ V. ^ 

- ^ \ \ 1 , 

1 

/ 

t 

• 

/ 

L 

/ 

7 

/ 

i 

1 \ \ ^ ^ 

■ — \ \ t 

\ \ X "v — ^ 

— ^ \ \ 1 

t \ \ v 


y 



(c) 



(d) y 



A. r 2 



1 


B v 




V 



1 

D. v = — 

.T 





















solution 


problem set 

104 


Roughly, whai we are trying to do is to identify which equation’s graph can be traced out as a curve 
in each of the slope fields. 


(a) The curve y - — fits in this slope field: 

x 


(b) x 2 - y 2 





x 


y 



y 



y 



1. The velocity of a particle moving along a straight line at time t is given by the equation 
1901 i<r) — 2t lf2 + 4r 3 meters per second. How many meters does the particle travel from i = 0 

to / = 9? 

2 . A cube, each of whose sides is 5 centimeters long, is coated with a thin layer of brass. The thickness 
of the coating is 0.01 centimeters. Use differentials to estimate the volume of the brass layer. 

3. The cost in dollars of producing x items is given by c(x) = x(x - 150) 2 + 140. Use differentials 
,y9> to estimate the cost of producing one more item given that 151 have already been produced. 

4. The function/is continuous on the interval [l, 5], /( 1 ) = 6 , /(2) = 2, and /( 5 ) = 10. Other 
,fU> properties of / are as listed in the table below. Sketch the graph of/. 



A 

A 

to 

x = 2 

2 < x < 5 

r 

negative 

undefined 

positive 

r 

negative 

undefined 

negative 


5. 

1/lXli 


Draw a slope field for the differential equation 


<iy 

dx 
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Calculus 


Lesson 104 


6 . Approximate J sin x 2 dx using the trapezoidal rule with n = 6 . 


(M) 

7. 

»«*»> 


To which of the following differential 
equations could this slope field 
correspond? (Consecutive slope segments 
are one unit apart.) 

A. = ,v J 

dx 

_ dy 

B. = v 

dx 

C. — = 3 xy 
dx 

D. Q = x + 2y 
dx 


/ 

/ 

1 

1 

1 



l 

/ 

1 

1 

1 

✓ 

/ 

/ 

t 

1 



f 

/ 

1 

1 

1 


X 

/ 

/ 

/ 

1 


i 

/ 

1 

1 

* 


— 


✓ 

/ 

i 

r 

f 

/ 

i 

/ 

/ 

\ 

X 

V 

V 



4 

r 

/ 

/ / 

/- 

f 

— J - 

/ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

y 



r 9 

¥ 

y 

/ 

\ 

\ 

\ 

\ 

\ 

1 


\ 

X 

— 


s 

\ 

\ 

\ 

\ 

■ 


\ 

\ 

\ 

>* 



\ 

\ 

\ 

\ 



\ 

\ 

\ 

\ 

X 


t 

\ 

\ 

\ 



\ 

\ 

\ 

\ 

\ 


Evaluate the limits in problems 8—11 

sin ( 2 x) 


8. lim 
non i —*o 


X 


10 . lim 

(1021 h- 


>('*£) 




12. Let fix) ~ f e'“ +4 dl. Find/(0). 

(93) dX J 3 

13. Simplify: f (sin t)e'~ + 1 dr 

193) dX J 3 


4x 

9. lim ——— 
don x—*o sin ( 7 x) 


11 . 

(■U) 


2 + ft 


ltm 

A-»0 


— e 


14. 


Let R be the region completely bounded by y = x( 1 — x) and the x-axis. Use x as the 
of integration to write a definite integral whose value equals the volume of the solid 
when R is rotated about the line x = — 1. 


Integrate in problems 15 and 16. 

15. f cot 3 x dx 
(too) J 


16. f ( JZ sec 2 x)(e un *) dx 
166) J 


17. Evaluate: f 6 |(x — 2)(x + 1)| dx 

(96) J ~ 3 

18 . If g is the inverse function of / and fix) = x 3 + 3x - 1. what is the value of g'(35)? 

particular solution of ~~ = V 1 ~ >’ 2 whose graph intercepts the point (3 


( 92 ) 

19. Find the 

(A3) 


O) 


2 -\j X 1 , sin x 

i —- + e 


20. Differentiate y - - n x + cos (2x) 


with respect to x. 


ISO) 


Prove 


■hal the limits in problems 21 and 22 arc correctly stated 


21. lim (2ir — 5) — 1 

(IO)) x—»3 


(I0J) 


lim (|x - 4] = 2 


23. Given that 


the derivative of In x with respect to x is 7 , prove that the derivative off 1 with respect 


to x is e 


( 102 ) 
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Lei /(-*) — sin j.r|. Determine the value of /' 



25. Let /(.*) = j: 3 + 2x. Divide the interval [0, IJ into n equal-width subinlcrvals. Let^bc some 
point in the ith subintcrval. Write a definite integral whose value equals lim ff £ /(•* )• 


JLJESSON 105 Sequences • Limit of a Sequence • Graphs of 

Sequences • Characteristics of Sequences 

_ 105, A 

sequences A sequence is an ordered list of numbers. Each number in a sequence is called a term of the sequence. 

Examples of sequences are the sequence of positive integers, the sequence of perfect squares, and the 
sequence of odd numbers, which we show below. 

1,2, 3,4, ... 1,4,9.16_ 1.3, 5, 7_ 

In each of these examples the sequence has an infinite number of terms. In this book, when we use the 
word sequence, we assume the number of terms is infinite. Also, the sequences we discuss arc ones 
that can be generated by some formula, but a sequence does not have to be generated by a specific 
mathematical formula For example, we could consider the sequence of daily high temperatures in 
Norman, Oklahoma (where we wrote the book) beginning January 1, 1970. The advantage of a 
formulaic sequence is that the value of each term in the sequence is clearly defined. For example, if 
we write 


2 3 
2’ 3’ 4 


n 


» « * 
n + 1 


we are describing a sequence whose nth term is definitely 


n 


n -I- 1 


Sequences can be denoted in a variety of ways. For example, the last sequence mentioned could 
be represented by any of the following: 


n 


a — - 

" n -t- 1 


n = 1 *> 3 


fcrr} 


I— - —I” 

l« + lj„=l 


Any sequence can be represented by the following four notations: 


°|, °2' a y *’ 


{«) 


a n - /(«). n = 1, 2, 3, .. 

la 1” 
l 


example 105.1 List the first four terms of each of the following sequences: 


(a) a = 2n. n — 1,2,3... 

(c) a = —, n = 1,2,3,.. 
" n 


(b) a = (n + l) 2 , n = 0. 1,2,... 


(d) a = (-1) 


n + 1 


n 


n 4- 1 


n — 1 o 1 


Solution To find the terms of the sequence, we use the generating equations listed on the left-hand side and plug 

in the numbers on the right-hand side. 

(a) a = 2 n, n = 1,2,3,... 

a, = 2, a, = 4, a 3 = 6, a 4 = 8 
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Calculus Lesson 105 


Wc then press the ^E9D key to access the equation menu. We set (this is the beginning 

value for n in our sequence) and define U < >? > = 1 Q&S < n +1 >. We then press CS^P to access the 
window parameters. Since the values of ii(/i) are positive and range from 0 to no more than 1 O, we set 
our window parameters accordingly. Appropriate settings are shown below along with the graph- 


WI 

YN 


NDOU) 
i n= 1 




P1 otrSt*ant.= 1 
Plo£.^£.ep=l 
Xmin=0 
Xroax=10 
XSG1=1 

Vnin=0 
Vmax=l0 
Vs-o 1 = 1 



_ 105.P 

characteristics 
of sequences 


In this section we define possible characteristics of sequences. After giving the rigorous mathematical 
definitions, we provide some examples for illustration. 

Definition of Increasing, Decreasing, and Monotonic 

A sequence {a } is said to be increasing if a > a n for 
all n > 1. 

A sequence {a } is said to be decreasing if a . "£ a n for 
all n > I. 

A sequence is said to be monotonic if it is either increasing or 
decreasing. 


An example of an increasing sequence is the sequence { a n } where a n = n. This is^ 

sequence: 1, 2, 3, 4 .Not only is this sequence increasing, it can also be said to be strictly 

increasing, since each term is strictly greater than the previous term. 

An example of a decreasing sequence is the sequence where a n = This 

sequence’ 1. I. 4. 4, -• It is a decreasing sequence, since the terms get smaller and smaller. But w 


can also say that this sequence is strictly decreasing, since every term is strictly less than the previous 
term. Both of these sequences are monotonic 


Definition of Bounded 

A sequence is said to be bounded above if there is some 

number M such that 

a < M for all n > 1 

n 

A sequence {a ) is said to be bounded below if there is some 
number nt such that 

a > m for all n > I 

ft 

A sequence that is both bounded above and bounded below is simply 
said to be bounded. 

For example, the sequence [aj where a n = I - n is bounded above by O. The terms of this 

i _-a The sequence { a } where a = n is bounded below by 1, since alt 

sequence are u.- i, " n 
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example 105.6 


solution 


problem set 

105 
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the terms of the sequence are greater than or equal to 1. ( Note: We could also have said [a n ] is 
bounded below by — 1 , since all of its terms are positive and therefore greater than 

The sequence [a n ] where a n = (—1)" is bounded, since all of the terms are greater than or 
equal to —1 and less than or equal to 1 . 

We now state a highly important theorem. 

Theorem 

Every bounded, monoionic sequence converges. 

What this succinctly stated theorem says is that if a sequence is both bounded and either decreasing 
or increasing, then it must converge to some limit. For example, the sequence {**„} where a n — - is 
bounded above by 1 and bounded below by 0. The sequence is decreasing, since as n gets larger, — 
gets smaller. Therefore, by the theorem, the sequence must converge. It turns out that the sequence 
converges to 0 . 

Indicate whether each of the following sequences 

(1) is increasing, decreasing, or neither. 

( 2 ) is bounded above, bounded below, both, or neither. 

(3) converges or diverges. 

(a) {a } where a = 1 -— (b) [b } where b = nt (c) {c} where c - cos(n/r) 

(a) We list the first few terms of the sequence. 

1 3 7 

a % = —, a. — —", o, = —* ••• 

1 2 2 4 3 8 

As n increases, decreases. Therefore a n = 1 — gets larger as n increases. We conclude 
that {a } is an increasing sequence. Furthermore the sequence is both bounded above and 
below. It is bounded above by 1 and bounded below by We know by the theorem stated in the 
lesson that every bounded, monotonic sequence converges. Therefore {a } converges. 

(b) Again we list the first few terms of the sequence. 

b x = !,*>-, = 2, £> 3 = 6. ... 

We see immediately that {£„} is an increasing sequence, that it is bounded below by 1, and that 
it diverges (since the terms increase without bound). 

(c) We list the first few terms of the sequence. 

c, = cos K — - 1 , c 2 = cos ( 2 /r) = l. c 3 = cos ( 3 /r) = -1 

We see that the sequence {c n } is one whose terms oscillate between -1 and I. Therefore, it is 
neither Increasing nor decreasing. It is, however, bounded both above and below. This 
sequence also diverges, because its terms do not get closer and closer to any particular number. 

1. A solid has a base bounded by y = x~ and y — 4. Find its volume given that every vertical 
' 1 cross section perpendicular to the base and parallel to the .v-axis is an equilateral triangle. 

2. The rate of change in the number of bacteria is proportional to the number of bacteria present. 
Initially there were 1000 baciena, and 10 minutes later there were 3000 bacteria. Write an 
equation that expresses the number of bacteria as a function of time r. 
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Write the first four terms of each sequence given in problems 3—5. For each sequence, the domain 
is n = 1, 2, 3,.... 


3, a 

(last n 


n + 1 


n 


4. 

»/OJj 




2 — n 


n 


5. 

dost 


a — 

n 


In /i 


n 


'Transform the sequences given in problems 6 and 7 into generator form. Use the domain 


FI “““ l, 2 1 3, .... 

*1111 
uas't 2 * 3 * 4 * 5 ’ 


7 I _I I __L 

non ’ 3 ’ 9 • 27' 


Determine whether each sequence in problems 8—10 converges or diverges. If a sequence converges 
state its limit. 


8 . 

I IQSl 


In n 


It 


a „ = 


In (2n) 


9. 

<lOSt 


a — 

n 


n 


10 

dost 


. a -r. + -n 

i n \ n J 


Evaluate the limits in problems 11—14, 

lx 


11. lim — ^ 

doit x—*o stn (13x) 


12. lim 

< 1011 x —»0 


1 — cos X 


13. 

(79) 


2x~ 


lim 

x—o+ (In x)“ 


x 


14. lim [(1 — cos x)(csc j:)] 

(9tl r—»o 


15. Use differentials to approximate (9.3) 2 — V9.3 

r 99/ 

Simplify the expressions in problems 16 and 17. 

16 . ±.{ r (, 2 - 4r 2 + 3 f - 7) Jf! 

(9St dx J 


17. 

(9St 


; r [£;[!: ( ' 3 - 4,2 +3r - 7> *)] * 


= x 3 — 


18. Approximate the negative-valued x-intercept of the graph of the function y 
t9J) to nine decimal places. 

19. (a) Draw a slope field for the differential equation ^ = y 2 . 

<h>*) - - • 1 

(b) Draw a possible graph for the function with this slope field that satisfies the initial 

condition (1. 1). 


20 . 

(9S) 


21 . 

22 . 

(lost 


Approximate J* dr using the trapezoidal rule with n 


- 4, 


Find an 


antiderivative of In (x*x*x x x J ) with respect to x. 


Use an epsilon-delta proof to show that J ) 3 


1 


Prove that the derivative of In x with respect to x is -. 


(107) 




24. Evaluate: J |V* - 2 

(96) 1 

25. Find the exact area under y = + 

(4Si many circumscribed rectangles. 


3 on the interv'al [0.4] by summing the areas of infinitely 














1Q6.A Introduction to parametric equations 



106 Introduction to Parametric Equations • Slope of 

Parametric Curves 


_ 106 , A 

introduction to Thus far many problems have described the motion of a particle moving along the x-axis. In these 

parametric instances the independent variable was time (/), and the dependent variable was the position (x). That 

is, the position of the pnrticle on the x-axis depended on the value of the time variable. This section 
begins to examine the motion of a particle in two-dimensional space, often the xy-planc. 

From your experience graphing, you know a function that defines y in terms of x can be used to 
describe the path of a particle in the xv-plane. However, when discussing motion, we usually prefer 
to discuss the position of a panicle at a particular instant in lime. With a function that defines y in 
terms ofx, this is not possible. In order to do so, both thex- and y-coordinates of the moving particle 
are expressed in terms of a third variable, time (/). The equations 

x = /(/) and y = g(t) 

which express both x and y in terms of t are called parametric equations. The third variable, r in this 
case, is called the parameter. In this pair of parametric equations, both x and y are dependent 
variables, because they both depend on the value of the independent variable f. 



example 106.1 Sketch the path traced by the point P(x, y) given that x = r + 2 and y = 3/ — I for every real 

number t. 


solution 


The equations can either be graphed in parametric form as they are given, or the parameter con be 
eliminated so that y is expressed in terms of x (rectangular form). We first examine parametric 
graphing. 

Perhaps the simplest way to graph parametric equations is to set up a table of values and then 
graph the resulting x- and y-coordinates. 


r 

_2 

-1 

0 

i 

2 

,T 

0 

1 

2 

3 

4 

y 

-7 

-4 

-i 

2 

5 


From this table of points, we can plot the curve. 

It appears the parametric equations 
x = / + 2 and y = 3r — 1 simply define a 
line in the Cartesian plane. 


y 



Another method of graphing parametric equations is to express them in rectangular form. This is 
known as elimination of parameters. Here we are attempting to eliminate the presence of f in 
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106 .B 


slope of 
parametric 
equations 


The previous section examined curves defined by parametric equations. These curves can bo 
called parametric curves. This section shows how to find the slope of a tangent drawn to such 
curves. The slope of a curve drawn in the .ry-planc is given by which describes the change in v 
divided by the change in x. The box below shows how ^ can be computed for parametric curves. 



dy 

dy _ 

dt 

dx 

dx 


dt 


This is a consequence of the chain rule, which says -jr — 27 * IT- Dividing both sides of ifus 
equation by ^ gives the equation in the box above. It is worth noting that £ can be discussed for 
parametric curves even when y is not a function of x, because £ represents slope, which only depends 
on the curve. 


dy 

example 106.4 (a) Find —=— for the parametric equations x = cos t and y = sin r. 

r dx 


(b) Find the slope of the curve determined by the given parametric equations at the point 
x = rr- and y = j. 


solution (a) We simply use 

dy 

dy _ dt 

dx dx 
dt 


Here 


dx 

dt 


—sin / 



cos t. Therefore 


dy 

dy _ dt _ cos r 
dx —sin / 

dt 


X 





The fact that ^ involves both x and y is not of concern. Indeed, implicitly differentiating 
^2 + y- — j (tfie rectangular form of the parametric equations in this example) would yield trie 

same result. 


To find the slope of the curve at the point 




remember that 


dx 

dy _ dt_ _ 
dx dx v 

dt 

Note that 


dy 

dx 
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Here is a picture of the curve and its tangent line at ( y. 5 ). 



problem set 

106 


Each pair of equations in problems 1 and 2 represents a parametrically defined curve. 

(a) Sketch the curve determined by the equations. 

dy 

(b) Find — from the parametric form. 

ax 

(c) Eliminate the parameter to find y as a function of x. 


1. x — 3i + 1, y = t 2 2. x = r 3 , y = r 2 

( 106 ) 1106 ) 

3. The profit (in dollars) made from the sale of .r items is given by 

(99) 

p(x) = —(x — 100) 2 + 20 dr 

Use differentials to estimate the change in profit if 101 items are sold instead of 100 items. 


4. Estimate V 68 using differentials. 

199 ) 

5. Approximate the value of Xj 68 to nine decimal places using Newton’s method. (Hint: Find the 
,9J> zero of the function y — x 3 — 68 .) 


6 . Use the trapezoidal rule with n — 6 to approximate I sin (.r 2 ) dx. 
1 95) Jo 


7. Find the exact area under v 
r/021 


— on the interval [l, 4]. 
x 


8 . Using the trapezoidal rule, how many intervals are necessary to approximate the area under 
t9S> y = j on the interval [1,4] with an error less than 0.0 1 . 

9. The base of a solid is the region bounded by y = x 2 and y = 4. Every vertical cross section 
of the object perpendicular to the base and parallel to the y-axis is an isosceles triangle with a 
height of 6 . Find the volume of the object. 


Evaluate the limits in problems 10—12. 


10 . 

non 


lim 
>0 


1 — cos j: 


.t 


11 . 

( 102 ) 



13. 

|M| 


Simplify: 


d C* sin k 
dx J 12 k 




Integrate in problems 14 and 15. 


14. 

f 2 cot 2 x dx + 

[ — tan 2 x dx 

15. 

f 2 sin 2 x dx + f 

f/mi 

J J 

1 2 


J J 


sin 3 .t dx 
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^ ^ re 6* on between y = e~ x and the x-axis on the interval [0, 1 ]. Find the volume of 
the solid formed when R is revolved about the y-axis. 

17. The function /(.r) = .ir** + x + I satisfies the conditions of the Mean Value Theorem on the 
interval [1 ,3J. Find a number c that confirms the conclusion of the theorem. 

18. Suppose /(.v) = 3a* * + 2a* + 1. Verify the Mean Value Theorem for Integrals for / on the 
interval [1.3], 


19. 

( 6 !) 


Suppose /(.r) = a sin x + b cos x. Find a and b such that f\n) = 2 and / 




20 . 

uast 


(a) List the first four terms of the sequence given by a n = y r ^ r. n - 1, 2. 3.- 

(b) Determine whether the sequence converges or diverges. If the sequence converges, stmc 
its limit. 


21. Find a generating formula for the sequence whose terms are 4 , 4 . ?. for n = 

<1051 . 3 •» 3 

14 9 16 

22. Find a generating formula for the sequence a, = —, a, = —. a. = —, a, = -r-* 

t/ast b ^ 3 2 4 3 5 4 6 5 

Determine whether the sequences in problems 23 and 24 converge or diverge. If 
converges, state its limit. 


n 2 - 3n + 98 

/Si 4" 

25, Let x(r) = - and y(r) = t 2 for r > 0. 

O06t t 

(a) Graph x as a function of t. 

(b) Graph y as a function of /. 

(c) Graph y as a function of x. 


e n 

24. a — ^ 

dost n n " 


1. 2, 3 


lesson 107 Polar Coordinates 


Polar Equations 


107. A 

' polar 

coordinates 

example 107.1 


solution 


There is only one rectangular form of a point in the xy-plane, but there are multiple ways the polar 
fonm of the same point can be written, because both positive and negative angles and magnitudes can 

be used. 

to nolar coordinates. Write the four forms of the polar coordinates of 
Convert tnc poim v * 

this poinL 


right-hand side we graph the point and 
right triangle. Note that one side of the 
is perpendicular to the x-axis. 

Pythagorean theorem 

r 2 = 2 2 + 3 2 = 13 
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example 107.2 

solution 


So r — 


3.6056. Moreover, tan 0 =-.so 0 = a re tan 


(-!) 


146.31 


We can represent the point (—3, 2) in the 
.ry-plane with two new pieces of information, 
the distance r from the origin to the point (—3, 2) 
and the angle 6. Thus (—3, 2) in polar form is 
3.6056 /14631 °. f 



146.31° 


+ 


T 

2 


Notice that we can also determine the angle 
in a clockwise fashion. 



+ 


Hence the polar representation of (—3, 2) can also be written as 3.6056/—213.69°. 
It is also possible to use negative values for r. 

y y 



- x 


- x 


- X 



- X 


Therefore the point has other representations: —3.6056 /—33.69° and —3.6056 /32631° . All of these 
forms are legitimate because they all describe the point (—3, 2) in the .ry-plane. 


Let P be the point whose rectangular representation is (4, 3). Express P in polar form. 


We first graph P on the coordinate plane. Then we draw a right triangle to determine r and Q. 

y y 



The right triangle establishes relationships for r and 6. 

r — 5 and tan 6 

e 


2 

4 

36.8699° 


Therefore one polar representation of P is 5 /36.8699°. Other representations can be used; however, 
\vc consider this one the simplest and most obvious. 


’Another way of writing this is (3.6056. 146.31°). However, we use a nontraditional notation in this textbook to 
avoid mistaking polar representations for rectangular representations. In this example the degree symbol prevents 
any ambiguity When radian measures are used instead of degrees there is potential for confusion 


























Calculus 


Lesson 107 


example 107.3 
solution 


example 107.4 
solution 


exampl© 107.5 
solution 


Write the polar form of y = .t 2 . 

We replace y with r sin 0 and x with r cos 0. 


r sin 0 = (r cos 0) 2 

r sin 0 — r~ cos 2 0 

sin 0 
r = - 

cos~ 6 

r = see 6 tan 0 


substituted 

multiplied 

rearranged 

simplified 


Note the implications in going from the second line to the third. In the second equation we see that if 
cos 0 is zero, then r sin 0 must be zero. Since sin 0 and cos 0 never equal zero simultaneously, r must 
be zero when cos 0 is zero. Therefore, to be precise, y = x 2 can be written as r = sec 0 tan O when 
cos 0 is not zero. When cos 0 is zero, r is also zero. 


Write the polar form of (jc — l ) 2 + y 2 = 1 . 


We replace y with r sin 0 and x with r cos 0. Then we simplify. 

(r cos 0 — l) 2 + (r sin 0) 2 = I 
r~ cos 2 0 — 1r cos 0 -+* 1 + r 2 sin 2 0 = 1 
r 2 (sin 2 0 4- cos 2 0) — 2r cos 0=0 

r 2 = 2 r cos 6 
r — 2 cos 6 


substituted 
multiplied 
simplified 
simplified 
divided by 


Note that we assumed r ^ 0 in the last line. (Otherwise, we would have divided by O.) However, the 
case r = 0 should not be forgotten. There is one point on the graph of (x — l ) 2 + 3 ’“ “ * that 
satisfies r = 0. namely the origin. We show a graph of (x - l ) 2 + y 2 = 1 for illustrative 

purposes. 

y 



We replace r with and cos 6 with - 7 == 


HP* 


+ \~ = I - 


lx~ + v' 


1 7 

x“ + y 


f i 2 

- = ,!.r* + v — x 


y — V 


r ~t 


+ x = 0 


and simplify. 

substituted 

.... • * f ” 2 

multiplied by ^ x “ + 

rearranged 


Note that in the equation 





















problem set 107 


x and 3 ’ cannoi both be zero, because that would result in the term y i not defined. 

However, the origin is part of the graph of the polar equation r — I - cos 6 , since 
r = 0 when 0 = 0 . Thus the rectangular point (0, 0) is permissible—not only that, it is required. 
We elimina ted the complication introduced in the interm ediate step by multiplying both sides by 
tJx 2 + y 2 . The final equation x 2 + y 2 — - v /x 2 ~+~y 2 ^ + * — 0 allows the point (0, 0) to be 
included. Therefore we can conclude that the equations r = I — cos 6 and 
.x 2 4- y 2 — yjx 2 + y 2 + x = 0 produce the same graph. 


problem set 1. The base of a solid is the region bounded by y = sinx and the x-axis on the interval [0, Jt\. 

■J 07 ,9?> Every vertical cross section of the object perpendicular to the x-axis is an equilateral triangle. 

Find the volume of the solid. 


2 . 

190) 


The position function of a particle that moves along the x-axis is xf/) = / — 6 t + 9/ + 1. 

(a) Find the velocity function and the acceleration function for this particle. 


(b) Determine i'(4) and a(3). 


3. (a) For what values of t is the particle whose position is described by 
901 x(r) = r 3 — 6 r 2 + 9r + 1 moving to the left? 

(b) For what values of t is the particle moving to the right? 

(c) Find the totnl distance traveled by the particle between t = 0 and t = 4. 


4. 

(76) 


The region bounded by >■ = sin 3 * 2 x and the x-axis on the interval [0, 7t] is revolved around the 
x-axis. Find the volume of the resulting solid. 


5. The figure shows the triangular end of a 
f7J| trough that is 20 meters long. The trough is 
filled to a depth of 3 meters with a fluid 
whose weight density is 3000 newtons per 
cubic meter. Find the force of the fluid on 
the end of the trough. 


y 



6 . 

(106) 


Sketch a graph of the curve defined by x = 2/ — 3 and y = t 2 + 2. Find £ for the given 
parametric equations, and then eliminate the parameter to write the equation in rectangular form. 


7. Convert the point (—2, 3) to polar form. 

007 ) 

8. Convert the point [ 1, J to polar form. 

007 ) V 2 J 


Express the solution four different ways. 


9. Write the polar form of the rectangular equation y ~ 2x 2 . 

007 ) 

10. Write the rectangular form of the polar equation r = sin 0. 

(10 7 ) 


Determine whether the sequences in problems 11 and 12 converge or diverge. If a sequence 
converges, state its limit. 


11 . 

1105) 




oat) n n \ 


13. 

I 10 Jl 


Find a generating formula for the sequence whose terms are 1. — |. 1, — 
the sequence by n = 2 . 3 , 4. 5. 


« i;« 

>6 * 49 ’ 


Index 


14. 

I i 


Use the trapezoidal rule w'ith n = 6 to approximate 


f 2 dx 

Jo x 2 +9 













Calculus Lesson 108 


IS. Evaluate: f 2 
(WJ Jo A- 2 + 


16. Use an cpsilon-dclta proof to show that lim f—r + 2 1 = 

</aJI x —»i ^4 ) 


11 


Evaluate the limits in problems 17—19. 


17. 

(79) 


lim 

r —*0 


x — sin x 
x 


18. 

(79) 


lim 


(In a) 2 


x 


19 

(102) 


. lim f 1 + — 1 
) x-»- X J 


20. Find a value of c for /(.v) = tan a on the interval (0. f) that confirms the Mean Value Theorem 
(&J) 


21. Consider the function /(a) = 
<6n of a and b? 


ae x + b sin a. If /'(0) = 4 and /"(0) = 7 , what are the values 


22. Find the smallest positive solution of 2 X = tan a using a graphing calculator. 


23. If /(a) = (a - 3) 

(90) 


1, what is - /(|a|)7 

dx" 


24. Use the definition of the derivative to show that the derivative of sin a with respect to 
(ion 


25. Suppose f f(0 dt = 4a 4 — 4 

(9S) Jc 


(a) Find the equation of /. {Hint: Differentiate both sides of the equation.) 

(b) Use the equation of f to find c. 


"Lesson 108 Introduction to Vectors • Arithmetic of Vectors 

Unit Vectors and Normal Vectors 


108 . A 

introduction to 

vectors 


Many physical quantities involve both magnitude and direction. Examples of such quantities include 
force velocity, and acceleration. In mathematics these quantities are called vectors. 

Definition of Vector 

A vector is a quantity that has both magnitude and direction. 


Pictorially. a vector can be represented by a directed line segment An example is shown below. 




denoted PQ. which is read "vector PQ" For the vector shown, P is called the initial 
mid Q is called the terminal point. Its magnitude is the distance between its initial and terminal 

tt/which is denoted by I PQ I • 










Introduction to vectors 


Often vectors arc denoted by boldface lowercase letters such as v r w f and z. However, it is 
difficult to draw boldface letters by hand, so many people draw arrows over them instead: for 
example, v, w, and z. We follow that convention in this textbook. 

The vector below can be represented numerically in two ways. 


y 



One possible representation is 2 /120°. This polar form indicates that the vector s magnitude is 2 
and its direction is 120° (measured from the positive x-axis). However, the vector can also be 
represented by (—1, >/3). This notation indicates that the terminal point of the vector is I unit left of 
its initial point and V3 units above it. Unlike the polar notation, the rectangular notation does not 
explicitly identity the vector’s magnitude and direction. However, it is useful in many other 
respects. 

It is important not to confuse the vector (—1, V3) with the point (—1, V3). Vectors are not bound 
to physical locations. They only have a specific magnitude and direction according to the definition. 
Thus each vector in the graph below is correctly described by the notation (—1, v3). In fact, all these 
vectors are equal. 


y 

A 


4 



example 108.1 Draw vector v in standard position with a terminal point of (—4, 2). 


Solution A vector in standard position is one whose initial point is at the origin. We simply draw the directed 

line segment from the point (0, 0) to the point (—4, 2). 


y 

i 



In this case v = (—4, 2>. 


example 108.2 Determine the magnitude |v 1 of the vector v = <-4. 2). 


We simply find the length of the line segment from the point (0, 0) to the point (-4, 2). 


solution 


M = -J(—4 - 0) 2 + (2 - 0) 2 
= 2-/S 


distance formula 
simplified 
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problem set 

108 


= 2(1) - 3 = -1 


A vector parallel to the tangent line at x = l is a vector in the same direction as the tnngent line 
at x — 1. Observe that £ = 2x — 3, so 

dy 

(lX % n | 

So we first need a vector with such a slope. One such vector is v = (I, —1). This vector is in the 
same direction as the tangent line, but it is not a unit vector. Notice that |"v| = V2 , so —'7j/ 
is a unit vector parallel to the tangent line. Thus -L) is a unit vector normal to the tangent 
line at (1,-1). Vv2 2/ 



3. 

(lost 

4. 

dost 

5. 

dost 


6 . 

a. i as i 


1. The initial point of the vector is (1, 2). Its terminal point is (3, —2). Express v in the form at *+■ tfj 

(tost _ 

2. The initial point of the vector v is (—3, 4), and its terminal point is the origin. Express v in 
tlM> form at + bj . 

Express the unit vector obtained by rotating j counterclockwise 150° in the form (a. b). 

Express the unit vector having the same direction as 8/ — 6j in the form r/8 . 

Find a unit vector parallel to and a unit vector normal to the line tangent to the 
y — 3x~ — 4 at the point (2. 8). 

Indicate whether each of the following statements is true or false. If a statement is false, 

counterexample. 

(a) All continuous functions are integrable. 

(b) All continuous functions are differentiable. 

(c) All integrable functions are differentiable. 

(d) All differentiable functions are continuous. 

7 Find the volume of the solid formed when the region bounded by y = cos .r and the .r-axis on 
<*•> the interval [-f. f] is rotated around the line .t = 3. 

Let R be the region bounded by y = sin 2 .r and v = 2 sin 2 .r where 0 < x < rr. Express the 
volume of the solid formed when R is rotated about the .r-axis as a definite integral. 

The area between y = and the .r-axis on the interval [-1,1] is the base of a solid, 
vertical cross section of the object parallel to the y-axis is a square. Find the volume of the 

10 Find the equation of the line tangent to the graph of v = 4' at the point where .v = I. 

( 77 ) r* ^ 

f ^.r 7 _ c where k > 0. Evaluate c x dx. 

11. Suppose I e dx - c, J_ 4 

iMt 

Determine whether each sequence in problems 12 and 13 converges or diverges 
:onverges, state its limit. 

3 " ' 1 ’ 

3 


8 . 

I.KJt 


9. 

( 97 ) 


solid 


If a sequence 


12 . a = 

last n 


13. 

I 


I 3. 
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14. 

HOS i 


Find a generating formula for the sequence whose first four terms arc a t -j. 

and "4 = il¬ 


ls. What is jjm + h) ~ /(2) if f(x) = sin x? 

16. If J ^fix)dx = 7 and J fix) dx — —3, what is fix)dx? 


4 

5» 


Antidifferentiate in problems 17—19. 


17. f 2x In x dx 
1 69) J 


!9. f 

OW J 


Jt 3 4- 4x 2 — 3x -§- 7 


dx 


18. f tan 3 (2x) dx 

<100) J 


20. Simplify: — [arcsin (2x)] + J 


V1 — 4x 


<fx 


For problems 21 and 22 a particle is moving in the Cartesian coordinate plane according to the 
parametric equations x = 3r and y = / 2 + 1. 

21. As the particle passes throueh a point whose x-coordinate is 9, what is its y-coordinate? 

</06) ~ 

22. (a) Sketch a graph of the path that the particle follows based on the parametric equations. 

< 106 ) 


(b) Find: 


dy 

dx 


(c) Eliminate the parameter to express the parametric equations in rectangular form. 


23. Write the polar form of the line y = 2x + 3. 

007) 

24. Find the x-values of all the local maximums. local minimums, and points of inflection of the 

f 4 9) _ n 4 1 ^ 3 ^ 4 2. 

curve y = 3x — I2_r — 24.r . 


25. Find the Maclaurin series of In (1 — Jt). Use the first three terms of the series you find to 
,S5> estimate In (1.1). 



f.fo sson 109 Arc Length I: Rectangular Equations 


We have seen integration applied to various applications, including the determination of area, volume, 
and work. This lesson introduces a new application—finding the length of an arc of a curve. 
Integration, the summation of infinitely many items, appears again. This investigation of arc length 
begins by noting the distance formula between two points (x,, y ) and (x,. y^): 

d = ^/(.t 2 - x, ) 2 + (y 2 - y x ) 2 or 

d = V(Ax) 2 + (Ay) 2 

Unfortunately, finding the length of an arc means dealing with a curve that is not a straight line. This 
complicates matters, but only slightly. To develop a formula for arc length, we simply break the curve 
into many small pieces that can be nicely approximated by line segments and add the lengths of those 
line segments. To eliminate the error, we let the number of such segments go to infinity and the length 
of each segment approach 0. An integral arises again. 
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example 109.3 
solution 


problem set 

109 


. one last example to emphasize that mnny straightforward functions yield difficult, 

or impossible, integrals in arc length problems. 

Find the length of the curve y = x 2 on the interval 10. 2], 

From the arc length formula, 

L = f‘ VT + (2x) 2 dx 
Jo 

= f Vl + 4.x 2 dx 
Jo 

We do not know how to evaluate this integral yet. Fortunately, we will leam how to evaluate this 
integral in an upcoming lesson. However, we can still approximate this integral with some accuracy. 

For example, using the trapezoidal rule with 10 subintervals, we find that this length is approximately 
4.6533. Also, the TI-83 says that 

FnIntC4-Cl+4X2>,X,0,2> 

is approximately 4.6468. 


1* The amount of water consumed (in gallons) by a particular type of tree is given by 

u'(r) = f‘(. r — 9) _ + 40 where r is the radius of the tree in inches. Use differentials to estimate 

the amount of additional water needed if the tree grows from a 10-inch radius to a 
10.5-inch radius. 

2. Find the length of the curve y = x 372 on the interval from x = 0 to .r = 4. 

009) 

3. Find the length of the curve y = x 273 on the interval from x = 0 to x — 8. 

It 09) 

4. Write an integral expression in terms of a single variable that can be used to find the length of 

<IW> the curve y = x 2 -§- sin x from the point (0, 0) to the point (3, 9 + sin 3). 

5. A particle moves along the x-axis so that its velocity at time / is given by v(/) = te ~*. Find the 

,90> acceleration of the particle at t = 4. If x(0) = 0, what is x(3>? 

6. Find % for the parametric equations x = 3 sin 2 1 and y = 4 cos 2 1. Sketch the graph of the 

,toa> parametric equations. 


7. Convert the polar equation 6 = — 

(107) 4 

8 . Convert the rectangular equation x 2 

(t 07) 

Evaluate the limits in problems 9-11. 

x In x 

9. hm 2 T f 

(79) I —♦ — X + 1 


to rectangular form. 

+ y = 9 to polar form. 


10 . 

I I0t) 


lim 

X —, 0 


sin (17.t) 
\2x 



12 . 

(93) 

13. 

1991 


d r 

Evaluate — J, 


* m r 


dt, assuming x 


0 


c se that / is a funcuon defined for all real values of x. The graphs of y 
Suppo ^ identical when which of the following statements is true? 

B. / is an odd function 


= /(.r) and 


A /(-*) > 0 for all values of x. 

C y is an even function, 


D. / is any polynomial function 
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l ^ e re 8 ' on between y = \ and the x-axis on the interval f 1,2]. Find the volume of the 
solid formed when R is revolved about the line x =* — 1 . 


Antidiffcrentiate in problems 15 and 16. 

lx dx 


15. f 

mi J 


*\/25 — x 2 


16. f cot 2 (2 jr) r£r 
(100) J 


wj Rewrite the integral expression J" Je 2 * — 2 j *£r in a way that avoids absolute value notation. 


18. Suppose /(.r) _ sin x and / is only defined for all x such that —f < x < f. 
inverse function of/. Evaluate (/->)'(i). 


f. Let / _1 be the 


19. 

<ev> 


The Mean Value Theorem for Integrals says that a continuous function must attain its average 
value on an interval at some number c in the interval. Let fix) — -v/x. Find some c in [0, 1] such 
that /(c) is the average value of the function on this interval. 

20. Find the angle between the vectors 7j = (4, 3) and = <-2, 7> when they are drawn in 
standard position. 

Find a vector of magnitude 6 that is parallel to the tangent of the curve y — x~ — 4 at the 


point (3. 5). 


22 . Differentiate y = arc tan — + e MJ+c “ 

fJOUWJ -> 


1 + x 


e — sin x 


with respect to x. 


23j (a) Write the first four terms of the sequence given by — ———- n — 1,2,3,.... 


(10s) 


(b) Determine whether the sequence in (a) converges or diverges. If it converges, state its limit. 


24. Find a generator for the sequence a, = —, a, = —. <3 — — a — 

1 1 2 4 * 3 8 ’ 4 16 . 


25. Let fix) = 

f SO) 


X 2 + jr - 2 


(a) Write the equations of all the asymptotes of the graph of/. 

(b) When .r is large, what monomial expression closely approximates ^^ ? 


x 


(c) When x is large, what monomial expression closely approximates x/(x)? 


:sOJV 110 Rose Curves 


Every point on the rectangular plane can be uniquely represented by an ordered pair of .r and y. Thus 
(3. - 2 ) represents the point whose x-coordinate is 3 and whose y-coordinate is - 2 . There is no other 
way to use rectangular coordinates to designate this point. Polar coordinates are different as 4/20° 
4 / 1 -340° , -4 /200° , and -4/-I601 all designate the same point This flexibility enhances the 
usefulness of polar coordinates while at the same time introduces an element of confusion Polar 
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problem set 

110 


K 


1 . 

( 99 ) 

2 . 

( 94 ) 


3. 

»#f»> 

4. 

«f/j 


5. 

( 55 ) 


Use differentials to approximate VT7. 

Let R be the region bounded by y = e\ the coordinate axes, and the line jc = 2. Find the 
volume of the solid formed when R is revolved around x = -2. 

Find a vector of length 4 thnt is normal to the vector < 2 , — 3 >. 

The slope of the line tangent to the graph of a function / at any point (.r, y) on the graph is 7 . 
graph of/ passes through the point ( 1 . 1 ). Find the equation of/. 

Find the Maclaurin series for sin (2.r). Use the first 3 nonzero terms of the series to estimate the 
value of sin ( 0 . 4 ). 


( ^j ^ boll is thrown upward from the top of a 60-meter-high building with an initial velocity of 30 
meters per second. 

(a) Develop the velocity function and the position function for the ball. 

(b) How long does it take the ball to reach its highest point? 

( c ) How long does it take the ball to hit the ground after reaching its highest point? (Assume 
the ball does not hit the building as it falls to the ground.) 

Wdte an integral in terms of a single variable that can be used to find the length of the curve 
v = 2_r 2 4 * 3.r — 4 from jc = 2 to x — 6. 


7. 

( 109 ) 


8 . 

009) 

9. 

009) 

10 . 

( 93 ) 


Find the length of the curve y = x from x — 1 to x = 4. 

Find the length of the graph of (>• 4* l) 2 = (x - 4) 3 from the point (5, 0) to the point (8. 7). 
Fund /'( 1 .4) where /( jc) = J r 2 -JT~+ t 2 dt. 

H sin 0. 


11. Write the rectangular form of r = 2 -1 

007) 

12. Write the polar form of y = 2x + 3. 

007) 

Graph the equations in problems 13—16. 

13. r = 2 

( 107 ) 

15. r = 2 sin ( 20) 

0 / 0 ) 

17. A parametric curve has the defining equations x = e l and y — e -3 ' where t is a real number. 
006) Qj-jph the curve, find £, and determine the curve’s equivalent rectangular equation. 


14. r = 2 sin 0 
010) 

16. r = 2 sin ( 30 ) 

OIO) 


18. Evaluate: | 3\x~ 

(96) 


+ X 


- 2| dx 


19. Find the area between the graph of y — tan 3 x and the jr-axis on the closed interval 0. “/"I- 

f/OOJ *- 

Determine whether each sequence in problems 20 and 21 converges or diverges. If the sequence 
converges, state its limit. 


20 . 

005) 


4/1 

a = - - 

n In n 


21 . 

005) 


0 n 

+ 9 + 

a = — 
" 3" 


22 Find the values of jt for which f(x) = x(x - 2)(.r - 5) attains its maximum and minimum 
Taw values on the interval [-1, 5). What are the maximum and minimum values of f? 

23 Suppose that / is a continuous function such that /, fix) dx = 4 and [ f fix) dx = 5. Find 

ts7i s! /< x) dx - 


24. Differentiate y = tan 3 .r — 

(50) 


I -4- sin ( 7TX ) 
1 4- C-T 


with respiecl to.v, assuming c is a constant 


25. Prove: Jiin 


sin .r 


oon 


x 


1 








TT»e Exponential Indeterminate Forms 0 °, 1 ", 



111 The Exponential Indeterminate Forms 0°, i“ and 


o 


Previous lessons on limits investigated how to evaluate limits that involve the indeterminate forms 
p. 0 * *», and oo — oo using L’Hflpital’s Rule. This lesson investigates three additional 
indeterminate forms: 0°, 1“, and oo°. These exponential indeterminate forms cannot be directly 
transformed into the more familiar § and f. Therefore a new procedure must be found to evaluate 
such limits. Fortunately all three cases con be handled following the same procedure. To evaluate 
- i /(*)*. we do the following when on exponential indeterminate form arises: 


1 . Take the logarithm of the limit’s argument to obtain In/fx) 1 ^, which equals 
g(x) * In f(x). 

2 . Evaluate lim [g(x) - ln/(x)]. if it exists. 

x—* a 


3. Determine e L , since lim [g(x ) - In /(x)] = L implies lim /(x) ^u, = e L . 

J—► u j—♦ a 


Usually L*H6pital*s Rule is used in the second step. The third step counteracts the effects of taking 
the logarithm of the expression. The entire process is an application of the substitution principle for 
limits from Lesson 70. What we are doing is this: 

lim /(x)*<*> = lim e ,n/Cr) *" ) 

x~-*a x —►a 

= lim e* U) ,n M 

x —>a 

lim ln/U)l 

— e x-+a 


In this new formulation of the expression, we still have to evaluate a limit whose form is 
indeterminate, but it is the type of limit discussed in Lesson 79. Therefore we know how to solve it. 


example 111.1 Evaluate: lim x* 

j—♦Q"' 


solution 


The indeterminate form here is 0°. The first step is to take the logarithm of x J . 

In (jr 1 ) = „r In x 

Second we determine lim^ j 0 + x In x. Note that this has the indeterminate form 0 
the limit so that L’Hdpital’s Rule can be applied. 

lim x In x — lim —:— indeterminate form — 

X-+0+ X—4 0** 1 00 

.T 

i 


= lim - T , 

X-.0- _ 1 

L’Hopital’s Rule 

x 2 


— lim —x 

x —* O'*" 

simplified 

= 0 

evaluated 


The final step is to raise e to this power. 



1 


—«>. We rewrite 


Therefore lim x 1 


= 1 . 
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example 111.2 
solution 


example 111-3 

solution 


confinns Ulis result. Using Func mode, we define Vi =X^X and build 
a table. With TblStart=.01 nnd oTbl=-.00i in the TABLE SETUP screen. The 
following is produced: 


X 

Vi 


,00? 

.006 

.005 

.00H 

.003 

.003 

.96906 

.969?? 

.9?3B6 

.9?B16 

.9B272 

-9B?65 

.99312 


X= 

.001 


The function values certainly appear to approach 1 as .v approaches 0*\ 


Evaluate: 





X 


We see the indeterminate form 1 here. The first step is to find the logarithm of the limit’s argument 


,n [(■ + f) ] = * ,n (' + 7 ) 


Second we find the limit of this function as .r gets large. 


lim x In f 1 + —1 
,n 0 + !) 


indeterminate form <*> * 0 


= lim 


]_ 

x 


indeterminate form — 

0 


1 


= hm 


( 1 + f) 






L’Hopital’s Rule 


= lim 

jr—> ♦- 


I + 0 


I + 1 

X 


— 2 


simplified 


evaluated 


Therefore the original limit is e 


lim ^ + “J = e 2 

Indeed, this is consistent with the claim in Lesson 102 that 

Hm (l + f) = 

for any constant a. 


Evaluate: hrn^ x 


Ux 


This is an example of the indeterminate form «° 

As in the above examples, we take the natural logarithm of the limit s argument 

In [x ,/T J = — In x 

















Ill 


Next wc calculate the limit of this function. 


lim — In x 
J_ *** j 


lim 


X —9 •• 


In x 
x 




Therefore lim x l,x = e° = 1 . 


indeterminate form 



L'Hfipital *s Rule 


problem set 

111 


of a solid is the region in the xy-plane bounded by the x-axis, y = tan 2 x, and the 

line x = 5 . Every vertical cross section of the object parallel to the y-axis is a square. Find the 
volume of the object. 


f; Find the distance traveled by a particle between / = 0 and t = 6 given that its position along 
the x-axis is determined by x(r) = jr 4 - + 5r 2 + 7 . 

rw; ^ SC ec l ual * on the line tangent to xy 2 — 4x 2 y + 14 = 0 at the point (2, I) to 
approximate the value of y in xy 2 - 4 x 2 y - 1 - 14 = 0 when x = 2 . 1 . 


4. 

H06) 


Sketch the graph of the parametric equations x = 4 sin t 


and y = 3 cos r. Find 


dx' 


5. Sketch the graph of the parametric equations x = 4 sin 2 r and y = 3 cos 2 /. Find 


(IQ6) 


dy 

dx 


6 . Write the polar form of x 2 + y 2 — 6 x = 0. 

(107/ 

Graph the equations in problems 7—9 on a polar coordinate system. 


7. r = 3 cos 0 
1110/ 


8 . r = 3 cos (30) 
(110) 


9. r = 3 cos (40) 

fllOJ 


10. Find a vector of magnitude 7 that is normal to 3 * = 2 X+C °* X al t), e poi n i where x = 2.3. 
Evaluate the limits in problems 11—19. 


11 . lim f --— "1 

(9i) jr-»o ^ sin x ) 


14. lim x Ux 

tl(/> 


17. 

(23) 


12 . 

(91) 

lim 

x—*(x/2)~ 

(cos x • tan x) 

13. 

tin) 

lim 

*-»<r 

15. 

mo 

lim 

(sin x )"* 1 

16. 

(HI) 

lim 

jr — 1 


tan 


lim 

r -»0 


CfH- 


Jl 

tan — 
4 


sm x — sin 


x 


18. 

(**) 


lim 

-*JT/4 


(f) 


X- 


;r 

4 


19. lim 


sin (3lx) 


non x-»o 13.V 


20 . Wnte an integral whose value equals the length of the curve y = sin x on the interval [0, /rl. 

21 . Use the trapezoidal rule with n = 6 to approximate the length of the curve y = sinx on the 
interval [ 0 , xj. 


22 . Determine whether the sequence a n = ^r, #1 = 1, 2, 3. ... converges or diverges. If it 
converges, state its limit. 
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Uaa) ^ a generating formula lor the sequence whose first four terms arc a. = — 

fl 3 = To* ond o 4 = 4A. 

(b) Does this sequence converge or diverge? If it converges, stole its limit. 


24. 

f<WJJ 


Which of the following integrals is equivalent to sin 2 x cos x dx? 

r */2 

A. f u 2 dtt B. J* a 2 tin r> r' 2 .. .. a.. 


.1 u ~ 

Jo 

25. Integrate: f xyfx + 4 dx 

fa&riVj J 


du 


r/r/Z 

I u cos it du 

Jo 


D. f* u 
Jo 


cos i/ du 


LESSON 112 Foundations of Trigonometric Substitution 


example 112.1 


It is fairly simple to integrate J /“r dx. The most difficult step is the «-substitution u = 1 — 


J 


.r 


VI - x 


dx 


= J.r(I - x 2 )~ in 

= _1 J „-«/2 du 


dx 


= -u' n + C 
= -(1 - .r 2 ) ,/2 + C 



If the derivatives of the inverse trigonometric functions have been memorized, the integral 
f . 1 . dx is even easier. 

* v« - •»* 


/7T=? 


dx — arcsin x + C 


However, the integral / / - dx is more difficult, and it cannot be determined using the techniques 

discussed thus far. A new technique called trigonometric substitution is required. This lesson 
focuses on practicing the skills of trigonometric substitution. In Lesson 113 we use the skills to 

implement the technique. 

Simplify the expression based on the substitution sec0 = f. (Here, a represents a positive 

constant.) 


Solution To use the substitution, we must first solve for x. 


e = — 

a 


x — a sec 0 


Now we 


make the substitution and simplify 


1 


1 


substituted 




■yj(a sec 6) 2 — a 2 
1 


^a 2 (sec 2 0-1) 
1 

■J a 2 tan 2 0 

1 


factored 


Pythagorean identity 


a tan 0 


square root 


UK 
































112 Foundations of Trigonometric Substitution 


579 


example 112.2 


solution 


example 112.3 


solution 


Simplify the expression 



based on the substitution tan 6 = —. 

2 


First we solve for x in tan 6 — — 

2 ' 

tan 9 — ~ — - x — 2 tan 6 

2 

We can substitute this into the expression, but first we should determine dx so that we can substitute 
for it as well. 


x — 2 tan 0 -— dx = 2 sec 2 9 dO 


Now the expression can be rewritten without anyjr’s. 


dx 2 sec 2 9 dB 

■yfx* + 4 -7(2 tanfl ) 2 + 4 

_ 2 sec 2 9 dO 

^/-4(tan 2 9 + 1) 
_ 2 sec 2 6 dB 
-^4 sec 2 0 

_ 2 sec 2 B dB 
2 sec 6 
= sec 6 dB 


substituted 

factored 

Pythagorean identity 

square root 
cancellation 


The new expression is noticeably simpler, and it is one that wc can integrate. 


Draw a referen ce triangle based on the substitution sin 9 = |. Use the triangle to write the 
expression In -J[csc & — cot 9\ + C in terms of x. 


In a right triangle the sine of an angle is the ratio of the length of the opposite side to the hypotenuse. 
The relationship sin 6 = ~ is true in the triangle on the left-hand side. 




In the triangle on the right-hand side we use the Pythagorean theorem to find the length of the other 
sid e. This triangle is the reference triangle required. Now we must use this triangle to write 

In V|csc 9 - cot B\ + C in terms of x. The easiest way to do this is to find substitutions for esc 0 and 
cot 6 . From the triangle 


esc 0 = — 

x 


and 


cot 9 ~ 


- 


Therefore 


In ^/(csc 0 — cot 6 >| + C = In 


2 - V4 - 


+ C 


The purpose of this exercise will become clear in Lesson 113. 
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problem Set t jL Let /? be the region between the graph of 

112 y — x and die .r-nxis from .v = I to 

x = k for k > I. 

(a) Determine the area of R. 

(b) Suppose that k is increasing at a rate of 
1 unit per second. Find the rate at 
which the area of region R is 
increasing when k = 10 . 


y 



^2. Use differentials to approximate VTo. 

3. The end of a trough has two straight sides 
i77> and one curved side, as shown. The trough 
is 3 meters long and is filled with a fluid 
whose weight density is 3000 newtons per 
cubic meter. Express the work required to 
pump the fluid out of the trough as a 
definite integral. 


y 



4. 

006 1 


(a) Sketch the curve represented by the parametric equations x - 3 cos 6 and y 
where 0 < Q < 2jc. 


4 sin O , 


(b) Eliminate the parameter and find the corresponding rectangular equation. (Hint: Use the 
Pythagorean identity.) 

(c) Find 27 for both the parametric and rectangular equations, and verify that they are 
equivalent. 


Evaluate the limits in problems 5—7. 


5. 

i»/i 


, im r± - -H 

*—»o ^ _r sin x J 


6 . 

non 


lim 

x -*0 


8. Convert the polar equation r — 

007i ~ 51 


sin ( 2x ) 
Ax 


1 


7. lim (sin x) 
out T _o + 


2 sin 6 — 3 cos 


— to rectangular form. 


Graph the equations in problems 9 and 10 on a polar coordinate system, 
r = 4 sin 6 1°: r = 4 sin (30) 


9- 

OIO) 


OIO> 

11 . Write an integral whose value equals the length of the graph of 
from x ~ —2 to x = 2 . 


v = e* 


on the interval 


12 . 

ow 

13. 

003) 

14. 

003) 


Find the length of the graph of y = x 213 on the interval from .t = -8 to .r = 8 . 

Find the magnitude of the vector 3/ — 2y. 

Find a unit vector parallel to the line tangent to the curve y = x 2 + Zx - 1 at the point (2, 7) 
and a unit vector normal to the line tangent to the curve at the same point. 


15. Let fW = ~ ' + Find /m 

)30) 


e 1 — sin t 


Determine whether each sequence in problems 16 and 17 converges or diverges If a sequence 
__ *if^ limit. 


converges, state its limit 


16. a ~ (-O 

003) 




n 


f /i — I* 2* 3. * - - 


17. 

IIOS) 


_ _ - n 

a =• e 

rt 


In n, n = 1. 2, 3, 
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18. 

dost 


Find a generating formula for the sequence whose first four terms are a 

fl 3= T. and a 4 = 


1 „ 

2 » a i 


V 

4 • 


19. 

(9S) 

20 . 
<VJ) 


Approximate 




X 




i 


dx using the trapezoidal rule with n = 4 . 


Use Newton’s method to approximate to nine decimal places the coordinates of the 
first-quadrant intersection point of the line y = jx and the curve y = sinx. 


21. Use the substitution x = tan 0 to simplify the expression 


2 dx 


0 + X 2 ) 3 * 


22 . Evaluate: J _ 2x In (x 2 ) dx 


23. 

166) 


Which of the following definite integrals is equivalent 


A. 

71 V • ^ 

— sin a du 

2 Jo 

B. 

#J 

r 1 • 

| sin 
' 0 

u du 

D. 

r*7 2 

sin u du 

E. 


p/r /2 

1 u 

du 


Jo 


K J 

'o 





24. Accordin S lo R°H e ’ s theorem, which of the following statements is true? 

A- If /(x) = |x — 3| — 3, then there must be some c € (0,6) such that /'(c) = 0. 

B. If /(x) = 2 - 2 ^ -, then there must be a point c e (- 1 , I) such that /'(c) = 0. 

C. If /(x) = (x — 6)(x 2)(x — 7), then there must be a point c e (—2,6) such that 

ncy = 0 . 

^h e function /(x) = x~ -+- I is never zero for any real value of x, so there is no real 
number such that /'(c) = 0. 


. After working with the exponential indeterminate forms, it often seems that 0“ should be 
included in the indeterminate list, but this is not true. Prove: If /(x) > 0 and lim /(*)**> 
has the form O'*"*, then the limit always equals 0. x >a 


r . E SSON 113 Trigonometric Substitution 


Consider the following three integrals: 

f — f f dx 

J 1 + - J VTtts- j 7^7 

Because these lack an additional factor of x in the numerator, we cannot determine these integrals 
using u-substitution. However, a new substitution technique called trigonometric substitution can 
be used. The chart below indicates the kinds of substitutions that are made. 





Term in Integrand 


Substitution 


a~ + x~ 

I ? *1 

\ or — 

1 *> 

\a‘ — or 


x = a tan 0 
x = a sin 9 
x = a sec 0 
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^ft®*’ Uiis work one is tempted to think we are done; however, we must now write the last 
expression in terms of .v. From the fact that 2t = ton G, we can draw a triangle to determine 
substitutions for the trigonometric functions in the expression. 



sec 


6 = V1 + 4.v~ 


tan 0 = — - Zx: 

1 


Thus J Vi + 4.v 2 dx = 1 J sec 3 Q dO = I(ln |/l + 4 x 2 + 2x| + 2xVl + 4 x 2 ) + C*- 

Note the complexity of both this result and the process of obtaining it. 

problem set 1. The base of a solid is a circle of radius 4. Every vertical cross section of the solid perpendiculm" 

113 to the base and parallel to a given diameter is a rectangle whose height is half the length of its 

base. Find the volume of the solid. 


2. Explain why u — a sm 0 is a useful substitution when an integral contains an 

< in > _ r^> -- 

form a ~ — u ~ - 

X V* 4J~x 

3. Find the derivative of y = --with respect to x. 

(4 + x 3 ) 6 


of the 


4. Use the symmetric derivative to find /'(x) where /(x) = —5x 2 + —. 

2 

Integrate in problems 5 and 7 using methods from Lesson 64. Integrate in problems 6 and 8 
trigonometric substitution. Compare the answers you obtain for problems in the same row. 
should be the same.) 


,5; J 

r ^ 

6. 

r dx 

1 Vi - * 2 

UiJ) J 

1 V I - X 2 

,Z; J 

r ^ 

8- J 

(SIJ) J 

r fifx 

1 1 + x 2 

^ 1 + x 2 


Integrate to obtain an exact answer in problems 9—11. 

9 f l)A 10. f ^' 6 i — 


dx 


11 . 

U13) 


J 2 sec 3 x dx 


12. Find the general solution to the differential equation y(x 2 + 1) ~ = xy 2 


183) 


13. 

(t03> 

14. 

(IQS) 

15. 

uoat 


16 . 

1107 ) 


Le! V - = (6,5) and v 2 = (-2. ID. Express v, + v, in the form (a, b). 

Find 4v. - 7v 2 when V, = (2.2) and v 2 = <-l.3>. 

_4 /150° + 6 /-200° . Express the answer in polar form. 

Write the polar form of y = —- 


17. 


Find the 


length of the curve y = \16 - (x + 2)‘ +4 from \ = 0 to x = 2 
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114 Arc Length II: Parametric Equations 


am] Approximate the length of the curve y — 4^1 from x = —2 to x = 4. 


Evaluate the limits in problems 19-21. 


19. lim f 1 + —1 
an, x ) 


20 . 

an. 


lim (e x — I)* 
-»o + 


21 . lim x xnl ~ x) 
an, *—\ 


no*> ^ raw a slope field for the differential equation — x 1 . 

dx 


Graph the equations in problems 23 and 24. 


23. r = 4 cos 6 
aio, 


24. r = 4 cos (20) 
t noi 


an] ^ ler wor long with the exponential indeterminate forms, it often seems that 0~~ should be 
included in the indeterminate list, but this is not true. Prove: If f(x) > 0 and 
I* 01 ,_ M has the form 0“**, then this limit always equals -h». 


jl^ESSON 114 Arc Length II: Parametric Equations 


Lesson 109 showed how to compute the arc length of a portion of a curve defined by an equation of 
the form y = /(x) by developing the following integral formula: 



J * V 1 + [/'(x)] 2 dx 

x a 


(Here x a is the x-coordinate of the point a, andx fc is thex-coordinate of point b .) We now wish to find 
a formula for arc length when the curve is defined by parametric equations of the form 
x = /(r), y = g(t). 


Recall the development in Lesson 109 in which the following curve appeared. 

y 



Wc noted that the actual length of the curve between points a and b is closely approximated by 
\( Ax) 2 + (Ay) 2 when a and b are quite close. Then we noted that 

n 

y, v"c Ax #) a + ( a >\ ) 2 

i=i 
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example 114.1 
solution 


example 114.2 

solution 


closely approximates the arc length nnd actually equals the arc length as n approaches «*° 
through this process again, but now include the parameter /. 



by definition of Riemann sum 


. We go 


Thus we have another nice integral formula for calculating arc length between two points, 

= (/(',). SO,)) and b = (/(/,). s(O): 



It must be noted that this development assumes /(t) and g(r) are differentiable on the open inter"val 
0,. f 2 )- If they are not differentiable on (/ |t r.,), the formula cannot be used on the interval. This also 
assumes the curve does not intersect itself over the interval (/ /,). If it does, then we cannot apply 
the formula. 


A circle of radius r centered at the origin can be defined parametrically by .r — r cos 0 and 
y — r sin 0. Find the circumference of the circle based on the parametric description. 


The curve is completely traced over the ^-interval [0. 2jt]. By substituting % — —r sin 0 and 


Q — r cos 0 into the formula, we find the circumference of the circle. 

*X0 


<■ - /.?|SH5T 


de 


— I" -J(—r sin 0) 2 + (r cos dO 
Jo 


r 2 sin 2 0 + r 2 cos 2 0 dO 


- i 

= f r -^/sin 2 # + cos 2 # d0 
Jo 

r 2JT 

= f r de 

Jo 


formula 


substituted 


Pythagorean identity 


— r &lo~ ~ ~ K r “ 0 = 2/rr 

This confirms a well-known fact: the circumference of a circle of radius r equals 2jtr. 


Approximate the length of the curve defined by 

x ~ 4 cos i — cos (4/) 
y — 4 sin t — sin (4/) 


We use the graphing calculator in 

parametric-equations mode to graph this 
function. 
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114 


The /-interval from 0 to 2/r draws this curve completely; however, the curve is not differentiable over 
the entire interval. There arc three sharp comers regularly distributed over the interval from 0 to 2/r. 
The comers occur at t = . 4*, and 2/r. To find the arc length, we must sum the lengths of each of 

the three smooth portions of the curve. 


- r iff * m « * c it r * m' - 

* C If♦ (f r * 

i»2^/3 r----——--■ — 

= J y[— 4 sin t + 4 sin (4 /)] 2 + [4 cos t — 4 cos (4r )] 2 dt 

r4/r/3 i- 

+ I v[—4 sin / + 4 sin (4r )] 2 + [4 cos t — 4 cos (4f )] 2 dt 
+ f ^£—4 sin t + 4 sin (4r )] 2 -+- [4 cos / — 4 cos (4r )] 2 dt 

j 4jt/3 

j*2«/3- 

= 4J2 — 2 sin t sin (4/) — 2 cos / cos (4/) dt 

Jo 


|-4jt/3 


+ I 4J2 — 2 sin f sin (4r) — 2 cos t cos (4r) dt 

J2jt/3 


r 4V2^r 

J4^r/3 


sin / sin (4r) — 2 cos r cos (4r) dr 


Using the ■Tnln't- option from the MfiTH menu, we find that the length is 32. 


1 . 

(97) 


2 . 

009 ) 


3. 

009 ) 


4. 

006 ) 


5. 

009 ) 


6 . 

Ht4\ 


7. 

OOl 


8 . 


9. 

; V I j 


When viewed from above, a swimming pool has the shape of an ellipse with the equation 
ii + loo = !- Every cross section of the pool perpendicular to the ground and parallel to the 
.t-axis is a square. If units are given in feet, what is the volume of the pool? 

Write an integral in terms of a single variable that can be used to find the length of 
y = tan x — 3 X from x — 0 to x = 1-5. 

Find the length of the curve y = In (sec x) from x = 0 to x = 1.5. 

Graph the parametric curve determined by x = 4 cos Q and y = 4 sin Q. 

Find the length of the curve whose equation is y = 3/4 — x 2 . {Hint: No calculus is 
required.) 


Find the length of the curve defined by the parametric equations ,r = 2 cos 6 and y 
on the interval [ 0 , zr]. 


Find the length of the curve defined by the parametric equations x = 4 cos 0 and y = 4 sin 6 

The initial point of the vector <2. 0) is at the point (0, 0) and remains stationary at that point To 
what point must the terminal point of the vector ( 2 . 0 > be moved so that it has the same direction 
as the vector <2, 4)? 

Approximate to ten decimal places the x-coordinate of the first-quadrant intersection point 
of v ss x 2 and y = sin x 
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10 . 

r/Mj 


(a) At right is a slope field for the 
differential equation £ = ,v 2 . The 
segments indicate slope at integer 
coordinates for -5 £ .v £ 5 and 
—5 S )• S 5, Draw n possible graph 
for the particular solution to this 
differential equation that passes 
through the point ( 0 , 2 ). 


(b) Solve ^thc differential equation 


y 



■ / ^PP rox * rna * e the value of J o ~ dx using the trapezoidal rule with n = 6 subintervals. 
Compare this to the actual answer obtained by integrating. 

12. Convert the rectangular equation jc 2 + (y — 2 ) 2 = 4 to polar form. 


13. Convert the polar equation r = 3 esc 9 to rectangular form 

U07/ ° 


Graph the equations in problems 14 and 15. 

14. r — cos (39) 

mot 

Evaluate the limits in problems 16 and 17. 

16. lim (tan jc) co * j 
am x-*(jt/ 2 ) - 


15. r = 3 cos 9 

itm 

17. lim x* 2 
tun x_»n + 


18. Tell whether the sequence a 

Hast " 


Integrate in problems 19—22. 

—sin x 


19. 

( 66 / 


r 

Jo 


Vcos X + 1 


dx 


21 

(113/ 


: J 


dr 




( 


ii + 4 



converges or diverges. If it converges, state its limit- 


20 . 

am 


22 . 

r/ii; 




dx 

^4 



23- Find the area of the region completely enclosed by the graphs of >• = 1 - x 2 and y = x 1 - 
( 60 / 

24. Use a graphing calculator to confirm that lim _ >2 (2x 2 - 2x - 3) = 1 by finding a & that 

ita3i guarantees that 2x 2 - 2.r - 3 is within e of I when £ - 0.01. 

25. Find the values of a, b. and c so that the graphs of y = cx - .r 2 and y = x 2 + ax ■+■ b are 

i an gent to each other at the point ( 1 , 0 ). 
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JUESSON 115 Partial Fractions I • Logistic Differential Equations 


115. A 

psrtisl If the numerator of a fraction is the differential of the denominator, the expression has the form du 
fractions I overt*, and the integral is In |t*j +- C. 

f — = In |i/| + C f ■ - -- = In |x + l| + C 

J u J x + 1 

In this lesson we consider integrals whose integrands consist of fractions of polynomials in which the 
denominator’s polynomial has only nonrepeating linear real factors and has no irreducible quadratic 
factors. Examples of such integrals include: 


f—!— 

J x(x + 1) 



f- X + - - dx 

J (x + I)(x - 3) 



Notice that the third integral can be rewritten in fully factored form as 


f-£- 

J (X - I)(J + 1) 



Such factoring is critical to solving the problems in this lesson. 


If the degree of the denominator of a fraction of polynomials is greater than the degree of the 
numerator, and if the denominator can be factored into nonrepeating linear real factors, it is possible 
to decompose the original fraction into a sum of partial fractions (i.e., one can write the original 
fraction as the sum of simpler fractions). The integral of the original fraction equals the sum of the 
integrals of the partial fractions, which are all in the form du over**. Thus all have integrals of the form 
In |**|. For example. 


4.x 2 + 13-t - 9 


. 3 -1 

equals — +■ - 

X X 4- 3 


x(x + 3)(x — 1) x X 4- 3 X — 1 

Thus the integral of the original fraction equals the sum of the integrals of the partial fractions. 


J 


4.r 2 + 13-r - 9 
jc(x + 3)(x - 1) 


dx 


- f- 

j X j X 


dx 


2 f — 

J x - I 


+ 3 


All three of these integrals are of the form du over **, so the answer is 

3 In |x| — In |x + 3| + 2 In |x - 1| + C 

Integration by partial fractions is really just an algebraic technique. The difficult step in the 
example above is determining that 


4x 2 + 13x - 9 _ 3 -l 2 

x(x + 3)(x -1) x + x + 3 + x — 1 

One procedure for finding the partial fractions is to use letters A, B, and C as the numerators and to 
use the linear factors of the denominator as the individual denominators, as we show here 

4x 2 + 13x — 9 _ A B C 

x(x + 3)(x — I) x x + 3 x - 1 


The next step is to multiply every numerator on both sides by the denominator 
-v(x - 3)(x - 1) to gel 

4x 2 + 13x - 9 = A(x + 3)(x - 1) + Bx(x - 1) + Cr(x + 3) (i) 

Since we have three unknowns, we need three independent equations. We can get three equations 
by choosing three different values of x. say 5, 7, and 10. Then we could solve the system for/\ B 
and C. But if we consider equation (1) carefully, we can see that there arc choices of x that allow 
us to find A, B, and C without solving a system of three equations. We note that x is a factor of the 
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Unfortunately, the exponential growth model is flawed. It docs not account for factors that limit 
l e grow t o a population, including death, disease, famine, and space needs. In an attempt to 
compensate or t is, Pierre Francis Vcrhulst (1804—1849) developed the logistic growth model. The 
underlying differential equation in this model is 


— = aP<C - P) 

where P is the time-dependent population size, C is the maximum population attainable in the giver* 
environment, and a is a constant of proportionality. The constant C represents the carrying capacity 
of the habitat, and it is constrained by the availability of food, water, space, etc. 

This differential equation is separable, as shown. 


dP 

P(C - P) 


a dt 


Moreover, the left-hand side of the equation is integrable via partial fractions. We omit that work here 
but note that the solution of this differential equation is 


P(t) = 


1 + ke~ Cat 

where ^ is a constant that arises from integrating both sides of the differential equation. 
It is interesting to note the genera] shape of the graph of this function. 


P{t) 



Notice the graph has a horizontal asymptote at the value C. (This can be proved by taking the limit of 
P(t) as t goes to infinity.) Moreover the graph has an inflection point at / = § where its concavity 
changes from positive to negative. 


example 115.3 


Suppose 10 moose are placed in an animal preserve. After one year game wardens determine that the 
moose population has grown to 16 moose. The game wardens estimate that the carrying capacity of 
the preserve is 150 moose, (a) Assume the moose population is governed by logistic growth. Find a 
formula for /*(/), die number of moose on the preserve t years after the initial placement- fb) Use the 
formula for Pit) to estimate the number of moose present after 10 years 


solution 


(a) The carrying capacity is 150. Thus /*(/) = t for some constants a and k. These constants 

can be determined from the data given in the problem. At / = 0 there are 10 moose, so 



P( 0) 


150 

I + A.-e- 150010 ' 


150 
I + k 


10 = 

150 

1 + k 

10(1 + k) = 

150 


15 

k = 

14 



We solve this for L 


* U i 
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problem set 

115 


Therefore P(r) — — Now we need lo find a> Since there are 16 moose after one year. 


16 = P{ I) = 


150 


I + I4e 




which implies the following: 


16(1 + 14e~ lS0a ) = 150 


1 + 14e 


—!50a _ 


14e 


-ISO a _ 


14e-' 50fl = 


-150 a _ 


150 

16 

150 

16 

134 

16 

134 

224 


- 1 


To obtain a, we convert this equation to logarithmic form and solve. 

150a _ 134 


-150a = 


a — 


"■(£) 

nil) 

-150 


Hence 


P(0 = 


150 


1 + 14e 


— 150 ^ — - (1 - 2 


134/224>1 


or 


Pit) = 


150 


iso 


j' 


1 * 141 —Y 


( 




A graph of the function is given here. 



WINDOW 
Xnin=0 
Xnax=10 
Xscl=l 
Vnin=~10 
Vnax=150 



Xres=1 



(b) The last task is to estimate the number of moose present after 10 years 

150 


P(10) = 


■ * “©) 


10 


= 138.6 


So we estimate that 138 or 139 moose will be present after 10 years. 


1. The height of a right circular cone is increasing at a rate of 3 cm/s, and the radius of the circular 
base of the cone is decreasing at a rate of l cm/s. Find the rate at which the volume of the cone 
is changing when the height of the cone is 10 cm and the radius of the base is 4 cm. 

2. Use differentials to approximate the cube root of 9. 

3. A ball is thrown into the air with an initial velocity of 100 feet per second at a 20° angle of 
elevation. What is the horizontal component of the velocity? What is the horizontal displacement 
of the ball during its first three seconds of flight? (Neglect the effect of air resistance.) 
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4. 

tV7) 


The base of a solid is the region in the .vy-plane bounded by y = sin ,r, ihe x- 

3* ^ llOt. IS the volume of the if upriinnl clipp rif* tIm nfiippi n 


a*- ax is is a square? 


axis, x = O. 

volume of the object if every vertical slice of the object parallel to the 


..3 


f/wl Find ,hc ^ cn Sth of y — + — from , v = i to .r = 2. 

Antidifferentiate in problems 6 and 7. 

3.v 


6 . 

f//J) 


/ 


dx 


7 

(tut 


. f-- 

> j X(x - 


- 2 


dx 


X(X - 2)(x - 1) 

(/ ®J Write an integral whose value equals the length of the curve whose parametric equations 
are .r = sin t +■ 3 ond v = -4- me #■ * _ n •« . _ r 


3 and y — 3‘ + cos t for t from / = 2 to t = 6. 


Find the length of the graph determined by the parametric equations x — 6 cos O and 


y — 6 sin 9 on the interval [f, 2jt\. 


r/wj ^ r * tc rectangular form of the polar equation r = 2. 

Graph the equations in problems 11 and 12. 

II. r = cos (4 9) 

uiot 

Antidifferentiate in problems 13—18. 

r dx 
13. 

(l/3f 


12 . 

(I/O) 


r = 2 cos (29) 


J 


Vl - 4.r 


14. 


/ 


dx 


Vl + 4x 2 


15 

(113) 


J Jl 


dr 


+ 4x 2 


16. 

r//J> 


j 


dir 


% Iax 2 - 1 


17. 

f«> 


Jt 


4xt 2 


fir 


18. f 

fjaj J 


1 + 4x 


dx 


Evaluate the limits in problems 19 and 20. 
19. lim [27x esc (4 jc)] 

(9it X —* o 


20. lim [(tan x)' r “" t ] 

out x _* CJr/2 >- L 


21. Let g(x) = — f Vi + t 3 dt. Find g'(x). 

193) dx* 2 


iw# 

22 . 

rw 


Suppose / is a function defined for all real values of .r. Which of the following conditions 
guarantees that the graphs of y — |/(.r)| and y = f(x) are identical? 

A. / is an odd function. B. / is an even function. 


C. fix) > 0 for all x. 


_^ D. / is continuous for all real x. 

m If f is a function that is everywhere continuous and increasing, which of the following 
( 3 & 82 I state ments must be true? 

A. The inverse of / is also a function. 

C. / is everywhere differentiable. 

E J- and f~ x have the same graph. 


B. The inverse of/ is everywhere decreasing 
D. f ~ 1 and / arc the same function. 


24- Evaluate: J Jin - r l ^ 

iw J0S 


(66t 


Let / be a continuous function for all real values of x. Suppose c > a and b > O. WTrich of 
the following integrals are equivalent? ^ 

I J / (x) dx II- J" ^ /(a + b) dx 

A. L and n. only B. II. and III. only 


III. f 
Jo 

C. I. and III. onlv 


f “4 


f(x + a) dx 

D I.. II., and III 


ft 

|f 

4 




•H 4i 
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I^ESSON 116 Series 


Lesson 105 introduced the concept of a sequence, an infinite and ordered list of terms. We now discuss 
the concept of the sum of infinitely many terms, which is called an infinite series or series. If {a^J is 
a sequence of terms for / = 1 , 2, 3, .... we can form a series S by summing these terms. 

5 = fl, + fl 2 + + ... or S = £ a, 

i = 1 

Unfortunately S is represented as an infinite summation. If it has a value, that value cannot be 
determined by adding all the afs, because the process never ends. However, it is possible to add the 
first n terms. Therefore the nth partial sum of S, denoted 5 , is defined by 

S = o, + a, + a, + ••• + o 

n I 2 3 n 

All partial sums are finite, since each is a sum of a finite number of terms. 



l 

°i + °2 

a, + a 2 + a 3 


Notice that the partial sums of S form a sequence 5,, S- .Thus, we define the sum of a series S 

to be the limit of the sequence of its partial sums. 

S = V a = lim 5 

jL-i i « 

1 = 1 

Moreover, we say the infinite series S converges if lim n ^ _ S n converges. Otherwise 5 is said to 
diverge. 


example 116.1 Let S = 

n = I 


i 

0 n ' 


Find the first five partial sums of 5. That is, find 5,, 5,, S y S 4 , and S 


solution 


The first five terms of S are —, 



-.a"d 



. The partial sums are as follows: 


5 = — 


1 

2 


5, = 


1 _L _ j3 

2 4 ~ 4 


5, = 


1 


1 


1 


1 


S. = 


example 116.2 Does the infinite scries 5 = 


2 

4 

8 

4 

8 8 


_ i 

J_ 

1 

4. _ x 

1 

7 1 

15 

~ 2 + 

4 

8 

16 

8 + 16 

16 

1 

J_ 

l 

1 

, 1 15 

1 

— 2 

4 

+ 8 + 

16 

32 16 

32 


1 

- converge 

or diverge? 





ft=l 


31 

32 


solution To answer such a question regarding infinite series, we must consider 


lim S 
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exampl© 11 

solution 


Therefore wc must find a formula for S n% the nth partial sum of S. Wc seek a pattern in the partial sums 
o,, “a* *^ 4 * and Notice that the denominators arc powers of 2. 


^ — _L — _L 

' 2 " 2 ‘ 

c _ 3 _ 3 

2 4 “ 9 2 


s 3 = I= 7 
3 8 2 


^ = - 
4 16 

5=21 
5 32 


3 

15 
2 4 
31 
2 5 


Moreover, the numerators are one less than the denominators. 

2 1 - 1 


= 


*2 = 


*3 = 


^4 = 


*5 = 


2 2 - 1 


2 3 - 1 

2 3 

2 4 - 1 


2 5 - 1 


From these we conjecture that 


5 = 

n 


2 " - 1 


= 1 - 


1 


it is 


2" 2 n 

It turns out we can prove that this formula for S n is correct for all positive integers n. (Usually, 
more difficult to find an explicit formula forS^.) Thus, we can determine whether the series converges 

or diverges. 


lim S = lim 

n n- 


~ 2 ”} = 1 - 0 = 


1 


He nee 


±1 


and = 1 


n = l 


n~] 


Find the first four partial sums of the series ^ “ • 

n = l 


The partial sums are as follows: 


•*. = 


= I 


5. = - + — 


5 = - 


54 -T 


1^ 

2 


3 

2 


1 I 

+ — + — = 

2 3 


11 


1 I 1 

— 4- — + — 

2 3 4 


25 

12 


While these partial sums do not appear to grow large, this series actually diverges. The senes 
known as the harmonic series. It will be discussed more in Lesson 127 


£ . 
1 " 


IS 
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116 



<Jj> Approximate to ten decimal places the x-coordinate of the first-quadrant point of intersection of 
the graphs of y — x and )' = cos x. 

2. A solid has a base bounded by y = 4 — x 2 and the x-axis. Each cross section perpendicular to 
the base and parallel to the x-axis is a rectangle of height 2. Find its volume. 

3 - Delcrm * nc t * ,e average value of /(x) = sin x on the closed interval [0, k\. Confirm the Mean 
Value Theorem for Integrals using / on this interval. 


4. Define: series 
mat 


5. 
1 62) 


A variable force F(x) = xe x ~ newtons is applied to an object to move it along a straight line in 
the direction of the force. Find the work done by the force on the object in moving it from 
x = 0 to x = 3 meters. 


6 . Evaluate: lim [sin x In (sin x)l 

(9/1 _ 


Antidifferentiate in problems 7 and 8 . 


7. f 

<H5I J 


6 x 4- 1 


x(x 4- l)(x 4- 2) 


dx 


8 . f 

tnst J 


-x - 7 


(x 4- I)(x - 2) 


dx 


9. Write the polar form of the rectangular equation x 2 + y 2 = 4. 

10. Find the length of the curve whose graph is defined by the parametric equations x — e' sin t 
and y = e'cosr on the interval from t — 0 to / = 2 . 

11. A particle moves along the path defined by the parametric equations x = y and 
y — \{2t 4- 1 ) vz . Find the distance the particle travels between times t = 0 and t = 4. 


Graph the equations in problems 12 and 13 on a polar coordinate system. 


12 . r = 2 sin 0 
am 


Integrate in problems 14—17. 


14 

(Ml 


r 

; J 4 + 9 x 2 


dx 


13. r = 3 sin (30) 

(l/OI 


15. f 

(S3) J 


4 4- 9x 
2 x 


dx 


16. f 

I60t J 


2x 


4 + 9x 2 


dx 


J 


17- . -- 

mJ ‘ J 4 - 9x 2 


dx 


2 n 


18. List the first six terms of X’ — 
tH6f 3 

# 1=1 


_ ^ < 2/i 

19* Find the first six partial sums of the series > -. 

,,IW 3 


20. Would you guess that the series 51 y converges or diverges? If you say it converges, to what 
' ,<u would you guess it conv< ° 


21. List the first six terms of y -~ 

tnt,i ■*—{ 2 

n= I 


22. Find the first six partial sums of the 

i //AJ 


Z—• 


n = 1 
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tml y° u 6 UCSS that the scries £ ~ converges or diverges? If you say it converges, to what 

would you guess it converges? 


24. Differentiate 3 * 

fJCUW) J 



x In (sin jr| + arcsin £ 

2 


with respect to .r. 


25. 

fW 1 


An experiment confirms that there is a relationship between two quantities, which we 

. var * a ^ cs •' y- Tlie experiment produced the correspondences between 

indicated in the following table: 


and y 


X 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 

y 

2.7 

3.5 

4.1 

4.0 

3.8 

3.2 

2.4 


Though we do not have the equation y = /(a), wc know that J /(x) dx has an important 

physical meaning. Approximate /(.v) dx using this data and the trapezoidal rule with 
n — 6 subintervals. 


LESSON 117 Geometric Series • Telescoping Series 


117. A 


geometric 


A few types of series occur frequently in certain applications. One is called the geometric 
geometric senes is a series of the form 


a -+- ar + ar 2 4- ar 3 + 


ar n ~ 1 + 


where a and r are real numbers and a 5 * 0. One of the most convenient aspects of geometric 
that a theorem characterizes when they converge. 


The geometric scries a ■+* ar + ar 2 + 

a 


■+• or" * + • 


1. converges to 


1 - r 


if Irl 


1 or 


2. diverges if Irl > 1. 


The proof of this fact is fairly straightforward. If r = I, then S n = a + a+ a + 


a = 


Because lim. 


S — the series diverges. If r ^ 1, then 


S =■ a + ar + ar ' 


ar J + 


+ ar 


n — I 


and 


n 


rS = ar + ar 2 + or 3 + ar 4 + ■ - + ar n 

n 

If we subtract these two equations and then factor the left-hand side of the resulting equation, we obtain 


(I — r)S = a — ar 


rt 


Dividing both sides of this equation by 1 - r produces 


5 = ----- 

" 1 _ r 


ar 


n 


1 - r 


We take the limit of S n as n approaches 




lim S = 


lim 

ft —♦ •• 


ar 


\ 


I - r 


1 - r ) 


_ a ar 

— lim - — lim - 

/i— »— I — r n J — f 

- — 


1 - r 
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example 117.1 

solution 


example 117.2 

solution 


example 117.3 

solution 


At this point wc consider two separate cases, \r\ < ] and JrJ > I. 

1. If Jrj < 1, then Iim r* = 0. Thus, lim S = r^~ r a* 111 lh e series 
converges to 

2. If jrj > 1, then lim n r* does not exist. Thus, lim 5 does not exist and 
the series diverges. 

Find the sum of the series S = > — if it exists. 

i / IH 
/I=l J 


Note that 



-! - ICi) * fCi) * U) - - 

So 5 is a geometric series with a = f and r = -j. Since IjJ < I. the series converges and its sum is 




1 


A basketball is dropped from a height of 10 fecL Each time the ball hits the floor, it rebounds to a 
height of ^ its previous fall. What is the total distance the ball travels? 


To find the distance the ball travels we break this problem into two situations, the distance the ball 
falls and the distance the ball rebounds. The sum of the distances the ball falls forms a geometric series 
with a — 10 and r — Thus the ball falls a total of 



100 ft 


The only difference between the distance the ball falls and the distance it rebounds is the first fall. 
Therefore the ball rebounds 100 — 10, or 90 feet. Altogether the ball travels a total of 100 + 90, 
or 190 feet. 


Find the sum of the series 5 



if it exists. 


s - 15 + T55 + 7cE5 + "* »s a geometric series. Here a = ± and r = Since |r| = |^| < 1, 
the series converges and 

_4_ j4_ 

o _ 10 _ 10 4 

~ X = 9 

10 10 


If we think about this series in a slightly different ivay. we see that it is a repeating decimal: 




= 0.44 
4 

+ 1000 


0.444 
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In earlier algebra courses you learned 10 express repenting decimals ns the ratio of two integers to 
s ow t at cy were rational-numbers. This was done in the following manner: 

Let n = 0.4; then 10/i s 4.4. So, 


10/1 = 4.4 
— it - 0,4 

9/i = 4 


/, =1 

9 


This answer agrees with the answer obtained above and shows that this repeating decimal (or any 
repenting decimal by a similar demonstration) is a rational number. Furthermore, it reinforces the id*=a 
that the sum of infinitely many numbers can be a finite number! 


example 117.4 Find the sum of S = 21 ■^1 if it exists. 

n = I ' “ ' 


solution This series is a geometric series with a common ratio r = Since Jf | > I, this 


117.B 


actually 


telescoping 


The second type of series we examine in this lesson is called the telescoping series. Such series 
exhibit a collapsing effect (like a sailor’s telescope) when the partial sums are studied, which allows 
us to quickly determine the limit of its partial sums. 


example 117.5 Find the value of S = 2 


1 


Tf nfyt + 1) 


if it converges. 


solution 


This series is not geometric, because it is not of the form 

a + ar + ar 2 + or 3 ■+■ 


We consider the form of the nth term 
fractions. 


i 


n{n -+• I) 


. This fraction can be decomposed into partial 


I 1 1 

n(/i +1) n n + I 

Thus the individual terms of the series are as follows: 


1 1 



To determine whether S converges, wc look at its partial sums: 

*3 = (' - $*(£-£)*$- 4 ) = 1 "J 

s *=I* - $ + 1% - to * $ - % 
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Notice the telescoping or collapsing effect in these partial sums. The pattern is obvious. 


5=1- 


I 


n 


n + I 


Therefore lim 


5 = lim 

n n* 


(I - ttt) =1-0 = 1, which means Z converges to I 


We close by noting that most telescoping scries can be uncovered by decomposing individual 
terms into partial fractions. You should keep this in mind as you strive to identify telescoping series. 


1* Express the repeating decimal 1.476 as a fraction of two integers, thereby showing it is a 
rational number. 

2. A ball is dropped from a height of 15 feeL Each time the ball hits the floor, it rebounds to a height 
of f its previous fall. What is the total distance the ball falls? 

3. A ball is dropped from a height of 15 feeL Each time the ball hits the floor, it rebounds to a height 
of f its previous fall. What is the total distance the ball travels? 


Determine whether each sequence in problems 4—6 converges or diverges. If a sequence converges, 
state its limiL 


4. 

uosi 


a — 

n 


5. 

nasi 


a = 


6 . 

003) 


a — 


3" 


Determine whether each 
its value. 


senes in problems 7—9 converges or diverges. If a series converges, state 


7 . yi 

017) ■*—{ 4 " 

n = l 


8. y 


3" 


». Y — 

1 71 ^ 


<I17> 


n = \ 


I//7) 


n = l 


jc H_x 

10. Explain why the substitution sec 6 = — is useful for integrating — ==== ^^ ==r .. 

11. Determine whether the sequence a n = (1 + converges or diverges. If it converges state 
tmt its limit. 


Determine whether each geometric series in problems 12—14 converges or diverges. If a series 
converges, state its value. 



i3. y 2 n 

017) 

n — \ 


14. 

017) 


^ ( _i r -« 2 „-| 


List the first four terms of each series in problems 15—17, and then determine whether the series 
converges or diverges. If a series converges, state its value. 


is. y-!- 

t,,7> (n + l)(n + 2) 


16. y In —?— 

t ,,7) X-! „ + J 

n — I 


17. Y —- _ 

,,,7i n(n + 1) 


Integrate in problems IS—19. 


18. J , X 

fosi J x~ + 2x — 


8 


dx 


20. (a) Evaluate f *v/9 — x 2 
(II J) Jo 


0 

3 


(b) Evaluate f \9 — x 2 

Jo 


19. f \ 9 - x 2 
O/J) J 

dx using geometry. 

dx using the answer to problem 19. 
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Calculus Lesson 11 * 

»«i jy^^°^ X !!rQ C t ^ 1 ^ en ^ 1 °^ lkc ciirye defined by the parametric equations .v = e 21 and y = 2e* 

S Skctch lhe graph of the polar curve defined by the equation r = 3 sin {29). 

23. Sketch the graph of the rectangular curve defined by the equation y = 3 sin (2*). 

24. Write the equation of the curve (x - 2) 2 + y 2 = 4 in polar form. 

Find the first eleven partial sums of the series 1^. Based on the sequence of partial sums, do 

you think that the series converges or diverges? If you think it converges, to what do you guess 
it converges? 


UI6> 



LESSON 118 Limagons and Lemniscates 


In this lesson we continue our investigation of the graphs of polar equations by studying limagons and 
lemniscates. We remember that the equation of a rose curve can have one of the following two forms 
if n is a counting number. 


r — c sin 0i9) r — c cos {n6) 

If we let n equal 1 and insert another constant, we get the equations of limagons. 

r — a ± b sin 9 r = a ± b cos 9 


The letters a and b represent positive real numbers. The shape of a limagon depends on the relative 
magnitudes of a and b. The values of b sin 9 and b cos 9 change from +b to -b as the values of the 
sine and cosine change from +1 to —1. If a is less than b. then \b sin 9\ and J b cos 9\ are greater than 
a for some values of 9, and the limagon has an inner loop as in the graph on the left-hand side. If & 
equals b. the graph is called a cardioid, because it looks like a heart. If a over b is a number between 
I and 2. the graph is called a dimpled Jimagon. 


n_ 

2 



O 


~ c 1 


2 
a_ 
b 

Limagon with 
inner loop 


i 


7C 


2 



2 

* = 1 
b 

Cardioid 

(heart-shaped) 


n 



3 n 
2 


1 < — < 
b 

Dimpled 

limagon 











118 


Llmacons and Lemniscates 


605 


If the ratio is greater than or equal to 2, the dimple disappears and we have a flattened circle. As a gets 
greater and greater with respect to b, the contribution of b sin 0 or b cos 0 diminishes, and the graph 
approaches the graph of the circle r — a. 




2 


b 

Convex 

lima^on 

The graphs of the equations 


ji 



3/r 

2 


b = 0 
Circle 


r~ — a sin (n0) and r 2 = a cos ( nO) 

are called lemniscates. In these equations a is a constant and n is a counting number. If n = 2, the 
graphs look like the graphs of four-leaf roses whose equations are 

r — a sin (20) and r — a cos ( 20 ) 


but they have two leaves missing. To understand why the leaves are missing, we consider the equation 

r 2 = —1 


There are no real values of r that satisfy this equation, because any real number squared is equal to or 
greater than zero. The value of r 2 is always positive or zero in the following equations, 

r 2 = a sin ( 20 ) r~ — a cos (20) 


Thus, these equations have no solutions whenever sin (20) or cos (20) is negative. In the equations of 
the two four-leafed roses shown on the left-hand side below, r can be negative and the graphs have 
leaves for all values of 0. In the equations of the two lemniscates on the right-hand side, r 2 can never 
be negative, so there is no trace of the curve for values of 0 that require r 2 to be negative. 


iz 


2 



3jt 

2 


r = a sin (20) 
Four-leafed rose 


K 


2 



3jt 

2 


r = a cos (20) 
Four-leafed rose 


7Z 



r 2 = a 2 sin (20) 
Lemnlscate 


n 


2 



3ff 

2 


r 2 = a 2 cos (20) 
Lemnlscate 


As with the roses in Lesson 110, these figures can be graphed point by point, but this is rather 
time consuming. Often we make use of a graphing utility to graph these kinds of polar equations. After 
a bnef examination the tendencies of these equations become apparent. Then the graphs can be 
determined by inspection. 
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Graphing the gWcn equation point by point can be tedious, so we use the fact that the constant 2 in 

#° n ,s ^ ess l *) on coefficient 4 to deduce that the graph is a iima;on with an inner loop- We 
6 cquals zero whcn 0 equals 90° »nd 270». so 2 + 4 cos 9 equals 2 when 0 equals 90“ 
-70 . The maximum value of 2 + 4 cos 0 is achieved when 6 equals 0°, because cos 0 achieves 
is maximum value, which is I, when 6 cquals 0°. So the maximum value of 2 + 4 cos 0 is 
- cos 0—6. We use this to guess the shape of the graph. 


90° 



This is confirmed by the TI-83. 



A reminder about the TI-83 is in order 
here. It is highly important that you know the 
shape of these graphs based on the functions in 
question. However, it is also important for you 
to know where each graph begins (in most cases, 
when 6 — 0°), where the graph intersects 
itself, where it ends, and so on. The 
button is invaluable in such circumstances. For 
example, if you graph the function in the 
previous example and then press G33P, you see 
the graph at right. 



The TI-83 displays the graph, as well as the values of 0, X, and V that correspond to the highlighted 
point. As the 0 key * s pressed, the highlighted cursor moves, updating the 0, X. and V information 
for the new point. This proves to be an extremely efficient method for extracting information about 

polar graphs. 


example 118.4 Graph: r* = 4 cos (20) 

solution Firsi we visualize ihe graph of ,■ = 2 cos (20). 




y = 2 cos (20) 
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We use the graph above as an aid in graphing the equation r — 2 cos (20), which is the four-leafed 
rose shown on the left-hand side below. 


90' 


90' 




r = 2 cos (20) r 2 = 4 cos (20) 

The graph of r 2 = 4 cos (20) is a similar graph with blunter ends and without the upper and lower 
leaves. These leaves are missing because cos (20) can never be negative in this equation—since r 2 can 
never be negative. Below is a plot of r = 2^cos (20) from the TI-83. 



problem set 1. A tank, all of whose faces are rectangles, is 

118 7> to be constructed so that the width of its 

base is 2 meters and its volume is 16 cubic 
meters. The material for the top and 
bottom of the tank costs S8 per square 
meter, and the material for each of the four 
sides costs S4 per square meter. Find the 
dimensions and the cost of the tank of 
minimal expense. 




2. Find the length of the curve defined by x = cos 3 0 and y = sin 3 0 from 0 = 0 to 0 = — 

3. A solid spherical metal ball is 1 meter in diameter. Use differentials to approximate the increase 
<w> in the surface area of the ball after applying a 0.01-centimeter coat of gold. 


4. Find the length of y = —— + ——— from .t = 2 to r = 4. 
nov 4 8x“ 


5. Write the polar form of the rectangular equation x = y 2 . 

titT't 


Graph the equations in problems 6—10. 


6. 

r = 1 

+ sin 0 

7. 

r — 2 cos (30) 




(HO) 

8. 

r = 2 

-+- 3 cos 0 

9. 

r = 4 sin (20) 

tut t) 



tllOl 

10. 

1 //«! 

r = 4 

— 2 sin 0 
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new! ^* nC ^ *3 un *|. vcc * or Uint is parallel to and a unit vector that is normal to the line tangent to 
y = x 3 - 3x + 4 at (2, 6). 


Anlidifferentiate in problems 12—16. 

dx 


12 . 

(IIS, 


f or 

J -v 2 — .v 


13. f 
ittSi J 


3.V + 9.v + 7 
x(x + l)(x + 2) 


dx 


I 4 . f 

(IIS) J 


dx 


V-v 2 - 16 


IS. f Vl6 - x T dx 


16. I tan 2 .r dx 
tiOO) J 

Determine whether each 
its value. 

17. X ~r 

( 117 , *-( 2 

n —3 


E 4« 
— 

3 

n=3 J 


Evaluate the limits in problems 21—22. 

sin (137.r) 


series in problems 17—20 converges or diverges. If a series converges, state 


18. V (-1)"-'—L. 

i1(7, X-! 2”~ l 

n = 3 


2 °. y-= 

11)7, X—t - 2 


1 


Ti n + 3n + 2 


/»=j 


21. lim 
non 2x—*o 


2l7x 


din 


lim (1 + cos .t) 1 ^ J 

►Or/2)- 


23. Find the value of c between 0 and 6 such that f fit) dt = sin x + I. 

( 93 , Jc 

24. If /(2) = 3. /'(3) = 2, and /'(2) = -4. then if ° /)'(2) equals which of the following? 

(SO, 

A. -4 B. -8 C. -24 D. -12 

25. Let / be defined as fix') — ** Determine the values of a and b for which f is 

tS2> differentiable everywhere. 


LESSON 119 Parametric Equations ■ 

Tangent Lines 


■Second Derivatives and 


Recall that parametric equations define the dependent variables x and y in terms of a third independent 
variable called the parameter. Here we show two variables that are a function of r. 

x = fit) y as git) 

We have seen that the derivative, can be found cither by eliminating the parameter or by using the 
following identity: 



dy 

dy _ 

dt 

dx 

dx 


dt 
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If x = sin / and >• = cos /. then 


f fy 

dy _ j f _ —sin t _ x 
dx dx cos f y 

dt 

Now we wish to consider ~r f the second derivative of y with respect to x, where x and y are 
defined parametrically. Of course, ~t is simply the derivative of ^ with respect to x. 

d 2 y _ d_(dy\ 
dx 2 dx v dx J 


This derivative can be rewritten in the following way using the chain rule: 


d_ 

dx 




*L 

dx 


One final revision produces the following identity: 



,2 

example 119.1 Find —=£- where x — sin t and y — cos t. 

dx~ 


solution We know that 


dy 

dx 


—sm t 
cos r 


= —tan i 


Thus 




dt 


dt 


dx 

(—tan r) = —sec 2 t. Moreover, — = cos t . Therefore 


dt 


d~y 

dx 2 


d_(dy>\ 

dt\dx) 


dx 

dt 


—sec* t 
cos t 


—sec 3 t 


If we eliminate the parameter, we get 


d 2 y 

dx- 


1 


cos 3 t 



119.2 Find — ^ where x = e * and y — e 2 '. 

dx 2 


solution Since 


dx 

dt 


= —e ' and 


dy 

dt 


= 2e 2 ' , we know 


dy 

dx 


dy 

dt 

dx 


2e 2 ' 


—e 


— I 


— — 2 £ ^ 


dt 
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example 119.3 
solution 


Then we see = (-2e>')(3) = -6e>'. Therefore 

<i 2 y __ dt\dx) -6e 3 ' , 

dx- dx ~ ^ e -> ~ 6e 

dt 

We can eliminate the parameter again and write the second derivative in two different ways: 

^2 = ^(e 2 ') 2 = 6y 2 or 

d~y _ 6 _ 6 6 

^r 2 e" 4 ' " ( e-'Y ~ 


Find the equation of the tangent line corresponding to t = 0 for the parametric curve determined by 
•*" ^ and y e , and describe the concavity of the curve at the point determined by t ~ O. 

Even parametric curves are drawn in the xy-plane, so the derivatives £ and yield information about 
their slope and concavity. To find the equation of the desired tangent line, we must calculate 
when t = 0. 


dy 

dx 




Moreover, the point in the xy-plane through which the curve passes at i = 0 is (e°, e“°), or {1. 1 >- 
Therefore the equation of the tangent line is 


y ~ * = (-DC* - 1) 

y = —x + 2 


point-slope form of line 
slope-intercept form of line 


Next we consider the second derivative 


(Py 

dx 2 


to study the concavity of the curve. 


^fdy) 

d^y dtVdx) (~g~~ r )(—-) _ 0 _3( 

dx 2 dx e > ~ e 

dt 

Y/jjgp f z= 0 we see that the second derivative is 2e° = 2. Since this is positive, we know the curve 
is concave up at this point. 

y 
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1 C- I dy . d 2 y 

ah] aiK * cix 2 wbere x ~ 2 + s ‘ n * and y — — i + cos f ‘ 


2 . 

rw 


3. 

019 ) 


The acceleration at time / of a particle moving along the x-axis is given by the equation 
a(r) = 2rr sin r cos r. If the velocity of the particle at / = 0 is zero, what is the average velocity 
of the particle over the interval 0 £ r £ jt? 

Find the equation of the line tangent to the curve defined by x — r 2 ■+• t and y = / + 3 

when t — I. Describe the concavity of the curve at the point where the line is tangent to 
the curve. 


Suppose / is defined by /(x) = sin 2 x — 2sinx on the interval I — [0, 2^]. Find the critical 
numbers of/ on 1, and then determine the maximum and minimum values of/on /. 

f/ Sj Write an integral whose value equals the length of the curve defined by x = / + 3 and 
>’ = — 3r 2 on the interval from r = 2 to r = 5. 

Write the rectangular form of the polar equation r = sin 0 cos 0. 

(Z> Let R be 11,6 rc S ion completely enclosed by y = 2 X . y = 3 X . and x = 3. Write an integral 
in one variable whose value equals the volume of the solid formed when R is revolved about 
the x-axis. 


Graph the equations in problems 8—11 


8. r = 3 sin 6 
toot 

10. r = 3 sin (30) 

toot 


9. r = 1 — cos 0 

mat 

11. r 2 = cos (20) 
mat 


Determine whether each series in problems 12—14 converges or diverges. If a series converges, slate 
its value. 


12 . 


23 


23 


23 


017 ) 100 10,000 1000,000 


13. 

017 ) 


I'-'Kt) 


14. V 


n + I 


OI&.U7) X—! „ 

n = 1 


(x _ _ r 1 ^ x ] ^ 

15. Sketch the graph of y = - : -—-Clearly indicate all zeros and asymptotes. 




(x - 2) 2 


Evaluate the limits in problems 16—18. 


16. 

out 

lim (1 - e x )*" x 

-t —*0 

17. 

out 

j™. (> + 

18. 

mt) 

Integrate in problems 19—23. 




19. 

tost 

r 7 3 * - 5 dx 

20. 

(US) 

f dx 

21. 

OIJ) 

h X 2 - x - 6 ^ 

J x 2 + 16 


J sin 3 x dx 

23. 

(7Jt 

J log 3 x dx 


24. 

SO 

Find — where v = arcsin 
dx 

X 

— + 
2 

x . sin (2r) 

e sin x- 

x 2 + 1 
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J Tti c inblc below shows the relationships between specific values of the variables jt and y- 
Assuming y = /(.v) is n continuous function over the given interval, use the table to 
approximate J 5 /(x) dx with the trapezoidal rule. 


.V 

3.0 

3.4 

3.8 

4.2 

4.6 

5.0 

5.4 

5.8 

6.2 

6.6 

7.0 

y 

3.5 

3.8 

4.5 

5.5 

6.8 

7.5 

8.0 

8.4 

8.6 

8.7 

8.8 



LESSON 120 Partial Fractions II 


In this lesson we revisit the issue of integrating fractions of polynomials. Specifically, we are 
interested in fractions of polynomials whose denominators are of higher degree than the numerators 
and whose denominators have only real linear factors (which may be repeated). Examples of such 
integrands are the following: 

1 1 _1_ 

x(x + 2) 2 x 3 (x - 7) 2 (x + 2)(x + l)(.r + 3) 5 

Note: x 3 may be written as (x — O) 3 . so it is a linear factor repeated three times. 

When a linear factor is repeated in the denominator, additional terms are required in its partial 
fractions decomposition. If a factor appears twice, two terms are required for the factor in the 
decomposition. 

1 _ A_ B C 

x(x + 2) 2 ~ x x + 2 (x + 2) 2 

If a factor appears three times, three terms are required for the factor in the decomposition. 

1 _ A_ B C D 

x(x + 2) 3 “ x + x + 2 + (x + 2) 2 + (x + 2) 3 

If a factor appears n times, n terms are required for the factor. The denominators of these factors are 
simply subsequent powers of the factor in question. The numerators of each of these terms are still 

constants. 

example 120-1 

solution 


Integrate: 


/ 


x(x + 1)“ 


- dx 


First we find a partial fraction decomposition of the integrand. 


B 


x(x + I) 


x + I (x + 1)" 


We simply need to find A. B. and C and then integrate. Multiplication by x(x 
the equation yields 

4 = A(x + l) 2 + Bx(x + 1) + Cx 
Setting x = -1 in ^ equation gives us 


+ l) 2 on both sides of 


\ 


4 = C(-1) 
C = -4 
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| 




i 


Next we lei x equal 0. 

4 = A(0 + l) 2 
A = 4 

With these values for ,4 and C, we update the equation. 

4 — 4(x + I) 2 +■ Bx{x + 
We simply let x be some other value and solve for B, If x = 

4 = 4(2) 2 + 1)(2) - 

B = -4 


1) - 4x 
1, then 
4(1) 


Then we rewrite the integral using the partial fractions decomposition, 

4 r f A B 

+ - 

X 


J 


x(x -+- 1) 


-it 

= t(± + -x±. 

J x + 1 


1 (x 




dr 


-4 


dr 


(x + l) 2 

„ f dr ^ f dr f dr 


The first two Integrals have the form du over u, but the third has the form u~ 2 du. Therefore 

f —-— 4 2 dr = 4 In |x| — 4 In |x + 1| — — + C 

J x(x + 1 


1) 


-1 


= 4 In jx[ — 4 In Jx + 1 | 



120.2 Integrate: f — ' X - + * — dx 

J x 2 (x + 2) 


Solution We begin with the partial fractions decomposition. 


x + 1 


x-(x + 2) 


x 


We then multiply by x 2 (x + 2) to remove the denominators. 

x + 1 = Ax <x + 2) + B(x + 2) •+■ Cr 2 
Next we replace x with strategic values to solve for the constants A, B, and C. 


= 0 : 


— = B 


x = -2: 


= I: 


0 + 1 = B(0 + 2) 
1 

2 

-2 + 1 = C(—2) 2 
1 

4 

1 + 1 
2 


—-- = C 


/\(1)(1 + 2) + 5(1 + 2) + C(l) 2 
3A + 3B + C 


1 


I 


Substituting B = — and C = ——- gives us 


2 = 3A + 3 


m * B) 


A = 


]_ 

4 
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Calculus Lesson 120 


problem set 

120 


Therefore 


J* 


x + l 


x-(jc 4* 2) 


dx = J ( - + -4+ -~) * 

J \ x x 2 X + 2 J 



2 


I 

4 


x 


X 4* 2 


dx 


4 J x 2 J jr 2 4 J .r 


2 x 

TThc second integral is of the form w " 2 du, so the result is 


-l- 2 


dx 


iM - - I in | X + 2! + c 


I. 

( 26 ) 


-> 

( 77 ) 


The rate at which a rabbit colony grows at a particular time t is proportional to the number 
rabbits present at that time. Initially there were 2000 rabbits, and at t = 1 year* there were 
3000 rabbits. IVrite an equation that expresses the number of rabbits present as a function of* t. 

A cubical tank, each of whose sides has a length of 5 meters, is filled with a fluid having a weight 
density of 5000 newtons per cubic meter. Find the work done in pumping the fluid out f 
the tank. 


3. Use differentials to estimate the cube root of 28. 

( 99 ) 


Integrate in problems 4—6. 


4. J 7— 1 

(120) J (X — 


- 9 


3)(x - 3) 


dx 


5. f 

(120) J 


8 


x(x + 2 ) 


dx 


6 . 

020 ) 


I 


dx 


x 2 (x — 1) 


7 . Find a unit vector parallel to and a unit vector normal to the line tangent to the 
(,OSt y = 3x 2 — 4x + 1 at the point ( 1 , 0 ). 


Graph the equations in problems 8—10. 


8 . r = 2 cos (2 9) 

(DO) 


9- 

016 ) 


r = 3 


3 sin Q 


10 . 

018) 


= 2-2 


t. 


For problems 11-13, x = 4r and y = r 2 -i 

dy , d 2 y 

11 . Find -f- and -— 3 -- 

019) dx dx 

12. Find the equation of the line tangent to the curve defined by the given equations at t 
(ii9) Q escr ibe the concavity of the curve at the point of tangency. 

13 Write an integral that could be used to find the length of the curve from / = 0 to / = 5. 
018 ) 

Determine whether each series in problems 14-16 converges or diverges. If a series converges, 
its value. ^ 

is- y— 1 — y^r 

,,,7, x—i („ j. ai on, x—t 3” 


14. X 


016 ) 


n=I 


017) ( n + 3)( n + 4) 

n — I 


n-\ 


17. Find the length of the graph of 

009 ) 

Integrate in problems 18-20. 


1 / 2 

y = — (-* 

3 


+ l ) 3 ' 2 from x = 0 to .r = 4 




2 dx 


19. 

o>j > 


J 4 - 

4 .25- 


x 2 dx 


/ dx 

— -~ 

.v — 25 


18. 

OIJ) 
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21 . Simplify: - T sin (r 2 ) dt 

<w»i ttrJi 


22 . 

iw 


Suppose y — fix) is a continuous function. Which of the following statements must be true? 
A. The graph of y = /(|x|) lies above the x-axis. 

B * y = /(!■*!) is an even function. 

C. >' — /(|j|) is an odd function. 


E** /(|*|) dx = 0 for any real value of c. 


23. 

I Ml 

24. 

tsa.7i\ 


Let /(.r) = _r 3 


Find 


dy 

dx 


where 


+ x — 1. Find the value of (/ *)'(!). 

y = 3 X + • "=- + In |1 + sin jc|. 

V-t — 2 



<S9) 


Let a < d < b. Suppose / is differentiable on (a, b ) and continuous on / = [a, b J. Which of 
the following statements is not necessarily true? 


A. There exists a number c in / such that /'(c) 
B * f /(•*) dx + f f{x) dx = f f(x) dx 

“O Jf/ Ja 

C. I f(x) dx > 0 

D. There exists a number c in I such that /(c) 


fib) - fid) 




Z^JSSSON 121 Convergence and Divergence 


Series 


121 .A 


and 



Indexing • Arithmetic of Series 


Up to this point we have examined two types of series in depth, geometric and telescoping. These two 
types of series are unique in at least two ways. First it is relatively straightforward to determine 
whether such series converge. Secondly when they do converge, their exact sum can actually be 
determined. This is not the case with most other series. As we continue to investigate series, questions 
of convergence and divergence remain important. However, in most situations, it is quite difficult (if 
not impossible) to determine the actual sum of convergent series. 

We now turn to a powerful theorem for checking whether a series diverges. Initially, we state 
the theorem as follows: 

If the series a n converges, then lim a — 0. 

n = l n-»- 

Though its meaning is clear, this fact is not useful as written. We need criteria that determine whether 
a series converges or diverges. This statement simply relates a necessary consequence of convergence. 
However, its contrapositive is more useful. 


Divergence Theorem 


If lim a n * 0, then the scries a n diverges. 


ft • I 
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Colcutus Lesson 121 


The rules for multiples of series can be stated more quickly. 



solution 


Note that £ £ and £ —r are both geometric series with ratios less than I, so both converge, which 

• ■I ^ *-1 

means £ can be split into two convergent series. 

sal 4 

4-2" = yi__y r 

An 4 " An 

n=I n=l ^ n -I 



Now we compute the sums of these two series. 


Therefore 





problem set 

121 


i. 

r !OA> 


2 - 

c//w 

3. 

//OJJ 


4. 

5. 

I UK) 


Find the equation of the line tangent to the curve determined by x 
__ ,3 + 1 at the point corresponding to t — 4. 

the concavity of the curve in problem I at the point of tangency 

Find all the points at which the curve defined by the parametric equations ,r 
__ 1 3 _ 3 * 2 j,as a horizontal or vertical tangent. 

Write the polar equation r = sin 0 + cos 0 in rectangular form 


= t 


1 and 


= t 


3 and 


Graph r 


= I 


2 cos 0 in the polar coordinate plane. 
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itn ^* n< ^ l ^ c arca l he region between y = cos 2 x and the x-axis on the interval £o, ^1. 


Integrate in problems 7—16. 
7. f tan 3 x dx 

OOO) J 


8 

um 


r -x + 26 
J J x 2 + 2x - 


9. 

020 ) 


f * ~ ~ 1 

J X 3 - X 


dx 


n. f 

OO) J 


13. f 

(64) J 


dx 


4* 


4- x 2 


12 

ti/J> 


2 dx 


15 

166) 


l / 


-J4 — X 2 

cos 3 x sin x 
cos' 4 x + 1 


14 

<6-1) 


dx 


Evaluate the limits in problems 17—19. 


17. lim 

(101) JC-+O 


cos X — 1 
3x 


18. 

Oil) 


hm (l + ir 


8 


dx 


10. r 

020 1 J 


—x 3 4- 2x 2 4- 4x 4- 2 


x 2 (x + 1) 


dx 


s J 


*£r 


-Jx 2 - 4 


f 3 

3 J 9 4- x 2 


16. [ 2x cos x dr 

rtffj J 


19. lim (l 4- - V 

f///# jr-*o V. 3 7 


Determine whether each 
its value. 

2°. V —-— 

021 ) n + 1 

/I — I 


series in problems 20—23 converges or diverges. If a series converges, state 


21. y 

(07) X—J 


Tf (4n - 3)(4 n 4- 1) 


22 . 

0)7) X-~t "J" 


( 10 ) 


n= I 


s 


5n 


020 ' 4n4-7 

n = i 


24. If a 3 4- fc 3 = 10 and a 4- b — 5, what is the value of a 2 — ab 4- fc 2 ? 


25. The table below shows the relationships between specific values of the variables x and y. 
<93> Assuming y = /(x) is a continuous function, approximate jj /(x) <±r using the trapezoidal rule. 


X 

4.0 

4.3 

4.6 

4.9 

5.2 

5.5 

5.8 

6.1 

6.4 

6.7 

7.0 

y 

3.5 

3.8 

4.5 

55 

6.8 

6.7 

5.6 

5.1 

4.8 

4.5 

4.3 



Z^ESSON 122 Integration by Parts II 


We revisit the technique known as integration by ports. 

J u dv = uv — f v du 

Lesson 69 presented straightforward uses of this technique. Now we utilize the technique in more 
complicated situations, such as the integrals below. 



f e x sin x dx 

































example 122.1 Integrate: J.vV'dLr 


Calculus Lesson 122 


solution A wise substitution is u — .v, dv = e x dx. Differentiating 1 / produces a polynomial term with a 

smaller power, and antidifferentiating dv introduces no complications. 


ti 

H 

II 



d\> = e x dx 


2 

1 U = X* 

H 

II 

* 

du — 2x dx 

dv — e x dx 


So we have 



x~e x dx 



= x 2 e 


x - 2 J xe x 


dx 


Now we must determine J xe x dx, which involves integrating by parts again. 


U = X 



dv = e x dx 


H 

II 

< 

II 

1 % 

h 

* 

ii 

N* 

*3 

dv = e x dx 


J xe 1 dx — xe x 



e x dx — xe x 


e 


X 


Therefore 


J x 2 e x dx = x 2 e x — 2 J xe x dx 

= x 2 e x — 2[xe x — e x ] + C 
— x 2 e x — 2xe x + 2e x + C 

Often integrals involving the product ofx" and another function, for example, J x" e x dx, J x n sin x dx, 
or J x a cos x dx, can be determined by applying integration by parts n times and letting u equal the 
polynomial factor in each integrand. 


example 122.2 


Integrate: 


J e x sin x dx 


solution 


The integrand is a product of the form e sin bx. We integrate by pans twice and then use algebra to 
find the answer. Either e x or sin x can be chosen for u, but we select u - e x . 


u = e x 

= —COS X 

du = e x dx 

dv — sin .T dx 


u — e x 



dv = sin x dx 




sin x dx = —e x 



cos x 


cos x + 


J** 


x cos xdx 

COS X dx 


w we must integrate by parts again to find J e J cos .r dx. Since we let u = 
- hcre if W e had let u be the trigonometric function in the firs* 


e x in the first step, we 




as well. 


H ft i 

II 

v = sin .r 

du = e * dx 

dv — cos v dx 


_x 

u = e 



dv — cos.r dx 


J e x cosxdx = c J sinx — J 
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example 122.3 

solution 


problem set 

122 


Now wc combine the results of the first integration by parts and the second integration by parts to get 

J e x s\nxdx = —e x cosx + e-'sin x — j e x sinxdx 

It is important to notice that / e^sin x dx appears on both sides of the equation. We need to isolate 
this term* so we add it to both sides of the equation. 


J e 1 si 

J 


sin x dx = 


cos jc + e sin x 


e x sin x dx — — —e 1 cos x 


—e sin x 
2 


+ C 


Integrate: 


J e x cos x dx 


A good choice for u in example 122.2 was e x . In this example we show that this choice for u is not 
necessary by letting u = cos x in the first step and letting u = sin x in the second step. The 
important thing is that u must be chosen similarly in both steps, either as the trigonometric function 
or as the exponential function. 


u = cosx 



dv = e x dx 


u = cos X 

v = e x 

du — —sin x dx 

dv — e x dx 


J e x cosx<£c = e x cosx — J c x (— sinx)<£x 

= e x cos x + J e x sin x dx 

It seems we are going in circles; however, if we choose u and dv correctly in the second integration 
by ports, we can find the desired integral. 


u = sinx 



dv = e x dx 


u = sin x 

v» = e x 

du = cos x dx 

dv = e x dx 


Now we have 


J e J cosx<£r = e x cos x •+■ e^sinx — \ e x 


cos x dx 


Adding J e x cos x dx to both sides and then dividing by 2 gives the answer. 


J' x 

J 


cosxdx = e x cos.r + e x sinx + C 


e 1 cos x dx = 


—e x sin x + C 
2 


1- A particle moves along the hyperbola 7 - y = 1 so that its x-coordinnte is always 
increasing at a rale of 2 units per second._How fast is the v-coordinate of the particle changing 
the instant it passes through the point ( ^ 7 ^, 1 )? 

2. When 1 is greater than zero, the acceleration function for a particle moving along the x-axis 
t * 4> is a(/) = {.Suppose i»(l) = 4 and x(l) = 5. 

(a) Find the velocity and position functions of the particle. 

(b) Find x(3) and v(3). 


















Calculus Lesson 122 


t/m Find n vector of length 5 normal to y = 3x 3 - 6.v + 2 m the point (2. 14). 

^ * s dropped from a height of 8 meters. Each lime the ball hits the pavement it rebounds 
a height of three-fifths its previous fall. What is the total distance the ball travels? 


Integrate in problems 5—10 

5. f .v 2 cos <2.v) dx 
022) J 


6. I e x sin x dx 
(122) J 


7. 

020) 


9. 

iw; 


r_2x 

j fx — l)fx 


J 


(x - 1)(. 
dx 

~J9 — x* 


I) 


— civ 


8 

tno) 


. f _4_+_2x_ 

> J x 3 (x - I) 


10 . f 

tint J 


dx 


Jx 2 -9 


Determine whether each series in problems 11 and 12 converges or diverges. If a 
state its value. 


11 . 

tno 


^ 2 n 


i2. y 

ni7 1 ^ 


6-2 


om *—• 3 " 

n — j 


13. 

otm 

14. 

11071 

15. 

r/061 


Graph the equation r = 3 + 2 sin 0 on a polar coordinate plane. 

Convert the rectangular equation (x — 3) 2 + y 2 = 9 to polar form. 

Graph the curve defined by the parametric equations x = 4 sin 2 6 and y 
xy- plane. 


= 5 cos 2 6 on dii 


16. Find the length of the curve defined by the parametric equations x = sin 2 / and y = cos' t 
lt,J> from / = 0 to t = f. 

rln 

17. Which of the following integrals is equivalent to (sin r)(c*“”) 

toot Jir 


f‘ e u du 

B. - f * e~ u du 

C. - f 

‘ 1 UA 

—e du 

D. 

i-2 IT 

r du 

J-! 

J-i 


■l 2 


J/r 


18- Describe the concavity of the parametric curve defined by x = te' and y — / sin r at r — 


( 119 ) 


19. Suppose k is a positive real number such that 

( 33 ) 

I 


j; 


sin x 


dx = 1. Evaluate 


J -1 sin x 
-t x 


20. Suppose h{x ) = /(x)g(x), Jim /i(x) = —. and Jim /(x) = 3. Evaluate liin g(x). 


(70) 


21 - 

( 27 , 42 ) 

22 . 

( 109 ) 


x - I 


at x — 1. 


( 99 ) 


24. 

( 34 ) 


Write the equation of the tangent line to the graph of /(x) = -- 

Find the exact length of the curve y = x 2 from x = -3 to x = 3. 

Use the equation of the line tangent to xy 3 - x 2 y + 3x = 4 at the point (2, 1) to approximate 

the value of y in xy 3 - x 2 y + 3x = 4 when x = 1 95. 


,un Jt 


( 03 ) 


Find / where y — (e x ) 

Which of the following definite integrals has a value of zero'* 

B f cos 2 x dx 
Jo 


Jo 

r 


sin 


2 x dx 


sin x 


3 - dx 


x“ sin" x dx 

— 7Z 
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UESSON 123 Vector Functions 


We now introduce 


a new 


kind of function known as a vector function or a vector-valued function. 


Ifjt(f)and 3 ’(/) are both real-valued functions of the real variable t and 
i and j are the unit vectors in the positive x- and ^-directions, then 

/(f) = x(t)i + y(/)j 
is called a vector function. 


Vector functions can be used to describe the position of a moving particle. As with parametric 

equations, one advantage of vector functions is that the x- and y-coordinates and the time parameter 
are evident. 

There is a strong similarity between the abilities of parametric functions and vector functions to 
describe the path of a moving particle. One significant difference between the two is that parametric 
equations describe the location of the particle in the plane using its .ry-coordinates, while vector 
functions describe the particle’s location as a vector drawn from the origin. 

example 123.1 Sketch the curve defined by the vector function /(f) = (f — 3)i + (2f + 1)/ 

solution We can choose individual values of f and plot the curve point by point, or we can eliminate the variable 

f and graph the resulting nonvector function. In this example we apply both techniques. To eliminate 
the variable r, we treat the components of the vector function as if they were a set of parametric 
equations. 

x — t — 3 y — 2t + I 

The equation x = f — 3 can be rearranged as f = x + 3, so we substitute x + 3 for f in the 
second equation. 

y = 2(.r + 3) + 1- y = 2x + 7 

We can now graph the resulting linear equation. 


y 



The weakness of this graph is that we only see the path traced by the particle; we know little about the 
motion of the particle. 
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Calculus 


example 123.2 
solution 


example 123.3 
solution 

example 123.4 

solution 


In the figure below wc see the same graph again, but this time we graph it based on the 
parametric equations and show where the particle is at particular values of f. 

y 



One of the most important concepts in calculus is continuity of functions. Because a vector 
function is made up of two functions, the continuity of both of these component functions must be 
taken into consideration in order to discuss the continuity of the vector function. A vector function 
f it) — x(r)i + yit)J is continuous at a value of / when both x(r) andy(/) are continuous at /. 


Find the values of t at which / (/) = (r 




- 4t + 3} 


is continuous. 


To determine these values, wc simply consider the continuity of the component functions 
x(r) — r + 3 and yit) = - *' - - . Since .r(r) is a polynomial in the variable r, it is continuous for 

all real values of t. The function yit) = — - *' ■ ~ - is continuous for all real values of r except 
f — o, since y(0) is undefined. Therefore, the set of values of t at which / (/) is continuous is the set 
of all real numbers except t = 0 

{/ e [R | t * 0} 

Another issue to consider is differentiability of vector functions. A vector function 
(t) = x(t)J -4* yit)J is differe ntia ble at some value of t when both x(f) and yit) are differentiable 
at t In this case the derivative of / it) is defined as 

Tit) = -r'(r)/ + >'</>; 


Let f it) = (/ + 3)/ + (2r 2 — 4/ + 3)y. Find the derivative of this vector function. 


We first need to find —it + 3) and —(2r 2 — At + 3). 

—it + 3) = 1 4 ~( 2 1 2 ~ 4 / + 3) = 4r - 4 

dt dt 

Therefore, / '(/) = * + (4* — 4)j. 

P^ nc j where / it) — In (2r) i + 3 cos (2/) j. 


We see that 


Hence, f 'i0 


dt 


(In (20) 



1 

t 


—(3 cos (20) = 3(—sin (2/))(2) = -6 sin (2/) 

dt 


—i — 6 sin (2f) j. 
t 
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r 


probtem sot 123 

problem set 

123 


, JLj ^ particle moves along the path defined by the eouation y = x 2 . Find the distance the particle 
' travels from x = 0 to x = 6. 

Describe the concavity of the curve whose parametric equations ore x(t) — 2e 3f and 
0 = 2 In (3r) at the point corresponding to t = 4. 

fw> ^ cubical tank, each of whose sides has a length of 5 meters, is filled with a fluid whose weight 

density is 5000 newtons per cubic meter. Find the total force against one of the vertical sides of 
the tank. 





4. 

f&S) 


The acceleration due to gravity on planet X is 15 toward the center of the planet. A ball is 
thrown upward from the surface of the planet with an initial velocity of 40 

(a) Develop the velocity and position functions that apply to this ball from the moment it is 
released to the moment just before it hits the ground. 

(b) How long after the ball is thrown does it hit the surface of the planet? 


Integrate in problems 5—8. 


(no, J 

r 2x + 5 

' X 2 + 2x + 1 

uZ', J 

|" x 2 e x dx 


dx 


6. f e x sin (2x) dx 
(122 1 J 


8 . 

f 


f 2x + 1 
J tr - 3)(x + 


2 ) 


dx 


Find / '(/) for the vector functions in problems 9 and 10, and state the domain of each derived 
function. 


at, fW = 2 cos ‘ 


In (/) j 


10. /(r) = 3 2/2 7 + —- -J 

H2J> J 2t + 4 


Graph the equations in problems 11 and 12. 
11. r = 3 cos (30) 

(JiO, 


itm 


= 1+3 cos 9 


13. 

<8V> 


the average value of the function f(x) = (sinx)(e 2eoix ) on the interval [7t, 7 jz] 


14. Let R be the region between the graph of y = tan x and the x-axis on the interval [0, 1 ]. Find 


(711 


the volume of the solid formed when R is revolved about the x-axis. 


15. Let R be as defined in problem 14. Use one variable to write a definite integral whose value 




equals the volume of the solid formed when R is rotated around the line x = —1. 


Determine whether each 
its value. 


series in problems 16—18 converges or diverges. If a series converges, state 


16. V 

tH7, ZJ 


n 


n = 3 


17. 

|/J7> 


v 2 " - 5 

x » «>rv+l 

n = I ° 


18. V 

r/2/j 

n«l 


2 n + 4 


n 


19. Find the area of the region between y — -Jx 2 — 1 and the x-axis on the interval [1,5] 


(39, 

20. Find where y — arcsin (tan x) + ---—- 

iMuw» dx ~ sin x + cos x 


21. Find —— where x^y 3 — 4y 2 + 3x = 6xy 4 . 

dx 


I W> 


22. Show that 

((Oh 


lim f 1 + — J equals e c for any constant c. 
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Evaluate the limits in problems 23—25. 


23. 

002) 



24. 

doit 



25. 

a 02 


lim ( 1 4- 
*-.o ^ 


x 




S(x 



LESSON 124 Implicit Differentiation II 


We have used differentials to find the derivatives of implicit equations. To find £ for the equation on 
the left-hand side below, we find the differential of each term as the first step. 

2T 3 — y~ — 7 • fix 2 dx — 2 y dy — 0 


Then we divide every term by dx and algebraically solve for 


dy 
dx ' 



divided by dx 


solved for 


dy 

dx 


We now consider an alternative approach to implicit differentiation. We do not have to nse 
differentials to differentiate implicit functions if we remember thaty represents some function of x and 
that the derivative of a function of y, say g (y), with respect to x is g'(y) 27 • To review, let g (y) — >'~- 
Using the chain rule to find the derivative of g with respect tor, we get 


s'(y) = -j-(s(y)) = 

dx 

Differentiating each term in the equation 2x 3 — 




with respect to x, we get 


d 

dx 


(2x 3 ) 




or 



Solving this equation for 


dy 

-d -, we obtain the same result as above by using differentials. 
dx 


dy _ 3 x 2 
dx y 


example 124.1 


Find where x 5 •+- 4xy 3 — 3y 5 — 2. 
dx 

dy 

We differentiate each term with respect to x and solve for -j- 


d 

- X 

dx 


5 




-4 xy 

dx 


3 



5 x 4 4 4 x(3y-) 


[■ 


2 \ d y 


dx 


I2xy 


2 dy 
dx 



+ 4 y 3 - 


I5y 4 

15 v J 

•r 


dy 

dx 

d\ 

~dx 



dy 


(12xy 2 




dy _ —5x 4 ~ 4y 3 
dx ~ \2xy 2 - I5y 4 


solution 
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example 124.2 

solution 


example 124.3 

solution 


Find 


d y . 2 

— 5 - where x i 
dx 



100 . 


We begin by finding the first derivative, which we put in a box for later use. 




dy __ —x 
dx y 


Now we use the quotient rule and differentiate again. 



solved for 


dy 

dx 


quotient rule 


simplified 


The box above contains an expression for 


dy 

dx 


. We make this substitution and then simplify. 



substituted 


simplified 


This answer is correct, but it is a good idea to write the answer as a single fraction and to look at the 
original equation to see if it can be used for additional simplification. After finding a common 
denominator, we combine the terms in the numerator to gel 


4 2 y _ ~y a - -c 2 _ —Q’ 2 + x 2 ) 
dx 2 y 3 y 3 

The original equation tells us that x 2 + y 2 = 100, so 



Use implicit differentiation to find 


d~y . 2 

—given 4y = 

dx~ 



We begin by finding the first derivative and putting it in a box for later use. 

Sy~ = 3.V 2 differentiated 

dx 


solved for — 

dx 



Now we use the quotient rule to find the second derivative. 



(8y)(6.r) - (3x 2 ) 
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Next we substitute for 


dy 

dx 


and simplify. 


d 2 y 

dP 


4Sxy - (24.v 2 ) 





substituted 


simplified 

simplified 


This answer is correct, but the original equation 4y 2 = .r 3 can be used to further simplify the answer. 
By rearranging the answer, we can write it with factors of 4y 2 andx 3 . 

d 2 y _ (4y 2 )(12,v) - 9.r(x 3 ) 
dx~ (4y 2 )(l6y) 

We simplify by replacing 4y 2 with .r 3 . 



(4y 2 )(12.r) - 9.r(x 3 ) 
(4y 2 )(16y) 

(.r 3 )(12.r) - 9.r(.r 3 ) 
(x 3 )(16y) 

12.r - 9.r 
16 y 


equation 

substituted 

canceled 



subtracted 


Simplification of the answer is not always easy, and it can be time-consuming. In some 
significant algebraic simplification is not even possible. 


problem set 

124 


l. 

17/1 


The region R is bounded by the or-axis and the graph of y = ■■ J "— on the interval [2. 5 J. Find 

ihe volume of the solid formed when R is revolved around the x-axis. 


For 
fix ) 

2 . 

<j 


problems 2 and 3, let / be the function defined on the closed interval 7 = [—8. 8J t»y 
= l* 473 + 3.r ,/3 . 

(a) Find /' and wnte the equation of f* as an expression with a single denominator. 

(b) Determine the critical numbers of / on /. 

(c) Find the critical numbers at which the tangent(s) to the graph of / are horizontal or vertical- 


3. 


(a) Find the x- and y-coordinates of all the relative maximum and minimum points of the 
graph of /. 

(b) Determine the intervals on which / is concave upward and the intervals on which f *s 
concave downward. 


(c) Indicate the x-coordinates of all inflection points. 

(d) Sketch the graph of /. 


In problems 4 and 5 find 


and 

dx 



4. 

<t24l 

6 . 

11 tot 


x 3 + = 100 y + 

r . V sm n 

Approximate the fourth partial sum of the senes £ — 
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Integrate in problems 7-10. 


7. x 2 sin x dx 
12) J 


112 


9. 

O20) 


8 . f e 2x sin x dx 

0721 J 


f 

J (r — 


Sx - 4 


(x - I) 2 x 


dx 


10. f 

fttJ) J 


O + X 2 ) 2 


dx 


no) ^ nd ^ en 8 1 ^ 1 of ihe parametric curve determined by x — e’ sin r and y — e'eost from 
/ = 0 to / = n. 


no?) et l uat ion of the hyperbola .r 2 — y 2 = 1 in polar form. 

ma) l ^ e ec I ua tion r = 2 + 2 sin 0 on a polar coordinate plane. 


Determine whether each series in problems 14 and 15 converges or di 
state its value. 


. If a series converges. 


14. 

02!) 


v nj 


n 


15. 

om 


X 

n = 4 


3 — K 


Find the derivative of the vector functions in problems 16 and 17. and state the domain of the derived 
function. 


17. / (/) = 3 tan (2r) i + -Jt 2 - 4 j 


027) 


16. f (r) = (In t)i — 2e ‘j 

(I2J) 

un>] ^* nd ** and 31 t = —3 given the parametric equations x = r 3 and y — r 2 . Find the 
equation of the line tangent to the given curve when t = —3. 


19. Find the Maclaurin series for In (1 — x). 

(55) V ' 

20. Find the area of the region bounded by the graph of y 

(6Af w 

Evaluate the limits in problems 21—23. 


21 . lim 
tuh 


= x-Jl — .r 2 


and the .r-axis. 


(- +i r 

22 . lim f 

1 + if 

23. 

lim f 

i +£') 

V x J 

Oil) x-*— ^ 

X ) 

on) 

o 

r 

4 J 


4/x 


24. 

oat 


Let / be the function defined below. Find the values of a and b that moke / differentiable 
everywhere. 


/(-t) 


_ f ae x + 
\/r.t 


b when j: S 0 
when x < 0 


25. Suppose / is differentiable for all real values of x and /(.r + ft) — /(.r) = x 2 /i + xh 2 + — 
a9) for all real values of x and h. Evaluate {Hint: Review the definition of the derivative.) 3 
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LESSON 125 Infinite Limits of Integration 


This lesson begins the study of improper 
integrals. Consider the integral r/(.r)c£r 
where fix) = and c is some real 

number greater than 2. The graph of / is 
shown at the right. 


y 



x 


The value of the integral in question represents the area under the curve between the vertical 
lines x = 2 and x = c. The integral is evaluated as follows: 


r_i_ 

h (.r - l) 2 


dx = 


-1 


-T - 1 


-1 


-1 


c — I 


2 - 1 


= 1 - 


I 


c - 1 


The table below shows increasing values of c and the corresponding values of the area under the curve 
(obtained by evaluating the above expression at each value of c). 


c 

3 

10 

100 

1000 

10,000 

area 

2 

8 

9 

98 

99 

998 

999 

9998 

9999 


From these values it should be obvious that, as c becomes larger and larger, the area under the curve 
gets closer and closer to 1. 

/; * - SSL 0 - 7h) - 1 

This may be a rather startling phenomenon—the area of the unbounded region under the graph of/ 
is the finite number 1. In other words, the infinite region has a, finite area! 

This demonstration suggests the need for some definitions. Let / be a continuous function on the 
interval [n. «*»)- Provided the following limit exists. 



i 

J f(x) dx = jim J 

rb 

fix) dx 

a 


Similarly, suppose / is a continuous function on the interval (- 
limit exists. 

*]. Provided the following 


I 

fix) dx — lim 

rb 

fix) dx 

a 



• r either of these forms is called an improper integral because one of the limits of 
An m eg ^ ^ & rca i num b C r. j n either case, if the limit exists, the improper integral converges. 

If die™ mil is not a finite value, then the improper integral diverges. 
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example 125.1 

solution 


example 125.2 

solution 


Ir an integral has two infinite limits of integration, it is also called an improper integral. In this 
situation, if / is continuous for all values of x and a is any real number. 


fix) dx = J /(x) dx + j fix) dx 


Here the original integral converges only if both of the latter integrals converge. If either of the latter 
integrals diverges, then the original integral also diverges. Though it is not required by definition, 0 
is often the choice for the value of a in the above definition. 


Evaluate 


: r±* 

J| X 


We follow the definition of an improper integral stated previously- 

f — dx = lirn r — dx 
j| X *-*— J| X 

= lim In x 

Il 

= lim (In b — In I) 

ft-*— 


Now we must evaluate this limit. 


Therefore J — dx diverges. 


= lim In b 

ft-*— 


lim In b = -t- 
<>-»— 



Evaluate 


: f4 

J\ .r“ 


dx 


Wc use the definition of an improper integral again. 




dx = 


ft j 

lim I — dx 


— lim 

ft- 


U,7 

i Bt 


- B - (4)] 


= lim 

ft- 




= 1-0 = 1 
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example 125.3 
solution 


example 125.4 
solution 


Therefore jr dx converges and equals I. Thus the shaded area shown below, which is unbounded 
to the right, is exactly 1 square unit. 

y 



We have now seen that the integral J ( ~ dx diverges while the integral J f p- dx converges to 1 , even 
though the graphs of these two functions are similar on the interval [I,oo). Notice that 

li m x _/(4 = 0 does not imply that £ /(r) dx converges. The difference here is that p approaches 

zero faster than This is a subtle difference, but an important one. 


Evaluate: 



e* dx 


From the previous definitions. 


£ 


e x dx 


= lim f' 

a —» — J a 


e* dx 


We integrate and find the limit as a approaches — 


lim f* e 1 dx 
a-*— J a 


= lim e z I* 

a—*—** I a 

= lim e — e a 


As a approaches —«», e a approaches 0. Therefore, J e x dx converges and equals e. 


Evaluate 


= £ 


x dx 


This is a classic problem involving improper integrals. First we consider the integral as an area. 

y 



This area appears 


f x dx diverges 
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problem set 

125 


Next we evaluate the integral Incorrectly. Many students mistakenly do the following: 



x dx 




NO! NO! NO! 



So the 
results 


integral appears to converge and equal 0, which contradicts the discussion of the graph. The 
differ because we did not solve the problem correctly. Remember that, by definition. 



.r dx 



x dx 



x dx 


where b is some real number, provided both of the integrals on the right-hand side converge. We use 
b = 0 here and look at .r dx. 



x dx 


lim 



x dx 


lim 



b 

o 



Since this integral diverges, the original one does too. 


J x dx diverges 


This answer is consistent with the conclusion derived from the graph. 

1. The acceleration function for a particle moving along the .r-nxis is a(r) s= 20e 4 '. The velocity 
’ when r = 0 is 10. and the position when t = 0 is 4. Develop the velocity function and the 
position function of the particle, and find the total distance the particle travels during the time 
interval [5, 20]. 


2. Find the lencth of the curve y = x ** 1 on the interval from x = 0 to x = d. 

UOV) w 3 • 

3. Find the derivative of / (f) = 2'i - log 2 r j, and state the domain of the derived function. 

4. The exact shape of the bottom of a 36-foot-long swimming pool is not known and cannot be 
' 9 ' figured, because it is full of water. However, beginning at one end of the pool, and then every 6 

feet thereafter, depth measurements were made. 


Measurement number 

1 

2 

3 

4 

5 

6 

7 

Depth 

10 

15 

12 

9 

7 

5 

3 


The pool is 20 feet wide, and its depth is uniform across its width. Approximate the volume of 
water in the pool using the trapezoidal rule. 
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Implicitly differentiate the equations in problems 5 and 6 to find ^ and 

dx dx 2 


5. .v 2 — v 2 = 4 

024 \ 

6. 

(124) 

Integrate in problems 7—9. 


7. 

illil . 

r —7.v - 2 , 

1 ~—r *** 8 - 

• x — 4 tno> 

j* x 2 + 4x + 

J x 2 (x + 2) 

Evaluate the improper integrals in problems 10-13. 

10. 1 

(123) J 

r - 1 ^ 

'o X + I 

11. 

( 123) 

12. J 

(1231 J 

" —L dx 

I V-v 

13. 

(123) 


14. Evaluate: lim 

(io/) j — fO 


2 cos -v — 2 
3^ 


dx 


9. \ sec 3 x dx 

11211 J 


J, 


- 1 


dx 


i x 


I (e x cos x) dx 
Jo 


Is. Let f{x) 

twn 


_ d r 3 cos r — 1 
dx Jx t 


du Find fin). 


16. Evaluate: f |2x — 4| 

J-3 


dx 


17. 

|WI 


Region R is bounded by the y-axis and the graph of x = I — y 2 on the interval O ^ y ^ 
Use y as the variable of integration to write a definite integral whose value equals the volume 
the solid formed when R is revolved about the line y — —1. 


f'(x) 

18. Use logarithmic differentiation to compute - 

r*w/ fix) 


where /(x) = (x) J . 


19. 

r S7i 


f{x) dx > 0. Which of the following must be true? 

a 


f > 0 for all values ofxin the interval [a, b ] 

a 


B 


C. 


dx 


0 


D. If a 


f fix) 

Jb 

f is an even function. 

< e < b, then f fix) dx > 0. 

J a 


20. Find f'{x) where fix) = xe 

( 50 ) 


- -J x 3 + I - 


cot X + X 


— X 


- 1 


Determine whether each series in problems 21 and 22 converges or diverges. If a series 
state its value. 

- 2 n 2 - 3n + 6 22. V — — 2 — 

21- x . -5 ! ™ <"?> ■“ 

tint 


n — 1 


n 


2 + 20 


n= 1 


Graph the polar equation in problems 23 and 24 on a polar coordinate plane 


24. r = sin ( AS ) 
I not 


23. r = 4 sin 9 

(II0\ 

25 Use a graphing calculator to show that lim w3 2 X = 8 by finding a 5-value that 
IIOJ) jg within of 8 when £ = 0.01. 
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LESSON 126 Partial Fractions III 


Up to. this point we have only performed partial-fraction decomposition on fractions whose 
denominators factor into linear terms. We now consider the situation where the factored denominator 
contains an irreducible quadratic polynomial term, which is a second degree term that cannot be 
factored over the real numbers. If the denominator of a fraction of polynomials has an irreducible 
quadratic factor, the numerator of the partial-fraction decomposition must contain one term whose 
numerator is a linear term of the form Ax 4 B and whose denominator is the irreducible quadratic 
factor. For example, the partial-fraction decomposition shown here has a numerator Ax + B for the 
quadratic denominator + [ and a numerator of C for the linear denominator x — 1. 


f 4x 2 - 2x + 2 
J (x 2 4 l)(x - I) 



Ax 4 B 
x 2 + 1 


dx + 



To find the constants A, B, and C, three independent equations in A. B. and C must be developed. The 
first step is to find common denominators. 

4.r 2 - 2x 4 2 _ Ax 4 B C (Ax 4 B)jx - 1) C(x 2 4 l) 

( x 2 -«- l)(x - I) x 2 4 I + x - l ~ (x 2 4 l)(x - 1) + (x - l)(x 2 4 1) 


From the two outer expressions: 

4x 2 - 2x 4 2 = (Ax 4 l?)(x - I) + C(x 2 4 1) 

As with previous partial-fraction problems, this equation can be used to determine A, B, and C by 
substituting values forx. 

.r = 1: 4(1) 2 - 2(1) 4 2 = C(I 2 + I) 

4 = 2C 
C = 2 

x = 0: 4(0) 2 - 2(0) 4 2 = (A(0) 4 B)(0 - 1) + 2(0 2 + 1) 

2 = -B + 2 
B - 0 

x = -1: 4(—l) 2 - 2(—1) + 2 = A(—1)(—2) + 2((-l) 2 + 1) 

8 = 2A + 4 
A = 2 


With these values of A, B, and C, the integral con be determined. 


f 4x 2 - 2x + 2 
J (x 2 4- l)(.r - I) 


dx 


J(Srf 

/ + 1 


j rfr 

partial fractions 

x - IJ 

2 ,U 

substituted 

x - \) 


2 In |x — 1| 4 C 

integrated 


example 126.1 Integrate: 



6x 2 — 3x + 1 
4x 3 ■+• .r 2 4* 4x + t 



solution We check to see whether the numerator is the differential of the denominator. (If so, we have J —, 

which makes the problem relatively simple.) 

d(4x 3 + x 2 4- 4x + 1) a 12x 2 4 2x + 4 

Unfortunately the numerator is not the differential of the denominator, so we resort to partial fractions. 
To use partial fractions, we must first factor the denominator completely. 

Ax 3 4 x 2 4 4x 4 1 = x 2 (4x 4 1) 4 (4x 4 l) 

= (x 2 4 l)(4x 4 1) 
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Therefore 


6 .v 2 — 3.v + 1 


_ 6 a - 2 - 3.v + I 

4.r J + + Ax + I (.v* + l)(4.v + I) 


Av + B 


x 2 + 1 4x + 1 
We rewrite the right-hand portion with common denominators and add. 

6.v 2 - 3 v + 1 = (Ay + g)(4x + 1)+ C(a 2 + 1) 

(4 a + 1)(a 2 + l) (4 a + I)(a 2 + 1) 

Since these fractions are equal and their denominators are the same, the numerators 
equivalent. 

6x 2 - 3x + 1 = (Ay + fl)(4x + I) + C(a 2 + I) 

We substitute values for a to obtain three independent equations involving A. B, and C. 

C( 1) 


must be 


a = 0 : 

1 = B( 1) + 

1 = B + C 

a = 1 : 

6-3+1 


4 

a = 2 : 

24 - 6 + I 


I) 


19 = 18/1 + 9B + 5C 


Many graphing calculators, including the TT-83. can easily solve such a system of linear equations 
The solution of this system is A = 1 , B = —I, and C = 2. Thus 

f 6 a 2 — 3 a + 1 f a — 1 . c 2 dx 

J f4 a + 1 )(a 2 + 1) “ J .r 2 + 1 ^ + J 


4a + 1 


J A dx f dx r 

^TT" J PT 7 + J 


2 dx 
4a + 1 


J_ 

f 2x(L \ | 

■ dx 1 

r 4 dx 

2 

J A 2 + 1 J 

a 2 + 1 1 2 

J 4a + I 

_ 1 

“ 2 

In [a 2 + l| — 

4 -I 1 

tan a + — 

2 

In |4x + 1 | + C 


partial 

fraction 

split 

fraction 

adjusted 

constants 


m 


problem set 

126 


i. 


A particle moves along the elliptical path defined by the equation \ = I. Find the 

of change of the y-coordinate of the particle the instant it passes through the point ( 1 , 5 ) given 
that the x-coordinate is increasing at a rate of 1 unit per second at that instant. 


2. Use differentials to approximate the cube root of 124 

( 99 ) 

Evaluate the improper integrals in problems 3 and 4. 

r- dx r~ dx 

3. —TT 

ozst J\ a + 1 


4. 

025 ) 


f- dx 

J I A 2 + I 


5. Draw a vector that represents f (2) where / (t) — 2 i - t -j. 

(!2J) 

Integrate in problems 6-8. 

• - f rf + ; x ~ 3 dx s. f x A 

J (a* + 2)(a + J) <>:<» J (a + I)“(x H 


6 

1116 ) 


3x 


+ I)(A - 1) 


7. 

( 126 ) 


; / (a 

9 Convert the polar equation r = 2 sin Q + cos 0 to its rectangular equivalent 


2 ) 


( 107 ) 

10. Find 

(12-0 


fl ^ v 1 2 

—where y 3 —x — v. 

dx 2 
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Graph the equations in problems 11 and 12 . 


11 . r = 1 -f 2 sin 9 
uia> 


12 . r = 2 - 2 cos 6 
ota) 


13. The Mean Value Theorem says that if / is continuous on [a, b] and differentiable on (a, b), then 
' there is some number c e ( a , b ) such that /'(c) — . For f(x) - x 3 + 1, find such 

a number c in (— 1 , 3 ). 


14. Find the fourth partial sum of the series 

HS6) 

15. Determine whether the series £ ( — n — yj) converges or diverges. If it converges, state 

am its value. *“ 



16. 
f 11*1 


Find the length of the curve determined by x = cos 9 + 9 sin 9 and y = sin 6 — 9 cos 6 
from 9 = 0 to 9 = n. 


Integrate in problems 17—22. 


12; J 

r 2x + I 

^X 2 + X + 1 

!9. I 

1 64} J 

r 4 J - 

1 V4 - X 2 

21. I 

(6-1 > J 

1* ^ ff r 

' x-Jx 2 - 4 * 


18. 

r I22t 


20 . 
fin j 


22 . 

OtJ) 



23. A particle moves along the x-axis so that its position at any lime r is given by the 
fM) equation x(t) = t 2 — 3t — 4. Find the distance the particle moves from r = —2 to t = 5. 

24. A particle moves in the xy-plane along the curve defined by y — x 2 — 3x — 4. Approximate 
t a9> the distance the particle moves from x = —2 to x = 5. 

25. Let p be a cubic function whose equation is p(x) = x 3 + bx 2 + cx + d. Suppose that p is an 
<M> odd function and that p has local extreme points at x = q and x = —q. Find b. c, and d. 



p-Series 


This lesson considers a family of series called p-serics. These are series of the form 


1 

M — I 


l 


n 


p 


where p is a given constant* When p 


1 , we have the well-studied harmonic series: 
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example 127.1 

solution 


Consider the following partial sums of the harmonic 


senes: 


5 , = 1 > | . 1 

o 


£, = 1 + 1 


s. = 


s, = 


1 + ± 

2 

i + i 

2 


2 


1 


1 


2 + 2 


— + — = 2 • — 

2 2 2 

±.1111 1 , 

3 fl ^ ^ T + - T - = J 

4 2 2 4 4 

± . ± . 1 . 1 1 ^ I 

3 4 5 6 7 8 

(l + 1) + (i + 1 + 1 + n = 4 . i 

v4 4J V 8 8 8 8 / 2 

'-*-' v- v _____» 


2 


2 


While it may not be obvious from these partial sums, a pattern is emerging. The partial sum -S’,** wl 
sums the firet 2 terms, is greater than (k + 1)± So. just by considering S |t 5 4 , S s , S J6 * .... we 


which 


that the series diverges 


lim S t = lim (k + 1)— = 

- l —* 7 


this sequence of partial sums diverges, we know that 


lim S' = + 
*»-♦— n 


Therefore 


S 1 


rt = l 


n 


diverges. This is a fact you should set to memory. 


Z 1 

— diverges. 

n = I n 


It turns out that we can quickly determine the convergence or divergence of any p- 
state the result here and prove it in the next lesson. 


. W< 


The p-series V —— converges if p > 1 and diverges if p £ 1 . 

nP 


Though / 7 -series with p > l converge, how to find their exact values is unknown in most cases 


Determine whether 


V— 

-4-f 3n 

n = I 


converges or diverges. 


Note that 


Y— =-X- 

^ 3/i ” 


n = I 


3 rt 

n — 1 


A nonzero 


constant times a divergent series still diverges. Since the harmonic series diverges. 


— N — must also diverge 
3 " rt 

n = I 
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7 

example 127.2 

solution 


problem set 

127 


Determine whether 


t 

ft ^ I 



converges or diverges. 


Note that 



Since p- is the p-sc ries with p — 3 and since 3 > 1, the series converges. Therefore, 4 1 jr 
also converges. 


Though we cannot determine the exact value of this series, the TI-83 can approximate its value 
by summing many of its first terms. For example, the sum of the first 100 terms of Zjr is 
approximately 4.80803. This approximation is found by entering 

4Htsum(se e i( N? 1 * 100> ) 


in the calculator. The SUD ( and se 4 ! ( functions are found using the ^9 key. They reside in the 
MATH menu and the OPS menu respectively. The character N is obtained by pressing (S ^3. The 
TI-83 shows that the sum of the first 500 terms of the series is approximately 4.80822, which is relatively 
close to the sum of the first 100 terms. Therefore, both of these estimates are adequate approximations. 


For problems 1 and 2 let R be the region between y — — and the x-axis on the interval [ 1 , °°). 


1. Find the area of R. 

(1231 

2. (a) Fund the volume of the solid formed when R is revolved around the x-axis. 

(f2JJ 

(b) Is the area in problem 1 finite or infinite? 

(c) Is the volume formed by revolving the region finite or infinite? 

3. Region R is bounded by y — e , x = 0. and y = e~. Write a definite integral whose value 
,94> equals the volume of the solid formed when R is rotated about the line x = — 1. 

4. The slope of the tangent line to the graph of a particular equation at any point (x; y) on its graph 
,u> is j . Fund the equation of the curve given that its graph passes through the point (1, 3). 

5. A variable force F(x) = x^J x~ — 1 newtons propels an object along the x-axis in the direction 
l62> of the force. Find the work done by the force in moving the object from x — 1 to 

x = 5 meters. 

6 . Fund the len&th of the curve 9x 2 — 4y 3 between the points (0, 0) and (2 V3,3). 

CI09J 

7. Fund -^ where y — sin (2/) and x = cos f. 

urn dx~ 


Integrate in problems 8—10. 
f 2.r 2 x + 3 

J (x 2 + l)(x + 


8 . 

1126) 


dx 


1 ) 


9 

(S20) 


3x~ + 7x + 6 


f 3x ~ + 

5 j x 2 (x 


+ 2 ) 


dx 


10 . f e 11 sin ( 2 x) dx 

(1221 J 


ft 

11 . Find the area between the graph of y - cot 2 x and the x-axis on the interval —, — . 
tioo, [^4 4 J 


x + 1 

12 . Let /(x) = - 

(02) X 


Write the equation of f~ l and evaluate 


13. Find 

(tut dx " 


^ where x 3 — v 3 = 


x. 
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Integrate in problems 14—16. 


14. f sin" .v dLv 
t(U> J 


15. J sin 3 .v cos l 2 .v dx 


16. f 10* (Lx 

(7jl J 


Determine whether each scries in problems 17-22 converges or diverges. Give a reason for each 


17. 

Il27> 

X 

£ 

n 

18. 

n = t 

027} 

19. 

U27t 

X 

1 

« s 

20 . 

rt *= 1 

017} 

21 . 

(H7i 

X 

/!=] 

1 + 2 n 

3 

22 . 
f117 ) 


n=\ 


5n 


n = I 


x 


i 


i (4« - 3)(4/i + 1) 


G ra Ph t ^ ie polttr equation r — 3 cos (2 &) on a polar coordinate plane. 
24. Write the equalion(s) of the asymptote(s) of f(x ) = x 


1 - x~ 


—, and sketch the graph of f 


25. Find the exact area under >- = x~ + 2 on the interval [0.4] by summing the area of infinitely 


many left rectangles. 


LESSON 128 Basic Comparison Test • Integral Test 

Proof of p-Test 


128 . A 

basic 

comparison 

test 


Up to this point we have seen various results regarding the convergence or divergence of series. 
However, most of these approaches deal with specific types of series (e.g., geometric series, 
telescoping series, p-series). The only general result we have observed is actually a test for 
divergence. 

If lim a n 5 * 0, then a n diverges. 

n ~*~ „ _ | 


It is helpful to build a repertoire of convergence tests, generic tools that can be used on a given series 
to check for convergence. The convergence tests we develop in this lesson apply to positive-termed 
series. The first test of convergence we consider is called the basic comparison test. 


Basic Comparison Test 


Suppose c n , and X d n arc all positive-termed series 


n = J n — J 


n = J 


l If a < c n for every positive integer /» and if c n converges, 

^ n = i 

then a n also converges 


n = I 


2 if a ^ d n for every positive integer n and if d n diverges. 


n = 1 


then X a n also diverges. 


n C I 
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example 128.1 

solution 

example 128.2 

solution 


example 128.3 

solution 


Both statements above seem quite obvious. In essence they say the following: 

1. If a series converges, then a smaller series must also converge. 

2. If a series diverges, then a larger series must also diverge. 

Notice that we cannot conclude that a smaller series converges by comparing it to a larger divergent 
series, nor can we conclude that a larger scries diverges by comparing it to a smaller con vergent scries. 
Hence the comparison test requires some wisdom when used. Moreover, it usually requires some 
insight on the part of the student in selecting on adequate comparison series. 

Determine whether ^ (2 + 3") converges or diverges. 

n = J 

Each term of the series 2 + 3" is greater than the corresponding term in 3". Since Z3" is a divergent 
geometric series (r = 3), the given series must also diverge by the basic comparison tesL The basic 
comparison lest was not actually necessary. The divergence theorem also guarantees that this series 
diverges because its nth term does not approach zero. 


Determine whether 


1 
#* T 


n! 


converges or diverges. 


Notice that this series begins with n = 2. In order to compare it with other familiar series, we rewrite 
it as a series that begins with n = 1 . 

y- = z— 5 — 

n! ^ (n + I)! 

The terms of this series are 

111 1 

V I V V • • • 

2 6 24 120 

They are no greater than the following in one-on-one comparison: 

1111 
2' 4’ 8 ’ 16’ *** 

which are the terms of the series X, jr. We chose this as a comparison series because its ith term 
involves i factors, just like the given series. Note that (n + 1 )! > 2" when n > 1, so that 

in ; i,. < p- when n 2 : l.( We omit a rigorous proof here; however, this should be obvious from the 

term-by-term comparison of the sequence above.) Since _Z ^ is a geometric series with r = j 
(which is less than 1). it must converge. Since j < ~ for all n > 1, we can conclude that 

Z tt must also converge by the basic comparison test. 

* * 

The hardest part of this example is choosing to use _Z yr as the comparison series. Skill in 
choosing an appropriate series is only gained through practice and experience. 

Determine whether Y Jscc ti| converges or diverges. 

fl= 1 

Since (cosnl S 1 for all n 1 , we know that |secn| S 1 for all n > 1. Therefore we compare 
the given series with 1 + 1 + 1 + *•* — JZl. It is clear from consideration of its partial sums that 
Z 1 is a divergent series. 

a- I 

5 =1 + 1 + 1+ -*• + 1 = m and lim S = lim m = +« 

m ---—' m—♦ — m 

m times 

Since |sec nl £ I for all n and since 1^1 diverges, the series Xjsec/iJ diverges by the basic 
comparison test. 
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128.B 
Integral test 


example 128.4 
solution 


We now turn to another convergence test, the integral test. 

Integral Test 

Suppose ^ ’ a n is a positive-termed series and that / is a continuous 

Its I 

decreasing function such that /(«) = a for all n & I. Then 



and 


n - i 



dx 


both converge or both diverge. 


However. ^ * a „ and jj f(x) dx usually have two different values when they converge. 

n si 1 

Determine whether X ne n converges or diverges. 


rt = l 


This series does not seem to fit into any of the special^types of series we have considered thus 
we attempt to use the integral test. Let /(x) = . 


If u = —x 2 , then du = —2 x dx. 


j; 


xe 


J /CO dir 

- r ■""* 

x2 dLr = 

-iJ 

f" (-2*)e- 

— 

-iJ 

e“ du 

x — 2 


i . 

— -— f* 

■» 1 
—jr“ 1 


C- 

2 

12 

= 

^lim 

(4 - 


A"! | 

f * , 


l 2e b ~ 


dx 


dx 


- m 


1e 


= 0 + 


1 

2e 


I 

2e 


Since f“ /CO dx converges. ^ nc 

J I rt= I 


—/I' 


also converges by the integral test. 


A reminder is in order. We cannot conclude that 


X 

n = I 


TIC 


-n 2 _ l 




NO! NO! NO! 


We can only conclude that the series converges. 
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_ 128.C 

proof of p-test 


problem set 

128 


We close this lesson by proving the result stated in the previous lesson regarding p-series; 



We can prove this with the integral test by considering two cases. 

First we consider the case p = 1, which gives the harmonic series 



J, ^ = J, 7 = ln 


lim (In b — In 1 ) 


= +« _ o = 


Since r /(r) dx diverges, y* — also diverges by the integral test. 

n— 1 11 

Next we consider the p-series with p ^ 1. So we have £ -L. Let /(jt) = -L where p is some 
fixed constant other than 1. Then 


J / (.t) dx — j* x p dx = 


■-P +1 


—p + 1 


= lim [ b P>l - - -1 

L -p + i -p + i J 

= lim T— -pi-1 

IP ~ 1 b p ~ l (p ~ l)J 


If p > 1 , then this limit equals - £ t ; but if p < I, then linij 
p-test follows from the integral test. 




diverges. Hence the 


1. Let R be the region between y — ^ ; and the jr-axis on the interval [3, 6 ]. Find the 

lS7) volume of the solid formed when ft is revolved around the y-axis. 

2. Let R be the region between y = -p _ ^ - 2 and the jc-axis on the interval [ 3 , *»). Is the area of 
<I25> R finite? If so, determine the area of R. 


Determine whether each series in problems 3—11 converges or diverges. Give a reason for each 
answer. State the value of any convergent series for which it is possible. 


3. 

E — 

i 3 

rt = I 

4. 

x— 

Zj o n 

n — t ^ 

5, 

1 

#i«3 

4 

am 

am 

om 

(4« — 3)(4n + I) 

6. 

027) 

I: 1 

7. 

027) 

y — 

8. 

1127) 

i 

ft=l 

3 

n" 

9. 

tl2X) 

v 3 

10. 

tnat 

y 3 

11. 

027) 

i 

5 


h* 2 + 2 

fa 


Integrate in problems 12 and 13. 

12. f - - ~~ dx 13. f 2e * sin x dx 

":*> J (x 2 + 1)U - 1) <l22 > J 
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Evaluate the limits in problems 14—17. 
14. 

(79) 


lim l nn 

3x 


16. lim f 1 + —1 

r///> .r-»- 1, x ) 


15. 

(79) 


17. 

(HI) 



X 


— x In x 
l + .v 2 



18. 

tl(9) 


Determine the concavity of the parametric curve determined by y = -2r 
* — + 3 at the point corresponding to r s 2* 


3 and 


Rc fi ion R is bounded by the x-axis, y = sec x, x = -f, and x = f. Write an integral in one 

van able whose value equals the volume of the solid formed when R is revolved about die 
line x = f. 


wm) ^ parucle is moving on the .r-axis. Its velocity at any time / is given by the equation 

r — 4/ + 3. Find the average velocity of the particle on the interval of time [O, 5]. At 

what time on this interval does the particle attain its average velocity? 

21. A particle is moving on the -r-axis. Its velocity at any time t is given by the equation 

= - 4/ + 3. Find the average speed of the particle on the interval of lime [0. 5]. 


22 . 

t&4.72) 


Differentiate y = arctan (sin .v) — 


2 J 

e 2jt — sin x 


with respect tox. 


23. Graph the polar equation r = 3 •+■ 2 cos 0 on a polar coordinate system. 

(IIS) 

24. Use a graphing calculator to demonstrate that Iim j ? B log, x = 3 by finding a lvalue that 
,,os> guarantees log 2 x is within £ of 3 when e = 0.01. 

25. Find the absolute maximum and the absolute minimum value of y — x 3 — 12x- on the 
interval [-3.5]. 



In this lesson we show how to determine the area of a region bounded by polar curves. Because of the 
nature of polar functions, we set aside the notion of summing rectangular areas (as in the case of 
Riemann sums) and consider summing areas defined by circular sectors. 



Recall that the area of the sector above equals 

(area of the circle) x (fraction of the circle represented). 


or 
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To find ihc area of a polar region, we divide the region into many subregions, each of which can be 
approximated by a circular sector. The sum of the areas of all these subregions is the area of the whole. 
As the number of subregions increases without bound, the angle of each region must approach 0. 
Experience tells us that this can be written as an integral. 

n_ 

2 



The angle of a typical region is 6 f — 0 _ , and the “radius” of the region is where 6- is 

somewhere in the interval (£? f _ |t 0 ). Thus the area of the region can be approximated by 

j(s, - e_,)[/(e ; )p 

using the expression mentioned earlier for the area of a circular sector. {Note: The regions described arc 
likely not circular sectors. There is no actual radius of the region since the distance horn the origin to the 
curve varies. However, we treat each region as a circular region to get an approximation of its area. As 
the number of regions increases, the approximation improves.) The sum of the areas of all such regions is 

S 4< e . - °- - S 

1=1 “ 1 = 1 “ 


The sum has the form of a Riemann sum. By letting the number of sectors increase to 
of all sectors approach 0. we see that 


Area = 



and the angles 


example 129.1 Find the area of the region bounded by the polar graph of r = 2. 


solution 


We use the formula above. Since the graph of r = 2 is completely drawn from 6 = 0 to 
6 — 2k radians, we have the following: 



8=Ik 


= J 

J 0 = o 


—r 2 de 

2 


Indeed, this answer makes perfect sense. The 
polar graph of r = 2 is simply the circle of 
radius 2 centered at the origin. The area of any 
circle is Kr so the area of this circle must be 
/r(2)', or 4k. 
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Lesson 129 


example 129.2 
solution 


example 129.3 

solution 


A comment is in order before moving to the next example. It is critical to determine 

tj» p ro p nate limns of integration in these problems. If we Incorrectly used 0 = 0 to G = 4/r for 

the limits, we would obtain an area of 8tr, which is twice the corrcci result. 

Find the area bounded by the polar graph of r — 2 + 2 sin 0 . 


This curve should be recognized ns a cardioid whose graph is completed as 0 varies from 0 to 2zr. 



The graph is symmetric about the y-axis, so we can simply find the area of the left-hand side of 
the region and double it to obtain the answer. The left-hand side is spanned as 0 varies from t to 
radians. Hence, the total area is given by 




r3*/2 

Jjt/2 





We can easily integrate the first two terms of the integrand, but 4 sin 2 0 requires a trigonometric 
identity for simplification purposes. 




4 + 8 sin 0 + 4 



-— cos (2 6) 

2 





+ 8 sin 0 — 2 cos ( 20 )] d0 


= [60 — 8 cos 0 — sin (20)j^*'~ 


(9tt - 0 - 0) - (3/r - 0 - 0) = 6/r 


Find the area of the region inside r = 2 + 2 cos 0 and outside r = 3. 

A graph is certainly a wise first step. We show here the graphs obtained from the TJ-83. 













problem set 
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The region is inside the cardioid and outside the circle. To calculate its area, we must find the two 
points of intersection. 


2 + 2 cos 0=3 
2 cos 0=1 

cos 0 = — 

2 




Again we take advantage of symmetry, noting that twice the area From 0 = 0 to 0 = f equals the 
total area desired. The integrand must involve the difference of (2 + 2 cos 0) 2 and (3) 2 , since 
2 + 2 cos 0 is the outer radius and 3 is the inner radius. 



rff/J 1 _ 

2 ^[(2 + 2 cos 0) 2 - 3 2 ] d0 

Jo 2 

f«/3 

I (4 + 8 cos <9 + 4 cos 2 0 — 9) d0 
Jo 


l 


jr/3 

0 

jt/3 



5 + 8 cos 0 + 4 


r± + ± 

\2 2 


cos (20) d0 


'll 




[-3 + 8 cos 0 + 2 cos (20)] d0 

0 

[-30 + 8 sin 0 + sin (20)|* /3 

(—¥*#)-» 

9V3 


— jt 


problem set l. Given the parametric equations jt = 2/ — 1 and y — 4r 2 — 2 1 , find ^.find and graph 

129 ,n9> the curve they define. 

For problems 2—4, let R be the fourth-quadrant region bounded by y = .r(.r - 3) and the x-axis. 

2. Write a definite integral in one variable whose value equals the volume of the solid formed when 
R is revolved about the line x = 4. 

3. Write a definite integral in one variable whose value equals the volume of the solid formed when 
|W| R is revolved about the line y = 1. 

4. Region R is the base of a solid. Every vertical cross section of the solid perpendicular to the base 
” ' and parallel to they-axis is an equilateral triangle. Write a definite integral in one variable whose 

value equals the volume of the solid. 
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5. 

<7a> 


Suppose a panicle moves along ihc .v-axis so that its position at time 

•n0 = V - f f + -2r + I. 

(a) Over which time intervals is the particle moving to the right? 

(b) What is the total distance traveled by the particle between t - 0 and r = 

„ F,nd thc area of the region bounded by the polar graph of r = 4 sin 9. 


t is given by 


3? 


ttl») Fmd 010 arCa ° f the region bounded by the polar graph of r = 1 + sin 9. 


Find lhc area * nsidc lhc inner loop of r = 1 - 2 sin 9. 
Evaluate the limits in problems 9 and 10. 

w 


9. lim 

t70f x— 


1 


10. lim sin — 


< 70 > j—*0' 


X 


Determine whether each series in problems 11—16 converges or diverges. Give a 
answer. State the value of any convergent series for which it is possible. 


reason for your 


11. 

OI7t 

X 

n=2 

3 — 3" 

4" 

12. 

1/27; 

y 

a « w 

13. 

(1211 

1 

n = 2 

14. 

<I2S> 

1 

n = 2 

1 

15. 

(i2S) 

y * 

16. 

(1271 

s 

n = l 

n In n 

^2 " - 1 


In /i 


4 

3 n 


Integrate in problems 17—20. 

8 


17- J 


V 9 - 4jc 


dx 


18. 

(W 


!~ + 


8 


4x 


dx 


19. f 

fJSI J 


4x 2 


8 


dx 


20 . 

ttzst 


f - 4 

Ji x 


4/5 


dx 


21. Find — where y = arcs in (tan x) - xe 

dx 


—X 


(*4) 


22. Find the equation of the line normal to the graph of y = In |.r| at x = — 




23. Find — where >• = (V-r/- 

dx 


(34) 


24. Use an epsilon-delta proof to show that lim (4x - 2) = 2 

(io/t 


ffr'i = j and / — [0, 1]. Divide / into /i equal-width subintervals, and let x f be a number 
25* M-XZi J K.XJ 


<43> in the xth subinterval of /. 


(a) Use geometric formulas to find the area of the region between the graph of f and the .r-axis 
on the interval I. 


(b) 


Evaluate lim X 7 /(x ^ US ‘ ng th * faCl that 1 + 2 

ft —> •• t n 


+ n = 


n(n + I) 


n 


(c) Express 


lim y! —/( x) as a definite integral. Evaluate this integral. 

__ / mi rt 1 

" ^ t = I " 
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LESSON 130 Ratio Test • Root Test 


130.A 


ratio 


We continue the task of developing convergence tests, looking at two new tests: the ratio test and 
the root test. These tests are quite easy to apply to many series, but they do have drawbacks. 


Ratio Test 


Suppose 2^ a n JS a positive-termed series and L = lim 


a 


H + I 


a 


1. The series converges if L < 1. 

2. The series diverges if L > 1. 

3. The test is Inconclusive if L = 1 


The ratio lest is particularly helpful in dealing with 
polynomials, or exponentials. 


series whose terms involve factorials. 


Z t 

— 
72 l 

«=l 


solution 


Note that the integral test is of no use here as there is no integrable /(.r) to define as a counterpart to 
But we can use the ratio test. Since a — ~ and a , — -— 

n! « n+1 l" ♦ lr * 

1 
a 


L = lim 

a 


114-1 


= lim 


(n + 1)! 
1 


n ! 

.. /»! 

= lim - 

«—»— (n + 1)! 

n! 

- lim - 

«-*“ (n + l)/i! 


= lim 


«-*" n + 1 


= 0 


Since L = 0 < I, we conclude that S' — converges. 

■*—i n! 

It = l 

example 130.2 Determine the convergence or divergence of — -- 


n = l 


solution We use the ratio test again. Since a n — ~ and a n+J = 


L — lim 


r and 

°n+ I ~ 

« ♦ 1 

2* • i % 

a «4-i 

= lim 

n + 1 
2^1 + 1 

a 

n 

n 

2"* 


= lim 

n + 1 
2« 4 1 


= lim 

n + 1 


}_ 


2/i 


2" 


n 


Because L = — < 1, this series also converges. 

1 
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example 130.3 Determine whether -l - converges or diverges. 

n 


Solution Via the ratio test, we have 



lim 




a 


n + 1 




1 

in + l ) 2 

I 


lim 


n~ 

in + l ) 2 


I 


Because L, 1, the ratio test is inconclusive. However, wc recognize this scries as a p-scries 
with p — 2. We know Z p- converges, since p > 1. 


130.B 

root test We now consider the second convergence test of this lesson. 


Root Test 


Suppose 7 a „ *s a positive-termed series and L = 

1. The series converges if L < 1. 

2. The series diverges if L > I. 

3. The test Is inconclusive if L — 1. 


lim Va. 

n 


This test is highly specialized and is most useful when applied to series whose nth term contains an 
exponential term, for example 2", 3°, or n n . 


example 130.4 


Determine whether X 

ft = I 


1 


n 


n 


converges or diverges. 


solution Here 



so we must consider lim " 


fj —T " 

V n" 


L = 

lim 

n J~ 


n —♦ 

\ n 

_— 

lim 

f-U 


n —» 

\n" ) 

— 

lim 




n 

— 

0 



Since 


L = 0 


1 the root test allows us to conclude that 


1 


n 


converges. 
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example 130.5 

solution 


problem set 

130 


Determine whether ^ _ —— converges or diverges. 


n 


n= I 


We note the presence of the exponential function 3", so we try the root test. 


L = lim ifiT = lim "/- 

v n 


n 

3 


= lim 


= lim 


n 3/n 


= lim — = 3 

I 


(L’HopitaTs Rule shows that lim n n Vn = 1.) Since L. = 3 > 1. the series jEp- diverges. 
{Note: The divergence theorem could have produced the same conclusion.) 


1. A point moves on the curve 4.x 2 — 3y 2 = 36 so that its ^-coordinate increases at a constant 
rate of 12 meters per second. At what rate is the x-coordinate changing when x — 6 meters? 

2. Approximate the points of intersection of >• = x 2 and y = sin .r. Use that information to help 
find the area of the region bounded by the two curves. 


Determine whether each series in problems 3—8 converges or diverges. Give a reason for each answer. 
State the value of any convergent series for which it is possible. 


3. X 

}0I I ( 


<t!0\ 


6 . 

(1231 


n — 1 




n = 2 


n -t- 1 

4. 

(130) 

X 

n = 1 

3" 

5. 

028) 

y i 

n! 

n! 

^ n(In n) 3 

2 

7. 

(127) 

t 

n = l 

4 

8. 

(117) 

Y 2" + 2 

■yfrt — 1 

n 3/2 

AJ *38 

n = l J 


9. Using an epsilon-delta proof, show that lim (3x + 2) = 8. 

a/i s — 2 


(ion 


d r 3 

10. Let fix') = — e" n 1 dt. Approximate the value of /(l). 
<w» dx J* 


11. Graph the equation r = 4 + 2 cos 0 on a polar coordinate plane. 




12. Find the area of the region bounded by the graph of r = 4 cos 0. 


(129) 


t(29) 


Evaluate the limits in problems 14 

3x 3 + x 2 — 40x + 


-17 


14. lim 

(TO) 


*—»2 


16. lim 

1 23) h—tO 


2x 2 - 8x + 8 


sin (.r + h) - sin x 

h 


• = 1 

and 

r = 1 + cos 0. 

15. 

lim 

f' - -T 

f/l/i 

jr— 


17. 

(23) 

lim 

A—*0 

sin (3 + /») - sin 3 

h 


18. Find 


d 2 \ 


1124) 


dx 2 


- for the curve x 2 + >’ 2 = 9. 
















654 


Calculus Lesson 


131 


Integrate in problems 19—21. 

( }? 2 ] / 2.V 2 cos Zv dx 


20. f 2 — 2 - £ ± 2 , dx 

020 , J , (A . + |)2 v 2 


2i. r— 

025) J I v 2 


dx 


I .V 


22 * 

(Ml 


Which of the following definite integrals is equivalent to f~ dxt 

J| V7 


. f“ — 

Ji u 


du 


B. 


23. Find the third partial sum of 

f//OJ 


1 2 

e u 


u 

2 



dii 


p'2 

• J, ** 


du 


r V2 

D J, 2 




n = 2 


,£}; Find lhc Icngth of the arc determined by .r = 4r 3 and y = 3r 2 from t = 0 to t = 1. 


25. 

025, 


(a) Graph /(.r) = — in the first quadrant. 

x 


(b) What is the area between the curve and the .v-axis on the interval [ 1 , «)? 

(c) Use y as the variable of integration to find the area between the graph of the function and 
the y-axis on the interval from y — I to y = 

(d) Rewrite the integral in (c) with x as the variable of integration. 



LESSON 131 Infinite Integrands 


In Lesson 125 we introduced improper integrals where one or both of the limits of integration were 
infinite. Here we shift our attention to improper integrals where the integrand becomes infinite either 
at one of the limits of integration or at some point between the two limits of integration. One such 
example would be j\ -jr dx, since yr becomes infinite as x approaches 0. Another example is 
£ yrrr dx, where lim^^ yrrv = +*°- 


We now define such improper integrals. If / is a continuous function on the interval {a, b J and 
/ becomes infinite as x approaches a from the right, then 



J 

fix ) dx = Iim 

O c —► a 4 ■ 

j fix) dx 


Similarly, if / is a continuous function on the interval [a, b) and / becomes infinite as.v approaches b 
from the left, then 


m 

f fix) dx = lim j* 

f— >b~ 

‘ fix) dx 

7 



Finally if / has an infinite discontinuity at some number d 
erywhere else on the closed interval [a, b], then 


on the open interval (a. b) but is continuous 















131 Infinite Integrands 


example 131.1 

solution 


example 131.2 

solution 


example 131.3 

solution 


The integrals in the sum above would be evaluated using the first two definitions. As before, any 
integral of the above form is called an improper integral. If the limit(s) exist, then the improper 
integral is said to converge. If not, the improper integral is said to diverge. 


Evaluate 


-i 


0 V3 - 



As the graph shows, this is an improper integral because Iim . - — 

x-*s~ v3 — x 



Note the vertical asymptote at .r = 3. We use the appropriate definition. 


j: 


i 


>/3 — .i 


dx 


= Iim f f 

c~*3~ J 0 


1 




dx 


= lim -2[<3 - x)' n Y 0 
= Iim -2(3 - c) 112 + 2(3) ,/2 

c—>3“ 


= 2V3 

So this improper integral converges and equals 2^/3 


Evaluate: 




x 


Here we must note that 


rl I f 1 1 

— dx = lim | — dx. since our integrand is undefined when x is 0. 

Jo x c-*o* Jc x 


r 1 i 

lim I — 

c-»o* J c .r 


dx — lim In x 

r—+0 + 

= lim (In 1 — In c) 

c—♦0 4 ' 

= lim (—In c) = + 
o* 


Remember that In x goes to —«*> as x approaches 0 from the right. Therefore f — dx diverges. 

Jo x 


Evaluate: 



The graph of this function is always positive. Therefore, J o — J |( , dx must also be positive, as a 
definite integral for a positive-valued function describes the area under the graph of the function. We 
approach the problem incorrectly first, ignoring the infinite discontinuity at x = 1. 


r —= -cx-irMi 

Jo (X - l ) 2 0 

= -[(2 - 1)-' - (0 - I)- 1 ] 
= -[1 - (- 1 )] = -2 


NO! NO! NO! 
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problem set 

131 


This negative answer docs not make sense! Note that the graph of y - — 1 - |ti has an asymptote 



We now solve the problem using proper techniques 

1 - l ~T7T = litn f --- zr dx + lim f“- l -—- dx 

Jo (x - l ) 2 c ♦ i~ Jo (x - 1 )- *_♦!+ J* (x - I ) 2 

Both of the integrals on the right-hand side must converge in order for the integral on the left-hand 
side to converge. If either of the integrals on the right-hand side diverge, then our original integral 
diverges. 


Jo cT^T) r * - - [(> - 1 >" 5 

= Ijm + n 

c-1- \ C — 1 1 ) 


Since this integral diverges, it is unnecessary to evaluate the other integral. 


f 2 _I_ 

Jo (x - l ) 2 


dx diverges 


1 . 

<S71 


A container must have a rectangular base with a width of 4 meters, rectangular sides, no top, 
a volume of 36 cubic meters. If the construction materials cost 515 per square meter for the 
and SI2 per square meter for the sides, what is the lowest possible cost of the container? 


2 . 

tJ/9) 


Curve C is determined by the parametric equations x = 2 cos 0 and >’ = 3 sin 0. Find the 
equation of the line tangent to C at 0 = 7 , and describe the concavity of C at the point of 

tangency. 

3 Find the length of the parametric curve determined by x = 3(r - l ) 2 and y — 8 r 3 ' 2 from 
t = 0 to / = 1 - 

4. Find the length of y = ^r~ - 0" .r) from (l, to ^2, ± - In 2 j 

(109) ° 

5 . Find the area of the region bounded by the graph of r = 4 cos (30). 

(!29t 

6. Find the area of the region inside r = I + sin 0 and outside r = I 

029) 


7. Evaluate: lirn (e " T sin -r) 

{7o‘> x ~* 

Evaluate the integrals in problems 8-10. 

9. f — dx 
mu J-i x 


r 8 J / 

8 . | 7r^ <** 

tun Jo \ x 


f° 

10 . 

ti:si 


dx 
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d^ y 

11. Find _ where x = sin y + v 

</24> dx* ^ 


Show that Ijm^ 2* — 4 by finding a 5 that guarantees that 2 X is within € of 4 when £ — 0.01. 


x-*2 


Determine whether each series in problems 13—18 converges or diverges. Give a reason for each 
answer. State the value of any convergent series for which it is possible. 


20. Prove that the derivative of sin x with 
non 


respect to x ts cos x. 


Integrate in problems 21—23 


21 . 

nut 


J 


V4 - X 2 


dx 


f!26t 


3x 2 — x + 4 

4 r 


f ix- — x 
J x(x 2 + 


dx 


13. 

IIJO) 

n + 1 

h " * 2"' 

14. 

028} 

v 1 

“2 riVln n 

15. 

027} 

X "-’ ,3 
«<=! 

16. 

t n?\ 

Y 2 + 3" 

/w tzn 

n — I J 

17. 

tun 

“ -y 

yp n ~ 

^2 lnn 

18. 

021} 

Y 1 3 + 4 n 
2-i 5n + 2 

n = l 

19. 

am 

Find the third partial sum of the series ——-—. 

n = 2 n 




23. I x 2 In x dx 
I1221 J 


24. Let R be the region bounded by y — —j and thex-axis on the interval [0.2, 1.4]. Approximate 
,95> the area of R using the trapezoidal rule with n = 4. 


asjsst 


jc~ + _ 8 

(a) Sketch the graph of y = --. Begin by finding all zeros and asymptotes. 

x + 1 

(b) Find the area of the region bounded by the graph of the function, the x-axis, and the 
line x = 4. ( Hint: Divide x 2 + 2r - 8 by jt + 1, then use the result in the integrand.) 



ZJESSON 132 Limit Comparison Test 


In this lesson we examine one final test for the convergence of a positive-termed scries. It is known 
as the limit comparison test, and it is quite a powerful technique for determining whether a series 
converges or diverges. 


Limit Comparison Test 

Let Y a and Y b be positive-termed series. Let L = lim fjt. 

n ■= I "=! _ b „ 

If 0 < L < +“, then X 1 X b n either both converge or both 

no] n a I 

diverge. If L = 0 or L = +«». then the test is inconclusive. 


The limit comparison test is especially useful when studying series where each term is a ratio or 
polynomials. 
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example 1 32.1 Determine whether V 


4 n — 3 


solution 


2 n 3 + n 2 - Sn + 7 


converges or diverges. 


Before using the limit comparison test, we must select an appropriate comparison series, one 
whose convergence or divergence is already known. In this case the nth term of the series is a ratio 
of polynomials. We build the comparison series by retaining the terms of highest degree in the 
numerator jind denominator, so the comparison series is £ or £ ~r. Note that 

^ = which is a convergent p-series (p = 2). Now we apply the limit comparison 

test. The nth term. a n , of the series being examined is and the nth term. b n . of the 

comparison series is 


example 132 


solution 


example 132-3 


4n - 3 


L = 


a 

lim —=■ 

«-*»• b 


lim 

n — 


~ lim 


n —¥ 


= lim 




= lim 


2n 3 + n 2 - 5n + 7 

4n 

2 n 3 

(4n - 3)(2n 3 ) 

(4n)(2n 3 + n 2 — 5n + 7 ) 

(4n - 3)(n 2 ) 

2(2n 3 + n 2 — 5n + 7) 

4n 3 — 3n 2 


n 


— 4n J 2n 2 — lO/i + 14 


lim 


4n 

An 


4 

4 




Since 0 < L < + 
already know that 


4n — 3 


i I( ;r v n r. v 1 a nd 2 ^ must either both converge or both 
£ converges. Therefore, £ 2a , ~ - 7 must also converge. 


. x - ' 1 n + 1 

.2 Determine whether ^ — - 

n — I 


converges or diverges. 


Similar to the previous example, we use the limit comparison test and compare this sum to Z ( 3 ^ 
or l £ J. (Note that the comparison series diverges since it is a constant multiple of the 

harmonic series.) 


L ~ lim 

n 


n + 1 

3 n 2 + 2 
1 

3/x 


3n(n + 1) 3n 2 , 

lim -=- = lim —=- = 1 


- 3n* + 2 


- 3« 2 


r\ r c * and £ ^ behave in the same fashion— they either both converge 

Since u ^ ^ » ,.1 * 2 Jn _ . 

both diverge. Since we already know that 2. £ diverges, we can conclude from the limit 
comparison lest that £ jrV? also diverges. 


^ 2 | 

Determine the convergence or divergence of £ 2„)3 


/» 
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solution 


problem set 

132 


We compare the given scries with £ or i jr. (Note that this series converges, because it is a 

geometric scries with common ratio r = 3 .) 



Since 0 < L < +«, both series converge or both diverge according to the limit comparison lest. 
Since X ( jr converges, the original series JE converges as well. 


1 . 

(32) 


Find the area of the largest rectangle that can be drawn so that its base is on the x-axis and its 
upper vertices are on the parabola y = 15 — 3x 2 . 


2 . The base of a solid is a unit circle. Each vertical cross section of the object taken perpendicular 
V7> to the base and parallel to the y-axis is an isosceles right triangle with its hypotenuse as the 
base. Find the volume of the object. 


3. Approximate the area of the region bounded by the curves y — 2 s and y = x 3 and the y-axis. 


4. On the same polar coordinate plane, graph both r — sin 0 and r = sin (20), 

(HOI 

5. Find the area of the region that is inside both r = sin 6 and r = sin (20). 

029) 


6 . Prove that the derivative of In x with 
( 102 ) 


1 

to x is — 

X 


Determine whether each series in problems 7—14 converges or diverges. Justify each answer. State the 
value of any convergent series for which it is possible. 


7. 

021 ) 


1 


n 

n 1 


8 . 

r/x?> 


l 

— t 


i 

n + 1 


9. "V n -4/3 

027) *—{ 

n c I 



12 . 

032) 


t 

M-1 


1 

(2 + 3/i) 3 


Evaluate the integrals in problems 15-20. 


15. 1 


I 

dx 

16. 

U2Sf J 

L (x 

- 1 ) J 


030 

18. 1 

r 

+ 5x 

+ 2 „ dx 

19. 

(t:oi J 

' (X - 

D(x 

+ l ) 3 

f IJU) 


J' 


1 


o (x — 1) 2/3 


dx 


17. f 2x 2 cos (2x) dx 

023) Jo 


f x 3 + x 2 + x 4 - 3 

> J X 2 + 1 


dx 


20 

026) 


■■ Itk 


—x 2 + x — 10 


9)(x - 1) 


dx 
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Evaluate the limits in problems 21—23. 


21 . lim [.v + cos Civ)]®* 0 * 10 


22 . 

om 




23. 

<un 


24. Estimate lf30 using differentials. 


Jr. ( 




25. Let f(x) — x 3 + x. If g is the 


inverse function of f, what is g'(10)? 


LESSON 133 Euler* s Method 


Lesson 104 introduced slope fields os an aid in visualizing solutions of differential equations. In this 
lesson we concentrate on finding quantitative information about these solutions using Euler’s 
method. Given a differential equation and a point through which a particular solution passes, the goal 
is to approximate other points on the graph without knowing the specific solution. This is a 
worthwhile goal, as many differential equations are difficult (if not impossible} to solve using 
integration techniques. 


Suppose — = fix, y) and that the function y = g (x) is a solution that passes through the 
point (Xq» y 0 ). Then the known slope of the tangent line at (x_, y ) can be used to estimate the solution 
function at another x-value, sayx,. 



Notice that y, lies on the tangent line through the point (x Q ,y„) and closely approximates gC*,)- 
Moreover, this value of y. can easily be determined. We simply equate two different versions of the 

slope of the tangent line. 


- y 


o 


— x. 


- /(-V 


1 "° 

The left-hand side of this equation is the usual slope formula expression for a line going through two 
noints The right-hand side follows from the initial value of the differential equation 


dy_ 

dx 


/(-v. y) 


We solve fory, in the equation above. 

3’j “ >‘o 





f C x 0 » y o) 

f( X 0' >'oX- T i — x o^ 

/Oo* y 0 ) A t 
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example 133.1 

solution 


This process can be repeated to approximate other values of the solution g. 

y'\ — y 0 + /(^o* y 0 ) Ax 

y 2 = + /Cr I .y,)A* 

y 3 - y 2 + f ( x 2 * >2^ Ax 


Each of these steps is known as an iteration. (It should be noted that x, = x Q Ax, x 2 - x, + Ax, 
x- = x, + Ax, and so on.) 



As with any approximating technique, the values determined by Euler’s method are not exact. A slight 
amount of error exists. The best way to minimize this error is to reduce the size of Ax. 

Use Euler's method with 5 iterations to approximate the value of 3 ’ when x = 1.5 given the initial 
condition y = 1 when x = 1 and the differential equation £ = 2 x. 

Observe that 


Moreover, 3 ’ 


when x Q 


Ax — 



0.1 


and f(x, 3 O = 2 x. Therefore 

>1 = 3’ 0 + /(-v y 0 )Ax 

= 1 + 2 ( 1 )( 0 . 1 ) 

= 1.2 

y z = y, + /(x r y,)Ax 
= 1.2 + 2(l.l)(0.l) 

= 1.42 


This process continues until we find that y s = 2.20 when x 5 = 1.5. We summarize the results in 
the table below. 


i 

X. 

i 


0 

1 

1 

1 

1.1 

1.2 

2 

1.2 

1.42 

3 

1.3 

1.66 

4 

1.4 

1.92 

5 

1.5 

2.2 


Thus we estimate that v( 1 -5) is approximately 2JZ. 
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example 133.2 
solution 


We did not solve the differential equation in coming to this conclusion. However, this particular 
differential equation is easy to solve. 

dy ~ 

* = 2v 

dy = 2.v dx 

y — .v 2 + C 

Since the solution passes through (1. I), 

I = l 2 + C 

which means C = 0. Thus, the particular solution is y = .v 2 . We can now find the exact value of y 
when x — 1.5. It is simply (1,5) 2 , or 2.25, which is reasonably close to the approximation of 2.20. 

Use Euler s method with 6 iterations to estimate the value ofy when x = 2.3 given the differential 
equation £ = x + y and the initial condition that y = 1 when x = 2. 

This differential equation is difficult to solve, so it is more typical of the kinds of problems for which 
Euler's method is used. 


separation of variables 
integration 


Ax = 



0.3 

6 


0.05 


We can utilize the iterative process of Euler's method to estimate y when x = 2.3. 



x 


2 


2 . 10 : 



2.15 


= y o + f( x 0 ,y 0 )Ax 
= 1 + (2 + 1)(0.05) 

= 1.15 

y 2 = y x + /(Xj.y^Ax 

= 1.15 + (2.05 + 1.15)(0.05) 
= 1.31 

= y 2 + f(x 2 ,y 2 )Ax 
= 1.31 + (2.10 + 1.31)(0.05) 
= 1.4805 


Using six iterations of Euler’s method yields the results summarized below. 


/ 

.r. 

< 


I 0 

2 

1 

1 1 

I 

2.05 

1.15 

1 2 

2.1 

1.31 

1 3 

2.15 

1.4805 

4 

2.2 

1.662025 

1 5 

2.25 

I 85512625 

1 6 

2.3 

2.0603825625 


h t when v = 2.3 the value of the solution function is 2.0603825625. Again. Euler s 
Tdaltawedu's to numerically explore a differential equation without solving it. which is helpful 
ien°the differential equation is not easy to solve 
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problem set 

133 


U A particle travels along thex-axis with acceleration a(0 = 16 1 - 10. If v(l) = I, what is ihe 
total distance the particle travels between / = 0 and / = 2 ? 


2 . 

(II7) 


3. 

033) 


4. 

033) 


s. 

009} 


Each lime a particular ball bounces it rebounds to § of the height from which it fell. If the ball is 
dropped from a height of 10 meters, what is the total distance the ball travels? 

Use Euler's method with 4 iterations to approximate the value of y when x = 1 given the initial 
condition y = 4 when x = 0 and the differential equation £ = y. 

Solve the differential equation in problem 3 using separation of variables. Compare your results. 

Find the length of y = — -from x = I to jc = 4 . 

4 2 


Determine whether each series in problems 6—11 converges or diverges. Justify each answer. State the 
value of any convergent series for which it is possible. 


6 . 

017} 



1. 

oilI 


t 


n~ + 10 
n 


8. 

032} 


y_”_ 


9. 

032) 


1 

I 


1 

n 2 + 10 


, 0 . 

0321 ^ „ 3 + 2 

ft — I 



Evaluate the integrals in problems 12—15 
5x 2 + 3.r + 2 


12 . f 

020} J 


x(x 4- l) 2 


dx 


14. 

031) 


r—— 

Jo (jr - 2) 


dx 


13* 

( 122 ) 


15. 

U23) 


J x 2 cos x dx 



For problems 16 and 17, let/? be the region between >• = —and the x-axis on the interval (1, «*). 


16. Find the area of R. 

025) 

17. Find the volume of the solid formed when R is revolved around the v-oxis. 

023) 

18. Find the area of the reeion inside r — 3 sin 0 and outside r = 2 — sin 6. 

029) 

19. Find the derivative of / (r) = arcsin (e 2 ^ i + 4e 3 'y with respect to f. 

023) 

20. Prove: lim (—2x + 3) = —5 

003 ) J —o4 


21 . 

(I0J) 


Use a graphing calculator to show that lim j 3 2* = 8 by finding an appropriate value for 5 
such that 0 < |x — 3[ < S implies |2* — 8 | < 0.01. 


22 . Find the equation of the line tangent to the parametric curve defined by x = log (r 2 ) and 
<nv> y — arctan 7 at the point corresponding to r = 5. 


23. 

fiA) 


24. 

(70) 


Find all the critical numbers of the function y = x(ln x ) 2 in the interval (0, 

Suppose / is a continuous function such that —x 4 S /(x) < x 4 for all values of x. Evaluate 
lim^ t Q /(x). 


25. Farmer Long is having an argument with the state about the amount of land he owns and. 
' v,) therefore, the amount of property tax that should be paid. He cannot afford to pay a surveyor, so 
he does his own calculations. His property is bordered on two sides by perpendicular county 
roads and on another side by a meandering brook. (See the diagram below.) Using his steel tnpe 
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measure, he lakes ihe measurements indicated in the table below. If the measurements are in feet, 
what is the approximate area of Farmer Long’s property? 


East 

0 

100 

200 

300 

400 

500 

600 

700 

800 

900 

IOOO 

North 

600 

590 

550 

470 

430 

420 

250 

230 

220 

200 

O 


North 




LESSON 134 Slopes of Polar Curves 


Suppose we wish to find the slope of a polar curve defined by r = f(d) or the equation of a line 
tangent to a polar curve. In order to find the slope of a curve, we must first find its derivative. Bunn 
this context, which derivative gives the slope of the curve at a specific point? Is it 75 ? Is it still - 
We can answer this question once we realize that these curves are still drawn in the jry-plane and that 
the slope of a line is given by the change in y over the change in x. A tangent line in this context still 

has the slope • 1 

In this lesson we explore three options for finding the slope of a polar curve. Depending on the 
situation, any of the three methods might be preferred. The first option for finding £ is to convert the 
polar equation r = /(0) to a set of parametric equations. Recall from the diagram below that 

x — r cos 0 and y = r sin 0 - 


y 


x 



Therefore the polar equation easily converts to parametric equations as follows: 

x = r cos 0 = f(0) cos 0 since r = f(0 ) 
y = r sin 0 = f(0) sin 0 since r = f{6) 

Finding # simply involves die ratio of ^ over ^ 

(Lx 

'tt. cond option is to convert the polar form of the equation into a rectangular equation 

The , 35 varia bles. Then £ can be found from differentiating this equation (Implicit 

involving oniy ■* j 

differentiation may be required.) ^ 

The third option is only approximative. The TI-83 can be used to numerically approximate ^ 

at a certain point. 
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example 134.1 

solution 


Find the slope of the curve defined by r = 4 cos 0 when 0 = —. 

4 


Using the first method, we convert this polar equation into parametric equations. 

r = 4 cos 0: x = (4 cos 0) cos 0 = 4 cos 2 0 

y = (4 cos 0) sin 0 = 4 cos 0 sin 0 


Since 

dx d0 


dx . dy . dx 

—wc must determine —4. and - 

d0 d0 dQ 


y 

dy 

dy 
c10 


= 4 cos 0 sin 0 

= 4[cos 6 (cos 0) + sin 0 (—sin dO 
= 4(cos 2 {? — sin 2 0) 


x 

dx 

dx 

d0 


So the slope function is 


4 cos 2 0 

4[2 cos 0 (-sin 0)] dG 
—8 cos 0 sin 0 


dy 

dy _ dQ _ 4(cos 2 0 — sin 2 0) 

dx dx —8 cos 0 sin 0 

dQ 


This expression con be simplified using double angle formulas for sin (20) and cos (20). However, 
this is unnecessary as we only care about . 


dy 

- 1 

M 

I/I 

0 

u 

1_1 

f) 

2 

— sin 

(f)] 

dx 

O =JT/4 

—S cos 

(f 

)si"( 




Thus, the slope of the curve r = 4 cos 9 at 0 = f is 0, which means the tangent line at this point is 
horizontal. 


y 



Although we have the answer already, for illustrative purposes we still demonstrate the other w ays 
to find First we convert r = 4 cos 9 into a rectangular equation. Note that r = -^x 2 + y 2 and 
cos 0 = T — 


4m* * y 1 



Thus r = 4 cos 9 converts to 



+ y 2 



or 


x 2 4 - y 2 — 4x 
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So an equation of the tangent line when 0 = ~ is approximately 


y - 0.933 = —I (-V - 1.616) 

y = —x 4- 2.549 


or 



— x 


problem set 1. The cross section of a 3-meter-long water trough is a semicircle with a radius of 1 meter. If the 

134 water trough is full, how much force does the fluid exert on the end of the trough7 

2. How much work is done in pumping all of the fluid out of the trough described in problem 17 

(77) 

In problems 3—6 let R be the region in the xy-plane bounded by y = 2 X » x — 2, and the 
coordinate axes. 

3. Find the volume of the solid formed when R is revolved around the x-axis. 

(71) 

4. Find the volume of the solid formed when R is revolved around they-axis. 

(87) 

5. Find the volume of the solid formed when R is revolved around the line x = 2. 

(9j‘) 

x Fj n d the volume of a solid given that R is its base and that every cross section of the solid 
1971 perpendicular to its base and parallel to the y-axis is a square. 

'j m Convert y — 2r + 1 to polar form. 

()07~l 

g ^QQvert the polar equation r —■ 2 2 cos 0 to rectangular form. 

(J07~) 

9. Find the area of the region bounded by the polar curve r = 2 + 2 cos 9. 

079) 

10 Use Euler’s method with 5 iterations to approximate the value of y^vhen x = 1.1 given the 
OJj] condition y - 2 when x = I and the differential equation £ = lx. 


4 7t 


11. Find the slope of r = 2 + 2 cos 6 at 0 = —. 


out 


12 . 

()**) 


13. 

034 ) 

14. 

034) 


Find the equation of the line tangent to the graph of r = 2 + 2 cos 0 at 0 = — 
Approximate the slope of r = 4 cos (30) at 0 = 2. 

A proximate the equation of the line tangent to the graph of r= 4 cos (30) at 0 
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Determine whether each series in problems 15—20 converges or diverges. Justify each answer. State 
the value of any convergent series for which it is possible. 


15. 

om 

X 

n = I 

4 

16. 

tnot 

X* n 3f2 

JL-i 'in 
#i = l J 

17. 

tiJOf 

X 

#1=1 

3" 

n 3/2 + 3 

n! 

18. 

X 

/I — I 

In n 

19. 

<U7) 

V* 7 + 3 rt 

20. 

Oil) 

X 

#t = 2 

2 

1128} 

n 2 

An 

#i-l ^ 

n 3 ' 2 - 3 


Integrate in problems 21 and 22. 


21 . 

Of3) 



(x + l) 3 
x 2 + x — 2 



22. f sec x dx 
(foot Jo 


23. Suppose / and g are continuous functions. On the interval [1,3], let f(x ) £ g(x), and on the 
interval [3, 6], let /(.r) < g(x). Which of the following definite integrals equals the area of the 
region between the graphs of / and g in the interval [I, 6]? 

A ' J| — g00]~ dx + [g(x) — f(x)]~dx 

B * Jj [/(«*) - «W] dx + [g(x) - /(x)] dx 

c - J ( [«(*) - /(*)] dx + [f{x) - g(x)] dx 

D. f * [/(x) - g(x)] dx 

E. Jj [g(x) - fix)] dx 

24. Evaluate: lim (e J + x) ,/x 

Oft) x—* o 


25. Misdirected Darius starts early in the morning at one end of a 100-metcr-Iong field (call this the 
<tn> 0-meter line) and walks to the opposite end (call this the 100-meter line). When he gets to the 
end he does an about-face and walks halfway back to where he started (i.e,, he walks to the 
50-meter line). When that leg is completed he does an about-face and walks halfway back to 
where he started the previous trip (i.e.. he walks to the 75-mcter line). If this process continues 
indefinitely, where will Darius be? How far will he have walked? 



Z^ESSON 135 Absolute Convergence 


In most of the tests regarding convergence and divergence of scries, it has been assumed that the series 
in question are positive-termed series. Now we broaden the investigation of series to include some 
with negative terms as well, such as the ones below. 

v ( ~ 1)W y 

. « 2 “I n + 3 

« — 1 J!=I 

An extremely important theorem regarding such series follows: 



X 

n — 1 


cos n 


n 
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The theorem is stated without proof, but we provide an intuitive argument for it. Note that X |o n I 
a positive-termed scries thanks to the absolute value function. Note also that |a n | S a n for all 
Hence, in some sense, j£ |nj must be greater than X<i n . If £ JaJ converges, it seems that 
,?i°n should also converge, because it is smaller. This is only an intuitive way of thinking about the 
theorem, but it encapsulates the basic idea of the theorem. 

Now we state the main definition of this lesson. 


A series ^ a n is said to converge absolutely if ^ |aj converges. 


You should think about this definition before continuing. The statement that X a n converges 
absolutely is actually a statement about X \a I, not X a . 


example 135.1 


Determine whether 


X 

— — 1 





converges or diverges. 


solution If a_ = 


<-»> 




then X \a | = 


converges. Therefore 
converge. 


«-l • n 

X !=**?- 






= 


m • | 


7 . This is a p-series with p = 3, which 
converges absolutely. Moreover, from the theorem. _X—^— 


means il 


example 135 


.2 Determine the convergence or divergence of V' 


n = 1 


cos n 


n 


solution 


We consider the corresponding series X I s ®? 2 - , which equals X ^ 7 ^ . Since I cos n\ £ 1 

"■! 1 " 1 mm I ._. I *»l n « 

* ^ jcol n] - - Z I - _ 


for all 


n > 1 we can apply the basic comparison test to X —-1 

S. \ctn n\ , "" 1 joa »»J 

with p = 2 converges, so X — 1 — must also converge since —p— 


by comparing it to X p-. This p 

<4 for all’ n > 1. Therefore 


COS n 


X 

mm t n 


converges absolutely, which implies that X ^r- converges 


example 135.3 Determine the convergence or divergence of ^ + 

ft — I 


solution 


problem set 


We attempt to use the theorem of this lesson by considering £ |(-l ) rt+1 £1 - Note thai 
£ |(_]) n + 1 -L | = £ i which is the harmonic series. Since the harmonic series diverges, we cannot 

draw any conclusion about the convergence or divergence of £ |(- 1 ) F,+ 1 based on this approach. 
The theorem of this lesson states that if the series of the absolute values of the terms of a senes 
converges, then the original series converges. It says nothing about the situation when the absolute 
value series diverges. We cannot draw a conclusion about the convergence of the original senes 
except that it docs not converge absolutely. More will be said about this series in Lesson 138. 

It was determined using radar tracking that a plane was in level flight at an altitude of4000 feer 
When the plane was 10,000 feet downrange. its angle of elevation was changing at a rate of 
0 1 radians per second. What was the velocity of the plane at that time? 

A particle moves along the x-axis so that its velocity is given by the equation 
_ 24 sin t + 7 cos t. Approximate the maximum velocity of the particle. 


1. 

(4&) 


2 . 

OB} 


3. 

4. 

(tjj} 


Write the rectangular form of the polar equation r 2 = sm 2 6-2 cos 2 6. 

Euler’s method with 3 iterations to approximate the value of y when x 
initial condition y = 4 when x = 2 and the differential equation £ = .v 2 


= 2.3 given tiie 
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tiP») Fincl arca tllc re 6 ion inside rs3 and outside r = 3 — 3 cos 0. 


// 2 jI T ind the derivative of the vector function / (/) = ~— , ~i + t sin t ] with respect to t and state 


its domain. 


Determine whether each series in problems 7—12 converges or diverges. Justify each answer. State the 
value of any convergent series for which it is possible. 


7. 

am 

X 

fl=l 

3" 

n\ 

8. 

am 

X 

ft —! 

2" 

V*" 

9. 

asst 

10. 

r/J2> 

X 

n = \ 

I 

11. 

am 

X 

n — 1 

(-i r +1 

12. 

am 

2" - 1 

2n 


?, X 

««i 


(-0 


fl + 1 


n 


: ha 


(i) 


Evaluate the limits in problems 13—15. 
13. lim (x 2 — l)e - * 2 14. 

991} x—(iU} 


». (~) 


lx 


IS. lim 
am h- 


.fi + 4 

°\ 7 


*) 


7 fh 


16. Find where y 2 = x 2 + 4. 

dx 2 


r/2-o 


17. Find the equation of the line tangent to 
am 

Evaluate the integrals in problems 18—23. 

4 jc 2 + 6x - 4 


= 3 + 2 sin 6 at 6 = 0. 


18. f 

(list Jo 


20 

tn&i 


i Jo (x 2 + 


+ x 2 - 2 


-7 


dx 


3)(x + 2) 


dx 


19 

1 / 20 ) 


■ f 

'I J 2 


21 . 

//«/ 


-4 


2 (x + ir(x - i) 


dx 


JC 


x + 2 
t/x 2 + 4 


dx 


22 

f/22j 


; 


c 2 -* sin (2 t) dx 


23. 

f/j/> 


r 

Jo 


1 


(X - 2) 2 


dLr 


24. Approximate 2.02 3 + 2.02 2 using differentials. 

(99} 


25. 

(54) 


Whether an object is dropped, thrown horizontally, or thrown at some angle of elevation or 
depression, acceleration of the object during its flight will be due to gravity. Nolan can throw a 
ball with a velocity of 150 ft/s. If he throws the ball horizontally and his release point is 6 feet 
above the ground, what is the horizontal distance the ball travels before hitting the ground? 
(Assume level ground and no air resistance.) 















Calculus Lesson 136 


LESSON 


of Calculus 


Theorem 


Lesson 98 discussed the second pari of the Fundamental Theorem of Calculus* 


Fundamental Theorem of Calculus, Part 2 

If f is a function that is continuous on some closed interval l and c is 
any number in the interval* then f has an antiderivative F on this 
interval that can be described as 


Fix) = j fit) dt, j 


re/ 


Since F is an antiderivative of /, the derivative of F equals /. 


d „ d 

Fix) = 


dx 


-{r 

dir L -*c 


)■ 


fU) dt = fix) 


We have used this theorem to differentiate definite integrals. For example. 


—r 

dx J 3 


sin (z 2 ) dt = sin (.r 2 ) 



cos t 

t 



d C x cos t 
dxJi t 
cos .r 



x 


The problems can be more difficult if limits of integration are functions of x other than it» 
function w(.r) = x. These more complicated situations require the chain rule. 


example 136.1 


Simplify: 



solution 


It is tempting to simply say that the answer is sin (2r) 2 , but this is incorrect. To demonstrate, 
let hiu) = J“ sin (/ 2 ) dt and nix) = 2r By the chain rule 

-^-(/i («(.*))) = h'(uix))u'ix) 

m (£17 s,n (,2) £ ")(f 2 - t ) 

= sin (« 2 ) • 2 
= 2 sin (4x 2 ) 


example 136.2 


Find fix) where fix) 



fix) 



\ 

/ 


solution 


First note that 















problem set 
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example 136.3 

solution 


problem set 

136 


We lei u — 3.i 2 and use the chain rule. 


dx 


(r ln 7 “•) = -( TuZ In 7 


du 

dx 


= —In — - 6x 
u 

= ~ 6x ln (5P-) 

= 6x In (3x 2 ) 


Simplify: — f cos (r 3 ) dt j 


In this case both limits of integration are functions of x. An algebraic trick bypasses this problem. 

r*™ x _ riin x _ ra 

I cos (r 3 ) dt = I cos (r 3 ) dt + I cos (r 3 ) dt 

^ 3x Ja ox 


a 

J -nn x Ox 

cos (r 3 ) dt — cos (r 3 ) dt 

a J a 


We use the chain rule on each expression. For the first expression 

d 

i l cos it'} dt l = l — 
dx 


y-f J cos (r 3 ) = f—^—J cos (r 3 ) dt 

dx\Ja ) ^flsinxJo 


V </si n x 


rfsin xJ a J\ dx 

— cos (sin 3 x) • cos x 


) 


For the second expression 


K-r °- (,3> “•) - -fer c ° s (fj> 


= -cos (27x 3 ) 3 


Therefore 


d 

dx 


f J cos (f 3 ) — [cos (sin 3 x)](cos x) — 3 cos (27x 3 ) 


1. A particle moves in thexy-plane following the path defined by the function y = ~ + JL Find 
,,m> the distance the particle moves as x varies from x = 1 to x = 3. 

2. Determine the absolute maximum and the absolute minimum values of the function 
lA3> fix) = xe _2jr on the interval [0, 10]. 


3. 

174) 


A closed cylindrical barrel whose radius is 1 meter rests on its side. The barrel is half filled with 
a fluid that has a weight density of 400 newtons per cubic meter. Find the force of the fluid 
against one circular end of the barrel. 

4 . Find an equation of the line tangent to the curve defined by the parametric equations 

tiio> , . ,_i __f . tk. _ n 


x = e’ + 


1 and y = e* + e~‘ at the point corresponding to / = 0. 


5. Describe the concavity of the curve described in problem 4 at the point corresponding to t = 0. 


mvj 


6 . Find the equation of the line tangent to the polar curve r = 2 + 3 sin 9 at Q = n. 


i ti4i 


r* sin / , 

7 . Find fix) where fix) - —- at. 

(Ml 1 











Calculus Lesson 137 


8 . 

(IMt 


r cos x 

Find/(x) where /(.v) = J sin (t 2 ) dt . 


Deicrmine wheihercnch scries in problems 9—14 converges or diverges. Justify each answer. State the 
value of any convergent senes for which it is possible. 


9 y (-!)"' 

OJ ' m, « 2 + i 

12. V — 

<jio> n . 2 n 


10. 

tiJS) 

1 

n — 1 

n\ 

11. 

(132) 

13. 

t 

n-l 

\ 

14. 

(128) 

3" + 3 


S 4 

3/z +1 

/I = l 


£ 

n - 1 


3* 

2" + 3 


Write an integral in one variable that could be used to find the length of the curve determined by the 
parametric equations x = 2+ 3 and y = —2/ -f* 3 on the interval from / = 2 to t — 6- 


( a ) Use Euler s method with 4 iterations to approximate the value of y when x = 1*4 given the 
initial condition y = 3 when x = 1 and the differential equation 57 = y* 

(b) Solve the differential equation £ = ^ using separation of variables, and verify the 
answer to (a). 


17. Find the area of the region inside r = 4 sin 0 and outside r = 2 
Evaluate the integrals in problems 18—20. 


18. f"---— dir 

r/257 J2 (.T + 2)“ 


19 

r )25.23/) 


1 Jo 


1 


(x - 1) 


dt 


20 

( 120 ) 


r 6 x* — 3x 

5 J 4 x 3 - 2x 2 


21. Use the trapezoidal rule with n = 6 to approximate f x 3 Jx 2 — 4 r/r. 

J 3 



22. Use trigonometric substitution to write an integral in terms of 6 that can be used to evaluate the 
,n3> integral given in problem 21. 

23. Use a graphing calculator to find an approximate value for the integral in problem 21. Use the 
<i9> calculator to approximate the answer to problem 22. How do these two numerical solutions 

compare? 


24. 

tIO-f) 



Create a slope field for the differential equaUon 


dy 

dx 




Solve the differential equation 


dy 

dx 



25. Find the volume of the solid formed when the region bounded by y = x 2 + x — 2 and the 
(9J> ^--axis is revolved around the line x = 4. 


Piecewise Integration 


f this text we have discussed integrals of the form £ /<x) dx where / is a continuous 
•or m interval [a, b\. In this lesson we investigate certain noncontinuous functions that are 

uncuon ove known as piecewise continuous functions A piecewise continuous function g 

niegrab e domain can be broken into a finite number of nonoverlapping submiervals such 

5 a func o ^ ^ continuous over each subinterval. Initially we require that each piece of the graph 
f"iie function is bounded so that no portion goes to+-or —on any subinterval. 
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example 137.1 

solution 


example 137.2 

solution 


Find f fix) dx where fix) = \* 2 when —\SxS2 
J ° \x + 2 when x > 2. 

We begin by graphing the integrand. In this case the piecewise continuous function is actually 
continuous over the entire interval [0.4J. 


y 



Now we split the integral. 


r nx) dx = r 2 f^) 

JO Jo 


dx 


r /» 


dx 


= J x 2 dx + f (x + 2) dx 

Technically, the second integral to the right of the equals sign is Iim^ i ^ j* (x + 2) dx, since the 
second piece of the function is not defined at x = 2. However, this improper integral can be 
handled easily. 

f fix) dx — \ X 2 dx + lim f (x + 2) dx 
J O Jo a-*2* J" 


'O 

.3 


2 f 2 

+ lim I — 

O -2 + l2 





= £ + io = “ 

3 3 


Evaluate 


; L 


3 Ix| 


dx 


We must break this integral into two integrals at x — 0. 


2 -- 

lO- 


i -i-1-r 

4 -3 -2 -1 


^-!-1-f- 


12 3 4 


y = 


w 


L 


3 




r 3 W 

Jo x 


dx 


So wc have 
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Calculus Lesson 137 


problem set 

137 


Again, lo be technically correct, -U not defined when x = 0, so we actually have 


f 3 M 

J-2 X 


dx = lim f 
i>—»o~ J- 


b I e| 

^ + lim 

2 Q —| 


im f 3 li 

-♦0+ Jfl .V 


(Lx 


These simplify easily since 


l-vl 


|.v| 


X 

3 |.v| 


-I for -2 < .r < 0 and — as 1 for 0 

X 


x < 3. 


f I£] 

J-2 X 


dx = 


r b *. 

lim I (—1) dx + lim 1 dx 
-*o- J-2 «_»o + J« 


b r 3 

: + lim 

t>-*0“ J-2 a 

I* 3 

= lim (— x)\ + lim .t 

b —|_2 a —► 0 * 

= (-2) + 3 = 1 


1. 

( 20 ) 


A rabbit population increases at a rate proportional to the number of rabbits present. 
January 1. 1993, there were 1200 rabbits, and on January I, 1994. there were 4800 rabbits, 
many rabbits will there be on January 1, 2007? 


2. If the function / is defined for all real values of .r and f(2) = 7, is it true that 

(73) r, , _ , . J \ J •> 


lim j . .. fix) = 7? Explain. 


3. Prove that the derivative of cos x with respect to x is —sin x. 
aon 

4. Show that lim 3 1 =9 by finding a S that guarantees that 3* is within s of 9 when 

003) x —* 2 


£ = O.Ol 


5. Evaluate 


£ fM 


dx where fix) = 


jc + 4 when x < — 2 

„v 2 when —2 < ,v < 1 
3 when x > 1. 


6. Find f'ix) where fix) = I* sin (r 2 ) dr. 

036 ) J 3x~ 


J COS X r—- 

V t — 4 dr at x = 2. 


f/.*d> 


Determine whether each series in problems 8—13 converges or diverges. Justify each answer, 
value of any convergent series for which it is possible. 


sin n 


8. X — 

n — I 




2n -h 7 


^ 4/i 3 - 4n 2 +2/1 — 1 


n = I 


12. X - 

n — i 


2" + 3 


9. 

( 9333 

X 

(-ir 


rt = l 


11. 

(tJOl 

X 

n— t 

3" 

n* 

13. 

OI7) 

X 

n — 1 

2" + 

3" 


1 


X 4 

._ . . ^2 

.. .. , n — 3 


(1J6) 


15. Graph the equation r = 3 cos (30) 


f//f; 


16. Find the equation of the line tangent to the polar cui^e r = 3 cos (30) at 6 


7T 

6 


dM) 


ri«r? 
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which lhc following equations docs 
this slope field correspond? 

A. x 1 + 3y 2 = 1 

B. jc 2 - 2y 2 = ] 

C. y = (£)* 

D . y = -£• 



18. 

(129) 

19. 
(118) 

20 . 
(tjj) 


Rnd the area of one petal of the polar curve r = 3 cos (30). 

Graph the equation r = 2 — 2 sin 0. 

Use Euler's method with 4 iterations to approximate the value of y when jc = 2.2 given the 
initial condition y = —2 when x = 2 and the differential equation ^ = xy 2 . 


Evaluate the integrals in problems 21 and 22 


21 

023) 


; j; 


<X + 2 y 


— dx 


UJI) 


f 2 — 2 -^ 

J-4 (X + 2) 2 


23. Find — where y = x c 
(»4) dx 


24. Find values of a and b such that the function /(x) = {", * * ^ * J is differentiable 

fS2} everywhere. 

25. Find the coordinates of all the local maximums, local minimums, and inflection points of 
l ' t9> y — I8 jc 3 4- 15x 2 — l<Sx — 5. Use the information to graph the function. 





138 


Conditional Convergence and Leibniz’s Theorem 


In Lesson 135 we began a discussion about the convergent or divergent nature of series containing both 
positive and negative terms. Before that time the only type of series we had examined that had both 
positive and negative terms were geometric series. The five tests of convergence we have 

examined_comparison test, integral test, ratio test, root test, and limit comparison test—were used for 

series with only positive terms. The discussion in Lesson 135 helped us to determine whether or not a 
series containing positive and negative terms converged by making use of the absolute convergence 
theorem. If £ a is a series that contains both positive and negative terms and £ |n | converges, then 
£ a converges absolutely. However, if jE |aj diverges, we cannot yet determine whether £ a n 
converges or diverges. We need a test that does not resort to studying £ JaJ but looks at £ a n directly. 
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Calculus Lessor* 13fl 


example 138.1 

solution 


example 138.2 
solution 

example 138.3 

solution 


Before stating this test we introduce some terminology. Any series of the form 

2L X °n ~ °| ~ a -y + a y “ « 4 + *’* Or 


/ ■ ^ ^ Mfl n ~ a | + a -> ~ a 3 + O a — *•* 
n = l 

where each of a j, a 2 , ay a 4 , ... is positive is called an alternating series. When X |(— 1)" + 
diverges but 1 )"^ l a n converges, the alternating series is said to converge conditionally. How is 
it that we determine when an alternating series converges if it does not converge absolutely? We use 
the alternating scries test, or Leibniz’s theorem, named after Gottfried Wilhelm Leibniz. 


Alternating Series Test 
The alternating series 

n = 1 

converges if the following ore true: 

1. a n > a n ^ | for every n 2. lim a n = 0 


X | 

(—l) n + 1 — 

. n 

n = I 


converges absolutely, converges conditionally, or diverges. 


This example appeared in Lesson 135. We could not determine the convergence of this alternating 
series, because JL | (—1) n + 1 i | = Z. £. which diverges. That means Z (-1)" * 1 i does not converge 
absolutely; however, it might converge conditionally or it might diverge. We apply the alternating 

series test to determine which is true. Here a n = £- 

j To use this test, we must show that a > a n+J for every re. Since re < re + 1, we 
know j: > So the first condition is satisfied. 

-> j t j s obvious that lim a = lim — = 0, which satisfies the second condition. 

ft — 1 n n —► — n 


Since both conditions are satisfied, Z ( (—1)" + 1 „ 
converges conditionally. 


converges. From our earlier comments, we say it 


Determine whether X (_j) n ~ 1 /j ,/3 converges absolutely, converges conditionally, or 


n = 1 


The second condition of the alternating series test is not satisfied by this series. 


lim a — lim re 1 3 — +» 
n 


n 


jslo conclusion can 


be made about this series using the alternating senes test; however, the divergence 


theorem guarantees that the senes diverges since its terms do not tend to zero. 

whether T converges absolutely, converges conditionally, or diverges 

,ne -v n 


Determine 


This series is not 


absolutely convergent, because 


X 

n — 1 


(-I)” 

V n 



n-I 


% n 










problem set 138 


problem set 
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is a /^-series with p — 0.5 < ]. Therefore the alternating series in question either diverges or 
converges conditionally. Wc determine which using the alternating series test 



2. lim —?=■ = 0 
«-*— Vh 


E -"* / nw 

— -7 =— converges conditionally. 

„ = 1 VB 


1. (a) Prove that the series V (-I) n+I —converges. 

f//7> i / D 

n—l 


(b) Find the value of the series. 

(c) How does S 4 compare to the sum? 

(d) How does S 4 compare to a $ ? 

2. A spherical balloon is being inflated with gas at a rate of 110 cubic feet per minute. At the instant 
when the radius of the balloon is 4 feet what is the rate of change of the radius of the balloon? 


< 46 ) 


3. MagicLand Carnival has a roller coaster 
,9S> with one section that has a profile similar 
to the diagram at the righL LandPlus, a 
local real estate company, would like to 
drape the side of the roller coaster with 
canvas and paint on advertisement on it 
The MagicLand roller coaster operator 
provides the measurements (in feet) in the 
following table to the advertising agent of 
LandPlus. Approximate the amount of 
canvas required to cover the whole side. 


Vertical 



Horizontal 


Horizontal 

0 

10 

20 

30 j 

40 

50 

60 

70 

80 

Verticat 

50 

52 

68 

70 

65 

53 

34 

30 

28 


4. 

004 ) 


Create a slope field for the differential equation 



5. Find the area of one petal of r = 3 cos ( 20 ). 

< 136 ) 

6. (a) Use Euler's method with 4 iterations to approximate the value of y when x = 1 given the 

nli> initial condition y — 0 when x = 0 and the differential equation = x . 

(b) Use Euler's method with 8 iterations to approximate the value of y when x = 1 given the 
initial condition y = 0 when x — 0 and the differential equation £ = .r. 

(c) Solve the differential equation £ = x and compare the exact value of y when jr = 1 with 
the approximations from (a) and (b). 


7. 

»/-W> 

8 . 

r/Jrtj 


9 . 


Find the equation of the line tangent to r = 3 cos (20) at the point corresponding to 0 - 2.5. 

c f dt . 

J i f.T when x £ 0 

( /(*) where /(t) - | sin x when x > o. 
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Calculus Lesson 13® 


Determine whether each scries in problems 10—15 converges absolutely, converges conditionally, 
diverges. Justify each answer. State the value of any convergent scries for which it is possible- 


10. Y 

,IM, X-l „ 

Itel 99 


X 3 n 

n 2 - 2 n 

Integrate in problems 16—19. 


16. I sec 3 .vdx 
U/Ji J 


18 

OJt> 


■ f^- 

> Jo x~ — 


dx 


11 . 

f!S2t 


y _! 

Zj o„2 


' 3n~ — 4« + 5 


12 . 

am 


i4. v - 1 

<><“ fr! h 3n + 2 


(U*) 


17 

tnj) 


■ 

> J X 2 + 1 


dx 


19 

<ut> 


■ f 

> **0 - 4 * 1 


dx 


£<-0**'-y 

n 

ft—i 


15. Y (-1)"-^ 

f If J| j 5 rt 


n = 2 


20. Prove that the derivative of In .r with respect to x is —. 

amt x 


21. In an epsilon-delta proof of lim j j „ (5.r -t- 3) = 13, which of the following choices of S is the 


amt 


largest that could be used successfully with an arbitrary value off? 


A. 5 = 


B. S = £ 


C. 8 = — 

4 


D. 8 = 4 
6 


E. 6 = 


8 


22. Find 


024) 


d-y 
dx 2 


where .t 2 — v 2 = 10. 


(156) 


Suppose / is a continuous function for all real values of x, a is a constant, and 
antiderivative of /. Which of the following statements must be true? 

dt 


A. Fix) = r fit) 

Ja 

B. F'ix )) = r fit) d 

J a 

r /(/> 

J a 


C. Fix) = 


dt 


E> Fix) and f fit) dt differ by a constant- 

J a 


24. Find the Maclaurin series for y = sin x. Write the series using summation notation. 

(55) 

25. Find the Maclaurin series for y = —-—- Write the series in summation notation. 

(55) + X 


, 



. u lesson we studied the convergence of alternating senes and discussed Leibniz s 

theorem (the alternating series test). As with many of the convergent senes that we have studied, it is 
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example 139.1 


solution 


often difficult (and sometimes impossible) to find the exact value of alternating series; however, 
approximating the value of an alternating series to any degree of accuracy is always possible. 


Alternating Series Approximation Theorem 
Suppose / (—1)" + * a n satisfies the conditions of the alternating 

n e I 

series tesL Call the value of this sum S. Then the mth partial sum, 
•S’* approximates S with an error less than or equal to a .in 
absolute value. 


That is. 





a 


m + t 


This theorem allows us to know the accuracy of a partial sum without knowing the actual value of 
the series! 


Consider the series 




1 



(a) Does this alternating series converge or diverge? 

(b) Determine S 4 and discuss the maximum error of this approximation. 

(c) Determine S 7 and discuss the maximum error of this approximation. 


(a) This series definitely converges. Not only does it satisfy the alternating series test, it converges 
absolutely since Z i is a convergent geometric series. 


(b) S 4 is the sum of the first four terms: 



1 



According to the alternating series approximation theorem, this approximation of 03125 is 
within a — tt = 0.03125 of the actual value of the infinite scries. 


S A — a s S S < S A + a s 
03125 - 0.03125 S 5 < 03125 - 

038125 S S S 034375 


0.03125 


We can actually determine the exact sum of (—1J"*'jr, since it is a geometric scries. 






Here a = — and r — —We apply the formula for the sum of a geometric series to get 



0333 


* * « 


Note that this falls within the range given above. 


0.28125 SSS 0.34375 
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Calculus Lesson 130 


example 139.2 
solution 


example 139.3 

solution 


(c) By finding a partial sum with more terms* we get a better approximation of the actual sum. 



43 

128 


= 0.3359375 


From the alternating series approximation theorem, we know that S is within ±a„ of 5L, where 
a 8 = £ = 0.00390625. 8 


S y - a & < S < S 7 + a B 

0.3359375 - 0.00390625 S S S 0.3359375 + 0.00390625 

0.33203125 S S S 0.33984375 

Because we know that 5 = 3 , we see that these bounds for S ore also valid. Most important, we 
note that these bounds on S were determined without knowing the actual value of S. 


It can be proven that £ o = sin 1. (We will develop this in a later lesson.) Use S 3 to 

approximate the value of sin 1 and discuss the error in this approximation. 


First we find S y 



1 1 

- ■+■ ■ - 

6 120 


0.8416 


Because X 

M-P 


(-D 


(2n * |) 


_ satisfies the conditions of the alternating scries test, the alternating series 

approximation theorem tells us that S 3 is at most a A from the exact value of sin 1 - (Note 
that a.— 4t.) So 


{sin 1 - 0.8416| ^ 0.000198412698412... 

The approximation of 0.8416 for sin 1 is accurate to at least three decimal places- Indeed the 
calculator states that sin I = 0.8414709848. (Have you ever pondered how the calculator 
determines sin 1?) 


Using the fact that 


s* n 1 = X 


(- 1 ) 


^ (2n + 1)! 

determine the partial sum S with the least terms required so that accuracy within 10“ 6 is 

Note the values of the first few terms in the alternating series: 

1 



a o = 


"1 = 


*2 ® 


fl 3 = 


°4 = 


*5 = 


1! 

-1 


3! 

J_ 

5! 

-I 


7! 
1 


= 1 


= 0.16 


= 0.0083 


= 1.98 x 10 


-4 


9! 
— I 


= 2.76 x 10 


-6 


1 1 ! 


= 2.51 x 10 


-8 


Since 


-1 


11 ! 


= 2.51 x 10— is 


-a ; s the first value less than 10“ 6 , we are guaranteed that the partial sum 


s * “ IT 


31 


5! 


± + -Lt 

7! 9! 


here tha. S, = a„ - O, + a, - a + a, and does no. mclude o, In dm case .he .ndex of .he sum 
a. 0 ralhcr than I. so d, is no. one of Ihe f.rs. five 


terms 
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provides the desired accuracy, and it is the partial sum with the least number of terms that can do so. 
(Note that S s = 0.8414710097..., which is within 10~ 6 of the actual value of sin I.) 


039) 


1. (a) Prove that the series y (—l) n ^ l -4 


(53.)39) 


n=51 


n 


2 " converges 


(k) Approximate the sum of this series by finding S.. 

(c) How accurate is this approximation? 

2. (a) Write the Maclaurin series for cos jc in summation notation. (This series converges for all 
values of x.) 

(b) Use this series to approximate cos 1 to six decimal places. 


3. A particle moves along the x-axis with acceleration given by o(/) — 2 1 — 1, and-it is known 
that v(2) — —4 and x(0) = 6. Find the particle’s average velocity and average speed from 
t = 0 to r = 4. 


4. Find the area of the largest rectangle with its lower base on the x-axis that can be inscribed 
beneath y = —x + 9. 


5. Find /'(x) where /(x) = f / 2 Vl + t 2 dt. 

fU«J J-txn x 

6. Evaluate f f (x) dx where f(x) = 

OJ7> J-z J ' ' J v * (cos {j 


when x < 0 
(nrx) when x S 0, 


Determine whether each series in problems 7—12 converges absolutely, converges conditionally, or 
diverges. Justify each answer. State the value of any convergent scries for which it is possible. 


(127,1)3) 


7 . (-0 

Ml £—) 


n + 1 


i 


n = l 


n 


3/2 


8 . 

(i27JJS) 


£<-■> 




I 



n 


9. 

030) 


X n! 
rt~ 

n =i 


10 . 

032.03) 




n. 

(tit) 


y_ l _ 

±1 - 13^2 


12. X ~~T 

023) ' ^n 1 

n = l " 


13. Graph r = 2 + 2 cos 9 and r = 4 cos 9 on the same polar coordinate plane. 

(00.03) 

14. Find the area of the region inside r = 2 + 2 cos 9 and outside r = 4 cos 9. 

029) 


Evaluate the limits in problems 15 and 16. 


15. lim (1 + x) 

OO) X—» — 


l/x 


16. 

OO) 


lim f 1 •+■ — 
( it 


) 


Evaluate the integrals in problems 17 and 18. 


17 

000 . 01 ) 


. r* ,j 

> Jjt/4 


cot X dx 


!8. P--- f 

023) Jz (X - l) 3 


dx 


Integrate in problems 19 and 20. 
„ r 2x 2 - 5.r + 2 

19 * J —;— 

020) J X(X — 1) 


dx 


f e* + cos x , 
20. , = dx 

^ sin x 


21. Suppose y = sin (xy). F* n d 

t.Ui 


dy 

dx 
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Calculus Lesson “140 


LESSON 140 Projectile Motion 


There has been much discussion regarding parametric equations in previous lessons. In particular we 
have used parametric equations lo represent the motion of a particle in the xy-plane* In many 
situations parametric equations arc preferable to rectangular equations in describing motion, because 
they not only tell us the path a particle takes but also indicate where the particle is at any particular 
time. In this lesson we use our knowledge of parametric equations to discuss projectile motion. 

Suppose an object is launched into motion in thexy-plane from the point x = 0. y = O with 
an initial velocity of v Q at an angle of elevation of 6 at time / = 0. Assume that no forces other than 
gravity act on the object. It is a physical fact that the horizontal and vertical components of the object s 
motion are completely independent. For example, an object takes just as long to fall to the ground 
when dropped as it does when thrown horizontally. Therefore, it is possible to describe the motion of 
the object using parametric equations. 

Because of the assumptions we made, it is evident that 


= -32 

and 

- 0 

dt ~ 


dt 2 


where both of these are measured in ft/s 2 . (Acceleration due to gravity is approximately 32 ftfs~~ 
downward, and there is no horizontal acceleration.) We integrate these two equations to develop 
equations for the objects velocity. 


^ = —32 1 + C. and — = C, 
dt 1 dr 2 


By examining ihe initial conditions, we can compute the value of the constants C x and C 2 - 
following vector diagram should help to make this clear. 



Because C is the initial velocity in the y-direction and C 2 is the initial velocity in the x-direction 


dy 

dt 


■32r ■+• v Q sin 6 


and 


dx a 

— = v» cos Q 

dt 0 


Integrating again gives the following equations to represent the object’s position 

_ -16 1 2 + \' 0 f sin 6 + C 3 and x(t) = i^/costf + C 4 

both equations at t — 0. we find that the constants are the initial positions, which are 
By evaluating _ ^ case Thus the parametric equauons that describe the motion of the object 

^Plane^ .he fo.Iowing: 
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example 140.1 


solution 


Note that these equations arc easily gcncralizable if the object begins at a height /i 0 when x — 0. Then 
the equations are y = -16/ 2 + v Q t sin 0 + h Q and x = v o /cos0. We can answer many types of 
questions pertaining to the motion of an object in theory-plane using these equations. 

An object is propelled with an initial velocity of200 ft/s at an unknown angle. If the object is to strike 
a target 800 feet downrange (assuming level ground), what should the angle of elevation be (assuming 
no air resistance or assistance)? 

We use the parametric equations developed earlier and substitute the given values. The object begins 
its flight at (0, 0) and is to land at (800, 0). 

y 



We use the fact that i’ Q = 200 to solve for t in terms of 0. 

x(/) = v Q r cos 6 

800 = 200 / cos 9 
_ 4 

cos 9 

This simplifies the problem. When x — 800. y — 0. So 

y = —16 1 2 + sin 9 

0 = — ief 4 A + 20of 4 1 sin 9 

Vcos 9 ) vcos 9 ) 

\s{ ———1 = 200 sin 9 
Vcos 9 ) 

032 = sin 9 cos 9 

Hence, 2 sin 9 cos 9 = sin (29) = 0.64. We can now solve for 9, the angle of elevation, which is the 
goal of the problem. (Note that 9 must be between 0 and 90 .) 

sin (20) = 0.64 

20 = 39.7918° or 1403082° 

0 = 19.8959° or 70.1041° 

So two different trajectories are possible, one that causes the object to fly lower and reach the point 
faster (corresponding to 0 = 19.8959°) and another that causes the object to fly higher and reach die 
point in a slower fashion (corresponding to 0 = 70.1041 ). 

y 
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Calculus Lesson 140 


example 140.2 Find the flight lime associated with cnch angle of elevation in example 140.1. 
solution The flight time for each is easily determined. 


example 140.3 


Q 


e 


19.8959°: 


70.1041° 


t - 


t — 


cos 0 cos (19.8959°) 
4 4 


cos Q cos (70.1041°) 


4.2539 seconds 


= 11.7539 seconds 


An object is propelled with an initial velocity of 200 ft/s at an unknown angle. If the object is to strike 

a target 2000 feet downrangc (assuming level ground), what should the angle of elevation 
(assuming no air resistance or assistance)? 


solution We approach this problem exactly as in example 140.1 except that we now want the object to be 

propelled from the point (0, 0) to (2000, 0). 


-v = v Q t cos 6 
2000 = 200/ cos 9 
10 = / cos 9 
10 

r = - 

cos 9 


example 140.4 


solution 


Then we substitute into the parametric equation involving y. 


y — —16/ 2 + v Q t sin 9 




sin 6 


— sin 9 


0.8 = sin 9 cos 9 
1.6 =2 sin 9 cos 9 
1.6 = sin (29) 


At this point we have an insurmountable problem. There is no value of 9 for which sin (2 9) — 1 -6. 
because the sine function never reaches a value larger than I. Therefore there is no solution. Evidently 
one cannot project an object with an initial velocity of 200 ft/s and expect it to travel 2000 feet 
downrangc, no matter what angle of elevation is used. One can show using previously discussed 
chniaues (Lesson 52) that the maximum distance is obtained when 9 — 45°. With an initial 
velocity of 200 ft/s. the object would then travel a maximum of 1250 feet? 


Show that a projectile fired from ground zero on a level plane achieves its maximum height in exactly 
half of the total flight time. 


We begin by finding how long it takes the projectile to reach ns maximum height. In other words, w 
find the critical values of the y-position equation. 


y(t) = — I6/ 2 i’ 0 r sin 9 
y'(t) = -32/ + i' Q sin 9 
0 = -32/ + v 0 sin 9 
32/ — v Q sin 9 
v sin 9 
r = 32 


position equation 
differentiated 
set derivative to 0 
added 

solved 
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This is the time (in seconds) the projectile needs to reach its maximum height (under the conditions 
of this problem). 


Now we find the total flight time. The flight ends when the vertical position becomes zero, so 
we set they-position equation equal to zero and solve. 


y(0 = —16r 2 + v Q t sin 0 
0 — —16/ 2 -f v Q t sin 0 
0 = /(—16/ + v Q sin 0) 


v cin fl 



position equation 
set equation to 0 
factored 

solved 


The projectile is in flight from / = 0 to / = ***^ -- , a total of **** - - seconds. TTie maximum height 
is achieved in exactly half this time, since the maximum height is reached in — seconds. This also 
shows that the rising and falling times are the same. 


problem set 

140 


2. (a) Write the Maclaurin series for sin x. 

(35, U9) 

(b) Write this series in summation notation. 

(c) Use S 3 to approximate sin 0_5. 

(d) Discuss what you know about the error of this approximation. 

3. How many terms of the series from problem 2 would have to be used to guarantee the accuracy 
<i39> of sin 0.5 to eight decimal places? 

4. The graph of a curve is defined by the parametric equations x = / 2 +■ 7 and y = z 2 + I. 
am Write the equation of the line tangent to the curve when / = 2, and describe the concavity of 

the curve at this point. 

5. Evaluate: Iim 
(///> ■*-* — 



1. A cannon has a muzzle velocity of 800 feet per second. If a cannon ball is to strike a target 
* 0> 10,000 feet downrange, at what angle should the barrel of the cannon be placed? Assume no 

air resistance or assistance, and assume that the cannon and the target are in the same 
horizontal plane. 


Determine whether each series in problems 6—10 converges absolutely, converges conditionally, or 
diverges. Justify each answer. State the value of any convergent series for which it is possible. 


6. 

(US i 


X C-l) n+I 


n 4- 
T 



1. 

IIJS) 


x<-» 


« + i 


n 


n — 1 


n 


8 . 

ttJ0> 


X 

fl = l 



rt 


n 


9, 



10 . 

om 


Z 2 /i 2 + 4n 
4/i + 3n* 

#1=1 


11. Find the area of the region inside both r = 2 and r — 2 + 2 cos 9 

\U9\ 


12. Find the length of y 

t (091 



—— on the interval [1, 4]. 
4x 


Integrate in problems 13—15. 


13. 

I /2ru 


J 


4 + 4r* + 2 


dx 


7 _ 

x- + 2 


14. 

ttm 



6 

4x 2 + 9 



15. f —^ - - - dx 

,I2S, J ( X + J)( T 2 + 3) 
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Calculus Lesson 141 


16. 

rvaij 


Let /(.v) - 4.v — 3 for all real values of .v and lei e > 0. What is the largest possible 5 such 
that | fix) - 91 < e whenever |.v - 3| < Si 


A. 3£" 


B. s 




/«» 11) where/ i(.y) is the inverse of /(.v) = .r 3 + 2x — I. 



lJ,C c * osed *nterval / — [ 1» I0J be subdivided into n equally long subintervals. Let x. be the 
leftmost endpoint of the ith subinterval. Determine the value of lim 2y - 

11 n im | 

2 

12; Find where fix) = f' cos (r 2 ) dr. 

ffo) J 


20. Find the area of the region bounded by y = .r 3 + 3 and y = x + 3. 

21. Find the area under one arch of y = 3 sin 2 (2x) 


LESSON 141 Taylor Series 


Lesson 55 introduced Maclaurin polynomials, which are polynomials of the form 


/( 0 ) /'< 0 ) /"< 0 ) , /"'( 0 ) , , . /"”«>>„„ 

- + -AT + - X + - X + + - X 


0! 


I! 


71 


3! 


n 


i 


Maclaurin polynomials are a special case of Taylor polynomials whose form (shown below) is more 


fid) , rid) 


0« 


I! 


(-r — a) 


™c, _ a)2 + _ 0)3 + ... + £^ (x _ 


2! 


3! 


n\ 


Notice that Maclaurin polynomials are Taylor polynomials with a = 0. Any function / 
approximated by a Taylor polynomial given that the x-values are close to a. Now that we have 
with series, we can allow the degree of a Taylor polynomial to go to 



This is known as a Taylor 
is a series of the form 


series, which is a special type of power series. In general a power series 


a Q + a r x -+• a 2 x 2 + a y x 3 + *• 


which can be written in summation notation as ^ „ 

ti — o 




a". 


One of the most interesting facts regarding Taylor series is this: the Taylor scries for a function 
/Is equivalent to the function for all values x in the interval of convergence' of the Taylor senes. 


The 


interval of convergence of a Taylor senes will be discussed in Lesson 145 
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example 141.1 

solution 


Recall that higher degree Macluurin polynomials arc better approximators of /(x) than their 
counterparts of lower degree. This is also true of Taylor polynomials. 



As the degree gets larger, the Taylor polynomial approximates /(x) better. In essence ihe degree of 
the Taylor polynomial of /(x) is allowed to go to +«*» in order to mimic the function. This produces 
a Taylor series that truly equals /(x) in its interval of convergence. 


Find the Taylor series about a = 1 for /(x) = In (x). 


We find derivatives of several orders for /(x) and hope that a pattern appears. 


n 

/ B> (x) 

/ n) (l) 

0 

In x 

0 

1 

X -1 

1 

2 

— JC ~ 

-I 

3 

2x" 3 

2 

4 

—6x“* 

-6 

5 

24x“ 5 

24 


What is the pattern in the column marked / (B) ( 1)? Note that 6 = 3! and 24 = 4!. (Recall that 
0! = 1.) It appears that for n ^ 1 


= (-1)—*(n - 1)! 


(Although we can prove this rigorously using a technique called mathematical induction, we elect 
not to do so, because we intend for students to determine Taylor coefficients by inspection.) 
Therefore the Taylor series is the following: 



• « 4 



11=1 



n 
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Calculus Lesson 141 


example 141,2 Find the Taylor series about a 


K 



for /(.v) = cos .v. 


solution We start by considering /<"> ^ where /*"> denotes the «th derivative of /. 


n 


/ (n, (7T/2) 

0 

cos X 

0 

1 

—sin .r 

-1 

2 

—cos X 

0 

3 

sin x 

1 

4 

COS X 

0 

5 

—sin x 

-1 

6 

—cos .r 

0 

7 

sin x 

1 

8 

cos .r 

0 


The Taylor series is as follows: 







f) 


In — 1 


(2/i - 1)! 




problem set 
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i Show that a projectile’s vertical speed is zero at the highest point of its trajectory- (You may 
assume the flight path starts and ends in the same horizontal plane.) 

2. Find the Maclaurin series for fix ) = x* + 2x 2 - 3.r - 4. 

fW 

3. Find the Taylor series about a = 1 for f(x) - x 4 + 2r 2 - 3x - 4. 
o*n 

4 Find the Maclaurin series for fix) = sin x. Write the series in summation notation. 
o-»i> 

5 Find the Taylor series about a - Jt for fix) = sin x. Write the senes in summation notation. 

(55) 

Use the Maclaurin series found in problem 4 to make the S 4 approximation of sin 3. What do you 
ow know about the error of this approximation? 


7. 

(IJ9> 


8 . 

(99) 


r ter. the Taylor scries found in problem 5 to make the S 4 approximation of sin 3. What do you 
t S about the error of this approximation 7 Compare these answers to those found in 
problem 6 Explain the difference in the answers. In particular explain which answer is more 

accurate and why. 

A article moves along the curve y - c\ Use differentials to approximate the coordinates that 
give the location of the particle when .r = 0.1 
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9. Determine whether the series f. (-|)"- > si converges absolutely, converges conditionally, or 
“ S> diverges. Justify the answer. 1 

10. Find the slope of the line that is tangent to the curve defined by f(x) = dt at the point 

corresponding to x = 2 . 


it 


In problems 11—14 let/? be the region between y = urn x and thex-axis from x — 0 to x = . 


11 . 

tun 

12 . 

030 

13. 
tun 

14. 

t97) 


Find the area of R. 

Find the volume of the solid formed when R is revolved around the x-axis. 
Find the volume of the solid formed when R is revolved around they-axrs. 


Suppose R is the base of a solid each of whose vertical 
is square. Find the volume of the solid. 


cross sections perpendicular to the x-axis 


Evaluate the definite integrals in problems 15—18. 

J 5 |4 - *| 

Jo 


dx 


<96} 


16. 1° [4 - x 2 \dx 

iw Jo 1 1 


17. f ->/ 4 - x 2 dx 
out Jo 


18 

taat 


. \x-tr: 

t Jo 


2 dx 


d 2 v 5 

19. Find -— where xy + y — x. 

dx 2 


024) 


20 . 

026) 


r jr 2 — x 2 + 

Integrate: - 4 —' 

J x 2 (x‘ + 


x — 2 


1) 


dx 


21. Find the area of the region inside both (x 
,n9 ‘ (Hint: Think in terms of polar graphs.) 


— l) 2 + y 2 = 1 and x 2 + (y — l) 2 = 1. 



ZSSON 142 Velocity and Acceleration as Vector Functions 


Vector functions arc often used to describe the motion of a particle in a plane. In this respect vector 
functions are similar to the parametric functions studied in Lesson 140. If the vector function 
— + y( t y describes the position of a particle in a plane, then the derivative of the function 

describes the velocity of the particle. 


= v(f) = xV)i + ytoj 

dt 


Moreover the derivative of v describes the acceleration of the particle. 


= a(r) = x"(f)7 + y r \t)J 

dt 2 dt 
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example 142.1 


solution 


The position function of n particle in the .vy-plnnc is />(/) = (/ + 1 )/ + (/ 2 + 1 ) 7 *. 

(a) What is the velocity function of the particle 7 

(b) What is the acceleration function of the particle? 

(c) What is the velocity vector at r = 1 ? 

(d) What is the acceleration vector at t = 1 ? 

(e) What is the speed of the particle at / = 1 ? 

(f) Sketch the position, velocity, and acceleration vectors at / = 1 . 

(a) We noted above that the velocity function in this context is 

ko = [± u + „] f + + ,)]; 

V(0 - i + (2/) j 

fb) To find the acceleration function a(f), we simply differentiate the components of v(/). 

“ c ° = [f + [f (2 °] ; 

<T(r) -07 + 2 / 
a(t) = 2 J 

Cc) The velocity vector at / = 1 is simply v*(l). 

v( I) = i + 2 j 

(d) The acceleration vector at r — 1 is given by 

a(l) = 2j 

(For any value of t, a(0 = 2 j, so acceleration is constant in this problem.) 

(e) The scalar quantity speed is simply the magnitude of velocity. Hence, at / = 1, the speed of the 
particle is 

Vl 2 + 2 2 = V5 

(O The position vector at t = I is 2/ + 2/. It is customary to place the position vector with its tail 

at the origin, so that its head indicates the position of the particle. 

y 



The velocity vector is v(l) = 7 + 2 j and the acceleration vector is a(I) = 2 j. The velocity 
d acceleration vectors are customarily placed with their tails at the head of the position vector. 




I 

f 
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The intent is to show the magnitude and direction of these two quantities as well as the point at 
which they apply. 


y 



1 . If the po si ti on of a particle moving in the ary-plane is given by p = (2 sin/)/ + (3 cos/)/ what 
,MJl are the velocity and acceleration functions of the particle? 


2 . 

042} 


For the position function described in problem 1, find the velocity vector, the acceleration 
vector, the speed of the particle, and the acceleration of the particle when / = j. Sketch the 
position, velocity, and acceleration vectors corresponding to / = f. 


3. Develop the Taylor 
//•*/> 


about a = 1 for fix) = .r 4 — 3jc 2 — 2. 


4. Write the Taylor series about a = 0 for fix) = cos x in summation notation. 
tun 


5. Find the Taylor series 
/wn 


about a = — for fix) — cos x. 

6 


6 . Use the result of problem 5 to find the S, approximation of cos 0.5. What do you know about the 
t,i9} error in this approximation? 


7. 

<HO> 


Little Joe stands in the hay mound of the bom and tosses a bale of hay with an initial velocity of 
15 feet per second into the corral below. If he tosses the bale at an angle of elevation of 
20 degrees from a point that is 14 feet above the ground in the corral, how far from the release 
point will the bale travel horizontally? 


4 

8 . Evaluate: lim f —-] 

aw j-+— \ x J 


9. Prove: lim (2x + 4) — 0 

tIOJ) x—+—2 


10. Find f'ix) where fix) 

(JJO) 


= r; 


* 2 sin (r 2 ) 


dt 


Evaluate the integrals in problems 11—13 


11 

m 


L J 4 [.r] 

') Jo 


dx 


12 . 

(/2JI 


j; 


. — X 


dx 


13 

tun 


■ r 

» Jo 


tan x dx 


14. Find the length of the curve defined by the parametric equations .v = e sin / and y 
l,,J> from r = 0 to / = Jr. 


= e 1 cos/ 


Integrate in problems 15 

15. f — 

tii.u J 


-17. 


=- dx 


2 + 4 


16. 

(1201 




dx 


17. f 3-r 2 cos (4x) dx 
im> J 











694 


Calculus Lesson 143 


.. whether each series in problems 18—20 converges absolutely, converges conditionally, or 

iverges. ustify each answer. State the value of any convergent scries for which it is possible. 


18 . 

tnot 


X 

n = l 


3 " + 1 


/l! 


19 . 

(IMl 


v c*-i r 


net 


4/1 


20 . 

tun 


X 

hsi 


n 


273 


n 


6/7 


4- 3 


F,nd '^e area of the region bounded by y = 2 *. y = cos.r, and they-axis. 

ApproX,mal f -f" v* + 1 using the trapezoidal rale with « = 4 . Compare this with an 
answer obtained using a graphing calculator. 


LESSON 143 Binomial Series 


One of the special Taylor series that is often encountered in calculus is called the binomial series. The 
binomial series is the Maclaurin series for the function fix') = (1 + x) b . As noted in Lesson 22, tills 
binomial expansion is finite if 6 is an integer. In fact it has exactly 6 + 1 terms. However, If b is not 
an integer, then the expansion is a power series with infinitely many terms. In order to develop tliis 
series, we calculate several derivatives of f(x ) = (1 + jt)* in hopes of finding a pattern. 


n 

?"\x) 

fX 0) 

0 

(1 + x) b 

1 

1 

+ 

H 

l 

b 

2 

i bib - I)(I + X ) b - 2 

bib - 1) 

3 

bib - 1 )(6 - 2)(1 + .r) 6 " 3 

6(6 - I)(6 — 2) 

1 * 

m 

A 

• 

• 

• 

# | 

• 

n 

6(6 - I)(6 - 2) - [6 - in - 1)3(1 + x) b ~ n 

6(6 - I)(6 - 2)-[6 - in - 1)] 

. 


So we see that the binomial expansion looks like the following. 


fix ) = (I + x} b = /CO) + 


rco) 

1! 


x + 


rx Q) .. a , no) 3 


2 ! 


3! 


= i + to + * b - * « b - i*» - 2 >, T 3 

2! 3! 

bib - 1 )(6 - 2) ••• [b - in - I)] 


jr" + 


nl 


This binomial series can be used to closely approximate mh roots of values near 1 . 


example 143 1 Use the binomial series to approximate Vl.125 with an error of less than 0.001 


solution 


We can write V 1.125 in an unusual way as 

(1 + 0.125) ,/z 

This looks like (1 + x) b with x = 0.125 and b = 5 . Thus we can use the binomial 
expansion with these values of x and b to obtain the approximation. 

. K-iX-13 

(I.125) ,/z = 1 + -(0.125) + 2 , - . ---(0.125) 2 + - ■ >—“ A 2 X 

1 1 


2 ! 

1 


(0.125) 


= 1 + 


16 


512 


8192 


3? 
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Ignoring the first term, we have an alternating series. We need to determine the first value in this 
alternating series less than 0.001 (in absolute value) and then sum the terms preceding il Since ^ 
is the first such value, the following approximation is within 0.001 of the actual value 

(I.125) 1 ' 2 * 1 + -1-L - = j 0605 

16 512 512 

By Liebniz’s theorem this approxi mation for (1.125) ,/z is actually within j&j of the exact value of 
(1.125) ,/2 . According to the TI-83 Vl 125 « 1.060660172. 

problem set 1 . The light inside a garage is 9 feet above the floor and 8 feet inside the garage door. The garage 

143 door is descending in a vertical plane at a rate of 1 foot per second. The driveway that leads to 

the garage is flat and is also level with the floor of the garage. At what rate is the garage door's 
shadow approaching the garage when the door is 3 feet above the floor? 

2. A rectangular plot of ground that must include 210,000 square feet is to be enclosed. The plot of 
ground must be divided into three equal areas by building a pair of fences that are both parallel 
to a pair of exterior sides. (See the diagram below.) What is the least amount of fence required 
to accomplish this task? 


3. A cannon's muzzle velocity is 500 feet per second. If a cannonball is to strike a target 
11401 30,000 feet downrange, at what angle should the barrel of the cannon be placed? How long after 

firing the cannon will impact occur? 

4. Find the binomial series expansion for y — Vl + x . 
o-nt 

5. Use the binomial series expansion found in problem 4 to approximate Vl.5 with an error less 
" 4J) than 0.001. 

6. If the position of a panicle moving in the xy-plane is given by p = e 21 ! + e'j, what are the 
velocity function and the acceleration function for the particle. 

7. For the position function defined in problem 6, find the velocity vector, the acceleration vector, 
0421 the speed of the particle, and the acceleration of the particle when r = In 2. Sketch the position, 

velocity, and acceleration vectors corresponding to t = In 2. 

8. Find the Taylor series about a = 0 for /(i) — sin x. 
tun 

9. Find the Taylor series about a = ^ for /(x) = sin x. 

tun 6 


10 . 

mn 


Approximate sin f using the Taylor series found in problem 9. Compare the approximation to 
the actual value of sin f. 


Determine whether each scries in problems 11-16 converges absolutely, converges conditionally, or 
diverges. Justify each answer. State the value of any convergent series for which it is possible. 
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17. Find the length of , r = + _J_ f rom v = _ 4 lo 

18 . Find the area of the region inside r = I + stnfl and outside r = I. 

( 19. A line is drawn tangent to the function defined by fix) = cos O’) dt at the point 
corresponding to ar = 2. What is the slope or this line? 

2 5t Find f e '~ dx given that f e x ~ dx = L. 

Jo 

21. What is Jim fix) if -a 2 + 2 £ f( x ) £ a 1 + 2 for all real values of a? 



LE SSON 144 Remainder Theorem 


While it is impressive that the Taylor series for a function / is actually equal to f, it is often aa 
impractical fact. In most cases one cannot sum infinitely many terms to obtain an exact value of f, so 
we must discuss the error that arises in using truncated Taylor series to approximate values of a 
function. We can write 


fix) = fid) 


f'(p){x - a) . f"(a)(x - a) 2 . f (n) (a)(x - a) n 

T7- - -f- 4- - -r /v 


where R is the error term that arises from approximating / using the nth degree Taylor polynomial- 
In order to know how good an approximation is, we must be able to quantify the error term. This is 
not an easy task when dealing with Taylor polynomial approximations. The best result comes from 
Joseph-Louis Lagrange (1736—1813). 


Lagrange’s Form of the Remainder 

fw. _ + 1 

R = f (n * Vc)-. for some number c between x and a. 

n (n + 1)! 


Notice the presence of c in this remainder theorem. A similar quantity appears in the error analysis for 
the trapezoidal rule. 

When trying to analyze the error in a Taylor polynomial approximation, we choose the value for 
c that maximizes R . Only in this way can the error be truly bounded. This means that we do not find 
R exactly Instead” we determine that R n must be less than some number. This means that if an 
approximation is made and the potential error is determined, then the actual error might be less than 

that stated. 



example 144.1 Approximate e with an error less than 1 x 10 


-5 


solution The Taylor series for fix) = e x expanded around zero is 


e x - I + .t + 


X 


“7 1 


A 3 .V 4 

- + -- + 


3' 


+ R 


4! 


n 


If X = 1. then <? = 1 + 1 + ^ * 31 + 41 + + 


1 


I 
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i Remainder Theorem 


Wc want the smallest value of n such that R < I x 10* 5 . Since a - 0 and x = 1 in this 
example, we must consider how large + ^(c) can be on the interval [0, I]. Note that 
/ (rt ^(.r) = e x . so f (n * l *(c) =■ e c on the interval [0, 1 J. This value is largest when c = 1, so that 
/ ( " + ,} (c) < e l for all c in [0, I], Therefore 

R < eg - or * 1 = g 

" in + 1)! : in + 1)! 

We desire the smallest value of n such that 

-—- < 1 x 10 -5 or (rt + 1)! > e x 10 s 

in + 1)! 

We can quickly build a table of values of (/* + 1)1 by defining Vl = (X+l) !, going to the 
TABLE SETUP menu, setting TblSLar‘‘L.=l and 1=1, and pressing We 

sec the following after scrolling down: 


X 

Vi 1 


2 

3 

H 

5 

6 

G 

2H 

120 

720 

SOHO 

H0320 

362BB0 


X=8 


The smallest value of n such that (n + 1)! > e x I0 5 is n — 8, since 
(8 + 1)! = 9! = 362,880 > 3,62 x 10 s > e x 10 s . Therefore the Taylor polynomial of degree 8 
suffices in this problem. 

e = 1 + 1 + ± + _l + j_ + ± + .l + _l + _l 

2! 31 4! 5! 6! 71 8! 

According to the TI-83 this value is approximately 2.71827877. 

example 144.2 Use a Taylor polynomial to approximate cos 61° and discuss the accuracy of the approximation that 

is made. 


solution 


To approximate 
around a — f. 


cos 6 1 which equals cos (f + ^fg), we use the Taylor polynomial for cos.r expanded 


cos jc = cos (a) - [sin (a)](x - a) — 


[cos (a)](JT - a)~ 
2 ! 


R. 


We stop at R., because this second degree polynomial is quite accurate. 


Using -t — 


K_ 

3 


n 


n 


and a — „ 
180 3 


gives us 


cos 61 = 


_ i _ ^ir 


K 


2 L180 


]- 




180 J 


+- R 


where 



(sin c) 



3 ! 



















698 


Calculua Lesson 14^ 


IT 


for some value of c between —- and 

3 


( 


7t_ 

3 


■J^J. Since sin c 5 


I for nil values of c and 71 


1 


R, £ 


( — ) 
V 1807 


1 


3! 


546,750 


Therefore 


cos 61° « — - ^ 


(ife)- 


K- 1 ' 


180 y 


problem set 

144 


2 VI80 
- 0.4848088509 

This approximation is guaranteed to be within of the exact value of cos 61°, and that is an 

excellent approximation! 

the point on the graph of y = x 2 closest to the point (3. 2). 

(/ Mf ^ how that has a release velocity of 500 feet per second shoots an arrow horizontally from a 
height of 5-5 feet above level ground. When and where will the arrow hit the ground? 


3. 

I HOt 


The bow described in problem 3 shoots an arrow at an angle of 30° so that its 
7.0 feet above the ground. When and where will this arrow hit the ground? 
seem reasonable? Why or why not? 


point 
this answer 


4. Use a Taylor polynomial to approximate e with an error less than 10~ 5 . 

f 

5. Use a Taylor polynomial to approximate sin 32° and estimate the accuracy of this 
°* 4t approximation. 


6. Find the Maclaurin expansion of = (1 

(55) 


*) 


2/3 


7. Find the Taylor 

041} 


expansion about a = 2 for f(x ) = — 

x 


8. 

043} 

9. 

042} 


Use a binomial series to approximate 3/l .625 with an error less than 0.01. 


The function p - 
What is the speed 


= —3(2 r )/ *t- 4 cos (2r) j describes the position of a particle in the xy- 
and the magnitude of the acceleration vector of the particle when / = 


10. Sketch the position, velocity, and acceleration vectors of the particle described in problem 9. 

(142} 

Determine whether each series in problems 11 — 14 converges absolutely, converges conditionally, 
diverges. Justify each answer. Slate the value of any convergent series for which it is possible. 

X " In (2/z 4- 1) , 7 V* (n 

/i(/j -+- 2) 

rt —• l 


li 

032} 


12. V ^-1 3 >' 
(( 30 ) X-t 3 » n \ 3 " 


/i=i 


13* X 

(t3S> 


(-l)"* 1 n 


n — 1 


14. . 

/ UK) X-u 
n — 1 


Y (—i)" (/i + 1) 

n 


15. Use Euler’s method with 3 iterations to approximate the value of y when .r = 5.3 given the 
OJJ> initial condition y = —I when a- = 5 and the differential equation £ = .v 3 + y 2 . 


16. Find the area of the region inside r — 1 — sin 6 and outside r = 2 cos 9. 

029} 

Evaluate the integrals in problems 17—19 

l7 r_is. f° - — t — i9. r 

023’} J 2 (X - I) 3 " J " J ~ 2 < 2x + D J 


dx 


(4.v- - 9) 3 2 
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r ^jJi the equation of the line tangent to the polar curve r = 2 + 3 sin 6 at 0 


37 

—n . 
24 


21 . 

tt03t 


Prove that the derivative of In x with respect to x is —. 

x 


22 . 

<IOJ) 


If / is a function defined for all real numbers and L and a are real numbers, then which of the 
following means the same as “if s is a positive number, no matter how small, then there exists 
some S > 0 such that, if 0 < |x - a| < 5. then |/(x) - L\ < £”1 

A. lim _f(x) = 0 B. Iim fix) = a C. lim /(x) = a 

x ** ♦ 0 r ^ r ■ / 


D. lim f{x ) = L 

i —* a 


E. Jim |/(x) - L\ = a 


145 Convergence of Power Series 


We have many tests to determine the convergence of a series whose terms are constants. In this lesson 
we examine the convergence of power series. (Recall that a power series is a series of the form 
1 a n x n .) If the variable is replaced by a constant, then we can decide whether or not the series 
converges using the tests that we already know. We want to determine the complete set of values of 
x for which a given power series converges. To determine the values of x for which a given power 
series converges, we usually use the ratio test or root test. 

There are two important theorems regarding the convergence of power series. 


First Convergence Theorem for Power Series 

1. If a power series converges for some nonzero number, say x — c. 
then it converges absolutely whenever |xj < jc|. 

2. If a power series diverges for some nonzero number, say x = d, 
then it diverges whenever |xj > 1</|. 


The first convergence theorem for power series leads directly to the following theorem regarding the 
convergent behavior of power series. 


Second Convergence Theorem for Power Series 
For any power series, exactly one of the following is true. 

1. The series converges only when x = 0. 

2. The series converges absolutely for all x 

3. There is some positive number r such that the series converges 
absolutely whenever |x| < r and diverges whenever |x| > r. 
When |x| = r. the series may converge or the senes may diverge. 


If a power series has the type of convergence described in 3, then the number r is called the radius of 
convergence. The interval over which the series converges is called the interval of convergence. 
Since this interval could be an open interval, a closed interval, or a half-open interval, it could take on 
any one of the following forms: 

(-r. r), I-r, r], (-r, r], or \~r. r) 
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example 145.1 Find ihe interval of convergence of the power scries 


• x = X ' 


« 


n=0 


«! 


solution 


We apply the ratio test to the power scries by looking at 


lim 


a 


n+i 


a 


n 


where a — 


ft 


ft 


Notice that 


n 


lim 

a —» — 


.r 


n +1 


(n + 1)! 


n\ 


M 


= lim - 

(n + 1) 


= \ x \ lim -!— 

n + 1 

= 0 


since |x| does not contain n 


The limit is zero for all values of x. 
Since the ratio test requires that 


a 


lim 

n—»— a 


n 4-1 


< I 


n 


for convergence and since this limit is 0 for all values of x, we conclude that £ ^ converges for all 
values ofx. Thus the interval of convergence is (-«>, «). 


example 145.2 Find the interval of convergence of y nl x‘ 


a—} 


solution We apply the ratio test. 


lim 


a n+l 

— 11 m 

in + 1)! x n + 1 

a 

n 

— iiiii 

nl x" 


= lim in - 4 - I)|*| 




if x 0 

1 for all values of x except the value x = 0. Therefore the interval 
of 2 nlx n is the point x = 0. (Note that the power series is not exciting when x 

£ n'.CT = 0.) 



= 0; it is just 


-I 


example 145.3 Find the interval of convergence of 

ff = 1 


solution For variety’s sake we apply the root test in this problem. 

lim "/K! = lim (Ix"!) 1 '" 

n —* n—► «» 

= lim |*1 

= w 

According to the root test. £x" converges when |x| < I. Since |x| < 1 is equivalent to the interval 
defined by —I < x < 1. we know the interval of convergence is at least (- 1 , 1 ). Before we complete 
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this problem, we must check the endpoints for possible inclusion in the interval of convergence. We 
do so by plugging in the endpoints in the power series and checking these two series for convergence. 

- v = -1: X (-1)" s-l + l- l + l- I + l — 1 + 1- 

/? = 1 


This series diverges, because the 
- 1 , 0 ,- 1 , 0 ,- 1 , 0 . ....) 


partial sums do not converge. (The sequence of partial sums is 




1 + 1 + I + I + — 


This series clearly diverges. Therefore neither x = — 1 nor x = 1 can be included in the interval of 
convergence. The interval of convergence is (—1,1). (Note that the radius of convergence here is 1.) 


example 145.4 Find the interval of convergence of (-1)" 


+i 


n — 1 


n 


solution 


We apply the ratio test. 


lim 


x 


/» + ! 


n + 1 


n 


= lim 

»“*" n + 1 


I 


= jx| lim —- 

n h 

= |x| - 1 

= w 

We know from the ratio test that } -— converges when the above limit is less than 1 


11=1 

M 


n 


1 


or 


-1 


x 


1 


As in the previous example, we check the endpoints of this interval for possible inclusion in the 
interval of convergence. 


JC 



n=t 




C - i )"' 1 

n 


This is the alternating harmonic series, which converges. 


x 



n=i 


(-D" 

n 




This is a scalar multiple of the hnrmonic series, which diverges. So jc = — 1 is not included in the 
interval of convergence, while x = 1 is. The interval of convergence is exactly (—1,1], and the 
radius of convergence is 1. 


problem set 

145 


1. Find the interval of convergence of e* = 

r ns t 


2. Find the interval of convergence of X 

(,4i> n«0 



3. Use a Taylor polynomial to find the S 3 approximation of cos 35°, and estimate the error in this 
''* 4> approximation by using Lagrange’s form of the remainder. 

4. Use the binomial scries to approximate V1-75 with an error less than 0.01. 

I/4JJ 
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rt-oj the Taylor series expansion about .v = 0 for /(.v) = t-*—. Find the interval of 

convergence for the scries. " 4 

6. Find a unit vector tangent to and a unit vector normal to y = .v 2 + 3.v - 4 at the point (3. 14). 


f/oarj 


7. Evaluate f /(.v) dx where f(x) = f* 2 + 1 when .r < 2 
<U7> J “ 2 |2.v + 1 when .r > 2. 


‘Sin jc 


,/5; Find Ihe s,ope of thc Iine !a ngent to /(.r) = [' " Vl - cos / dt at x = — 

Jjt 2 


9. Prove: lim (3 — 2.v) — —3 

(lOJl j ~ 


f/ Provc lhat 3 23 1231231... is a rational number by writing it as the ratio of two 


11. What is the sum of V 

017) X—t 


2 n + 3 


n 


fT= 1 


12. Approximate /„ Vi + x 4 dx using the trapezoidal rule with n = 4. 


13. Create a slope field for the differential 

OOtf 


14. Approximate the solution of x 3 — 3x 

t9Jf 

Integrate in problems 15 and 16. 


15. I e~ r sin (3x) dx 
<1221 J 


. dx “> 
equation — ~ — x~ + y~. 

dx 

+ 4 = 0 to nine decimal places. 


16. 

020) 



~3x 2 + 2x - 

X 2 (-V - I) 


— dx 


d~ v 

17. Find -where x = 2 sin (3r) and y = 4 cos (2r). 

oi9i dx~ 

18. The base of a solid is the region between y = e~ x and the .r-axis on the interval [0, 00 J. If every 
i97> vertical cross section of the object perpendicular to the .r-axis is a square, what is the volume of 

the object? 

19. Confirm that lim^ 0 (2 X + x 3 ) — 35 by finding a 8 that guarantees that 2 X + .r 3 is within 
fJOJ * of 35 for zr = 0.01. 

20. Graph: r — 2 + 2 sin 6 
oim 

21. Differentiate y = xe x ~ — arcs in (a 2 ) with respect to x. 

tJI.-tJ.04) 


I 




4 


>i 4 t 
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SS01V 146 Term-by-Term Differentiation and Integration of 

Power Series 


Sometimes a power series representation for a function / can be found without building it from 
scratch. The following two theorems are remarkably helpful in this regard. 


Term-by-Term Differentiation of Power Series 
if the power series /(.r) — y* a n {x — d) n converges on the 

n«0 ^ 

open interval (a — c, a +- c), then / na „( x ~ ~' a ^ so 

n — 0 

converges on the open interval (o - c. a + c) and 


rc*) = X ^ - a > 


n - i 


rt = o 


Term-by-Term Integration of Power Series 
If the power series /(x) = X o n Cx — a)" converges on the 


n=0 


open interval (a — c, a + c), then X 


o 


n 


l 


(x - a ) 


n *■ 1 


also converges on the open interval (a — c, a + c) and 


J 


fix) dx — C 


v a " 


", n + 1 

it a 0 


(x - a) 


n ♦ I 


for some constant C. 



*146.1 Determine the series obtained from term-by-term differentiation of the power series 

for /(x) = e x . 


solution Recall that 


— 1 + x + 


2! 


3! 


4* 


Taking the derivative of each term on the right side yields 



x 2 

+ X + 2! 







Notice that this is the same expression with which we began. It should be no surprise that even in 
series representation 



e 
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example 146.2 


Find n power series representation for g(,v) = ,,i. Find (he interval of convergence for the 

senes obtained. * b 


solution Hret recall the scries for /(.v) = —i—. (U is the binomial series with b = 

1 X .t 


-I.) 


I 


1 + .V 


= 1 - x + x 2 - 1 


•V + x - X J + 


Next we note that 


dx 


f (*) = 


-f 

dx V 


— 1 = - 
I + x) 


I 


(I + x) 2 


= ~gW 


Thus 


dx 


fix) = g (.v). 


8 (v) = 


dx 


0 — X + X 2 - x 3 + X 4 


— ...) 


—(0 — I + 2x — 3x 2 + 4x 3 — 
1 — 2x + 3.r 2 — 4.v 3 + ••• 


•) 


■ 

I 

I 


= X + D* 


* = o 


To determine the interval of convergence of this power series, we apply the ratio test. 

(—!)«+» („ + 2)x n+I 


lim 


(—1)" (n + l)x n 


= , im w 
(n -+- 1) 1 1 


= 1*1 


Hence this power series converges for .r between -1 and 1. To finish the construction of the interval 
of convergence, we must check both endpoints. 


X'- n " 

n-=0 


(-I)"(n + 1) 


and 


S 

#7 ~ 0 


C/1 + 1) 


Both of these series diverge, so the interval of convergence is (—1, 1). 

example 146.3 Find a power series representation for /i(x) = In (I x). 

solution Before immediately going to the Taylor series representation and calculating several derivatives of 

h(x). note that 


In (1 x) 


= f —!— 

J 1 + X 


dx 


Hence, the power series for /i(x) can be found by integrating the power series for j-f-j term-by-term 


I 


In (1 + x) 


= /TT7 


1 + X 

dx 


= I — X + X 2 — X 3 + x 4 — • 


= C + x — 


x 


X 

4 


X 

5 


When x = 0, In(l + x) — In (I) = 0. Therefore C = 0 as well. This implies that 


In (1 + x) = x — --(• 


x 4 x 5 

- + - 

4 5 


= X 


ft — I 


n 


I 


"-at 


% 


4 


* L 


As noted in the previous lesson, the interval of convergence of this power senes is (- 1, IJ 
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James heaves the shot at an angle of elevation of 40° with an initial velocity of 45 feet per 

146 second. Because he is 6 feet tall, .his release point is 7 feet above the ground. What is the 

horizontal distance the shot travels before it hits the ground? (Assume level ground and no air 
resistance or assistance.) 

f/«i The function p — (arcsin/)/ + (arcLan /)/ describes the position of a particle in the xy-plane. 
Sketch the position, velocity, and acceleration vector of the panicle at / = 0.5, and determine 
the speed and magnitude of the acceleration of the particle at the same time. 


Find the Taylor polynomial for the function y = sin x expanded around a — —. 

4* Use the Taylor polynomial found in problem 3 to find the approximation of sin 63°. and 
estimate the error in this approximation by using the alternating series approximation theorem. 

5. Use Lagrange’s form of the remainder to approximate the error in the S, approximation made in 
1,441 problem 4. 


6. Find the Maclaurin series for f(x) = - 

<SS> J 1 - X 


7. Find the power series for p(.t) = 

(1461 


-1 


O - xf 


8. Find the power series for h(x) = —In (1 — or). 

(146) 

Find the interval of convergence for the power series in problems 9 and 10. 

“ _2n -1 

9. sin x — > (-l) n + 1 —- 


<I4S) 


#1 = 1 


(2n - 1)1 


io. y 

tl4St 


n — 1 


X 

3" 


11. Use the binomial series to approximate Vl325 with an error less than 0.001. 

(Mi 

Determine whether each series in problems 12—15 converges or diverges. Justify each answer. 


12 . Ytio: 

fjjj; ~ n f 

n=i 


13. 

U23) 


s 

n = l 


cos 2 n 


n 


id 


f 2 n +3 


15. 

f/J0i 


s 

#1 = 1 


n 


Evaluate the integrals in problems 16 and 17. 


16. 

f - dx 

tui) 

Jo x 2 - 4 

18. 

“ lim f{x) = L” 

iHU) 



A. if l/(x) - L\ 


17. 

(J25> 


(" xe 
JQ 


— X 


dx 


0 there exists a S > 0 such that. 


< 5, then 0 < J.t — o| < e. 

B. if 0 < lx - a\ < e. then 1 fix') - L\ < 5 . 

C. |/(x) - L\ < € and 0 < \x - a\ < 8. 

D. if 0 < |/(x) - L\ < e. then |x - a\ < S. 

E. if 0 < |x — a\ < 5. then |/(x) - L\ < e. 


19. Find the area of one petal of the graph of the polar equation r = 4 sin (20). 

(12*1 

20. Use Euler’s method with 5 iterations to approximate the value of y when .r = 5 given the initial 
,nj ‘ condition y = 1 when x = 2 and the differential equation £ = x 3 y 2 . 

21. Use the trapezoidal rule with n = 4 to approximate f sin (.v*") dx. 

(95 i U 










706 


Calculus Lesson 147 



LESSON 147 Substitution into Power Series 


Several power senes expansions have been seen up to this point. For example. 


^3 5 

sin .v = x ~ — -h —_ 

3! 


-V 


cos x — 1 — 


-V 


5! 

4 


2 ! 


4! 


7! 
-6 

67 


+ • 


1 - x 


= I + x + x 2 + x 3 


+ X* + 


There are times when power series expansions are desired For Functions similar to those above. What 
might the power series For the Functions below be? 


sin (x 2 ) 


I 


1 — x 


I + .V 2 


cos (5x) 


example 147.1 Find the power series representation For g(x) = sin (x 2 ). 


solution We could begin by performing a Taylor series expansion, which requires the calculation of 

higher order derivatives of sin (x 2 ). 

S(x) = sin (x 2 ) 
g'(x) = 2x cos (x 2 ) 

£"(x) = 2x(—2x sin (x 2 )) + 2 cos (x 2 ) 

Clearly further derivatives will be difficult to compute, so we choose a different approach to 
the power series representation of sin (x 2 ). It is simply substitution. Note that 


w 3 u 5 u 1 
sin u = u — - + - — 


3! 


5! 


7! 


If we simply think of sin (x 2 ) as sin u with u replaced by x 2 , then we have the following: 

• / 2 ^ , ^ (x 2 ) 3 (x 2 ) 5 (x 2 ) 7 

sin (x _) — (x ) — + -——--— i— + 


3! 


51 


7! 


All that has occurred is the substitution ofx 2 for u in every term in the equation. So the power 
representation of sin (x 2 ) is 


_6 „io 

• / 7\ 2 ^ .1 

sin (x~1 = x--+• 


3? 


5! 


c 14 ^ (x 2 ) 2 "*« 

7! + (2n + I)! 


1 


example 147.2 Find a power series representation for /(x) = _ — 


solution This is a modification of the series 


I 


1 - t 


— 1 + t + / 2 + r 3 + r J + ••• 


We simply make the substitution / = x 3 to yield 


- - —— = I + x 3 + (x 3 ) 2 -f- (x 3 ) 3 -+- (x 3 ) 

1 — x J 

= I 4- X 3 + X 6 + X 9 + X 12 + ••• 


- X 


3n 


4 = 0 
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example 147.3 

solution 


example 147.4 

solution 


problem set 

147 


Find a power series representation for g(x) = 


1 + X 


It may not be obvious, but g(x) is also related to 


I 


1 - t 


— I + r + t 2 + t 


t- + — 


If we set —/ = +x 2 or / — 


1 


-x 2 . 

I 


1 - (-X 2 ) 


1 + x 


= 1 + (-* 2 ) + (,-x 2 ) 2 + (.-x 2 ) 3 + (-x 2 )' + 


= 1 — x 2 + x 4 — x 1 

= x (_1) " x2 * 


8 


it= 0 


Find a power series representation of /*(x) = cos (5x). 

This problem is fairly straightforward once we see that cos (5x) is cos (x) with x replaced by 5x. 


cos x = 1 — 


cos (5x) = 1 — 


= I - 


2* 4! 

(5x) 2 . 


•71 


6 ! 

(5x) 4 

4! 


= X 


2! 4! 


(-l)"(5x) 


(5x) 6 ^ 

- -r 

6! 

15,625x 6 

6! 


n-0 


(2n>! 


1. Use an appropriate power series and Lagrange’s form of the remainder to approximate e to eight 
(,44> decimal places. 

2. Find the Maclaurin series for In (x 1), and use this senes to approximate In U to four 
decimal places. 


3. Find the Taylor series for y = cos x expanded around 
o*n 


7Z 


Find the Maclaurin series for the functions given in problems 4—8. 

1 


4. /(x) = Vl + x 

7. k (x) = sin (x 2 ) 

0*7) 


5. g(x) = —j= 

»MM -Jl 


6. h (x) 


/(l + x) 3 


8. /(x) 

0*7) 


— c 


Find the interval of convergence of the power series in problems 9 and 10. 


9. 

0*5) 


11. 

(i2V> 

12. 

i/oi 


2>- 


io. V 

r/45j 


n = 0 


n = 0 


(3x) 

n! 


Find the area of the region outside r = 2 and inside r — 3-2 cos 0. 

Sketch the position, velocity, and acceleration vectors, j»t t = x r for a particle that is moving 
in the xy-plane according to the function p = (sin r)r + (cos Oj. What is the speed of the 
panicle at this same time? 


13. What is fix) if fix ) = f Vl + r 3 dt? 
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14. 

dtJi 


16 . 


17. 

(W* 


18. 

r«v> 

19. 

m?) 

20 . 

19?) 


21 . 

ItSOl 


Integrate: f A dx 

\4 + .v 2 


J ’/r 

sec .v dx 
o 


Approximate the coordinates of the point of intersection of v s -.r 2 + 4 and v 
nine decimal places. 


= ,v 3 — 1 to 


Approximate 


f‘ e* 2 dx 
Jo 


using the trapezoidal rule with n = 4 


Use the result of problem 17 to find the average value of e* 2 on the interval [0, 2]. 


Does y. 

n — 1 V 5" 


10 


converge or diverge? Explain. If it converges, state its value. 


The base of a solid is a circle with a radius of 2. Each vertical cross section perpendicular to the 
use an parallel to they-axis is an equilateral triangle. Find the volume of the solid. 

Find the area of the region enclosed by the graphs of y = x 3 and y = x 2 . 


LESSON 148 Integral Approximation Using Power Series 


Throughout this textbook various techniques for approximating definite integrals have been 
examined: upper and lower sums, the trapezoidal rule, and even the graphing calculator. Such, 
techniques are needed because some antiderivatives are impossible to find. These include 

J *I ^ ~2 -» 

sm (r 2 ) dt and I e'~ dt 

o Jo 

We now combine the ability to determine the power series representation of many functions and the 
ability to integrate these power series lerm-by-term to develop yet another way to approximate 
definite integrals. 

example 148.1 Approximate jj sin (x 2 ) dx with an error less than 0.0001 using the power series representation of 

sin (x 2 ). 


solution 


The power series representation of sin (x 2 ) is 


r 6 r 10 

sin (x 2 ) = x 2 — -— + - 

3» 5' 


x 


14 


18 


7 ! 


9! 


Thus 


/„' sin (t2) * r = i i * 1 - it 


io 


x 


14 


X 


18 


X 


X 


5f 


! I 


7! 


9! 


..15 


19 


/ 


dx 


7 ( 3 !) 11 ( 5 !) 15 ( 7 !) 19 < 9 ‘) 


2 

3 


1 


1 


I 


42 


1320 75,600 


i 

o 


This is an alternating series. Hence we can approximate the definite integral to a desired degree of 
accuracy and have a good idea of the error bound involved. 























blem set 148 


example 148.2 

solution 


problem set 

148 
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Since J, 3 l 20 J — 0.00075 > 0.0001 
approximation is 


and KtsTco = 0.0000132275... < 0.000 1 , the desired 


J sin (x 2 ) dx = 1- L + _J_ 

0 3 42 1320 


= 031028 


integral as ^31597 ^a? ™ ,e JJ' 1 * n = 4 subimervals approximates the value of this 

than the error bound ror ate^aUng " d **“ ‘ rap “° idal ' S mUCh m ° rc 


Finally, note that the Tl-83 approximates this integral as 0.3102683 via the fnlnt 


function. 


r0.7 - - 

Approximate J VI 4 - x 3 dx with 


an error less than 0.0001 


We again use a power senes representation. Here we need the binomial series expansion 


(I + -r) 


i/: 


I—1 M 


f_2^| 

If 

n 

f 

( 5 

Lli*, + *■ 

2 J 

l 2.) 

.3 2l 

2 J 

l 2) 

l 2J 


Substituting j 3 for x and simplifying gives: 


4J 


* ♦ • 


Thus 


(I + x 3 )'« = 1 + l x 3 _ I r S 

2 8 


J 07 (I + x>yr- = r 07 <, + 1 X 3 _ i 

J ° Jo V 2 8 


I _9 5 12 

^ ^ * —'.r + 

16 128 


1 


_ r . 1 1 
— x 4- —x - X 

8 56 


1 


160 


x*° - 


5 13 

X IJ 4- 


16 
0.7 


X 9 - 


5 p 

.r 1 - -f- 


128 


•) 


dx 


1664 


= 0.7 + i(0.7) J - Jj-(0.7 ) 7 

O JO 


l 


■(0.7) ,D - 


(0.7) 


13 


160' ' 1664 

- 0.7 + 0.0300125 - 0.0014706125 4- 0.000176547 - 2.911328 x 10 ~ 5 4 - ... 

Because the answer is an alternating series, we obtain an approximation by stopping just before the 

first term that is less than 0.0001 in absolute value so that the approximation is the sum of the first 
four terms above. mc nrsi 


f Vl + x 3 dx = 0.7287184345 
Jo 


Jo, ° n a Ievel bascba11 ficId Aaron catches a fly ball 320 feet from home plate and then makes a 
throw to home plate to try to throw out the runner who is trying to score from third base If Aaro 
can throw 120 feet per second, at what angle of elevation should he throw the ball if he hoi>es t" 
make a perfect throw? Aaron's release point is 63 feet above the ground, and the catcher would 
like to catch the ball one foot above the ground. Assume no air resistance or assistance (Not * 
If Aaron takes time to calculate the answer, the runner will be safe.) ' e ' 

2 . Find the Maclaurin series for f(x) = —-—. 

,147, J 1 - X 


3. Find the Maclaurin series for g(x) — -- =■ 

,147, 0 1 - X 2 


4. 

( /4AJ 



r 


Find the Maclaurin series for h(x ) = 


2x 

0 -x 2 ) 2 


4 


Find the Maclaurin series 
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6. Write the Maclnurin series for 


.v 


V l - 


Evaluate the integrals in problems 7—9. 


7 


. r’vrrp- 

i Jo 




8. r 

(M) J 0 


0.S 




9. f cos (at 2 ) dx 
(Mi Jo 


r/5j the > nte rvnl of convergence of the power series ~^i x + 2) rt . 


n = 0 


Determine whether each series 
the value of any convergent 


in problems 11—14 converges or diverges. Justify each answer, 
for which it is possible. 


11 . 

(130) 


V (—i)"* 1 — 


n = ! 


n 


12. V 

r/2«j * 


/t-i 


13. y 

(U2) 


In n 


r» = I 


n 


14. 

r/-*o> 


i-w rin 
n= \ J 


sin n + I 


/i 


n 


15. Find the length of the parametric curve determined by x = j(2r + 3) 3/2 and y = ^ -4- r on 


the interval from r = 0 to / = 3 


16. Write a vector of magnitude 7 that has the same direction as the vector 3/ — 6 j. 

17. Use Newton’s method to approximate the root of y = sin a: 4 - cos x - e x + 3x~ between 
,9J> x — 3 and x = 4 to nine decimal places. 

For problems 18 and 19 let R be the region bounded by y = e~*, x — l, x = 4, and the at- axis. 

18. Find the volume of the solid formed when R is revolved around the y-axis. 

(B7) 


19. Find the volume of the solid formed when R is revolved around the line y = 3. 

(81) 

20. Find the area of the region that is bounded by x 2 + y 2 = 16 and (x — 4) 2 + y~ = 

(107.129) 

21. Evaluate: lim [4x esc (3x)] 

(ion x—+o 


16. 


22. Antidifferentiate 

(67.73) 




- 3 


v: 




dx 



» 











torial), 4-! 
t oO, 1 
ntion). 



luce convergence, 669-670 
lute maxi mums/mini mums, 272 
lute value, 54—55,492—496 
lute-value function, 80—81, 422, 
^ 4 ^: 2—496 
leration, 281—283 
vector function, 691—693 
r—. to gravity, 283, 337 
leration function, 281, 337 
tion 

rebraic, 3 



numbers, 2 
.601, 619-620 
558-560 
Sums 
inverse. 2 

concept review, 3-9,475 
addition, 3 
simplification, 3—4 
ting series approximation 
Theorem. 680—683 

ng series test, 678 
. 37-38 




,49-50 

angle identities, 76—77 
angle identities, 77-78 

trigonometric functions. 


Angles (corn.) 
phase, 38 

radian measure of, 16—17 

Antiderivatives, 173 

Antidifferentiation, 173, 187,200 

Fundamental Theorem of Calculus, 
246-248 

indefinite integration, 174 
Arc length, 16 

parametric equations, 587—589 
rectangular equations, 565—568 
Area 

between two curves, 313—316, 
347-349 

bounded by polar curves, 646—649 

definite integrals and, 309 

lateral surface, 445 

subintervals, 205—208.224,249 

under a curve 

as infinite summation. 
224—228 

computing, 203—209,309—311 

Fundamental Theorem of 
Calculus, 246—248 

Riemann sums, 249, 295 

Arithmetic 

of functions, 441—443 

of series, 619—620 

of vectors, 558—561 

See also Addition; Division; 

Multiplication; Subtraction 

Associative laws, 2 

Asymptotes 

horizontal, 125 

linear, 411 

of rational functions, 409—412 
vertical, 70, 126, 164 


Average values of functions, 456—459 
Axes of revolution, 366 
displaced, 480—484 

B 

Bases (logarithmic) 
base 10,58, 505 
base a. 373. 378-379 
base e, 59. 505, 522 
change of base, 118—119 
Basic comparison test, 642—643 
Bifolium, 570 
Binomial 

expansion, 129—130 
series, 694-695 
theorem, 129 
Binomials, 125 
Bounded sequences, 542—543 
Boyle’s Law, 21 

c 

Calculus 

Fundamental Theorem of (see 
Fundamental Theorem of 
Calculus) 

history of, 160—161 

Cardioid, 604, 606 

Carrying capacity. 594 

Cauchy. A. L., 249 

Centerlines, 37—38 

Central angles, 16 

Chain rule, 230-232, 264, 334 
672-673 

Changing variable of integration. 
344-345 



